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XVI. ARISTARCHUS OF SAMOS 


(a) GENERAL 
Aét. i. 15.5; Doxographi Graeci, ed. Diels 313. 16-18 


"Apiotapyos Ldpuos palyyatinos aKovorTis 
Ltpatwvos dws elvat TO yp@pya Tots broKxerpéevais 
ETLTITTOV. 


Archim. Aren. 1, Archim. ed. Heiberg ii. 218. 7-18 


’"Apiotapyos 5€ 6 Laptos droleciwy twHv é€- 
édwKev ypadds, ev als ex Ta&v broKxeyevwy ovp- 
Baiver tov Kdopov mroAAaTAdaov eluev tod viv 
cipnuevov. worTiberat yap Ta pev amdAavéa tov 
dotpwy Kal Tov dAtov peévew axivntov, Tav dé yav 
mepipépecbar mept Tov advov Kata KUKAOU TeEpt- 

gpevav, Os eoTw ev péow TH Spouw Keipevos, 
Tav d€ THY amAavéwy aoTpwv odaipav Tepi TO 





¢ Strato of Lampsacus was head of the Lyceum from 
288/287 to 270/269 sp.c. The next extract shows that Aris- 
tarchus formulated his heliocentric hypothesis before 
Archimedes wrote the Sand-Reckoner, which can be shown 
to have been written before 216 B.c. From Ptolemy, Syntaxis 
iii, 2, Aristarchus is known to have made an observation of 
the summer solstice in 281/280 p.c. He is ranked by 
Vitruvius, De Architectura i. 1. 17 among those rare men, 
such as Philolaus, Archytas, Apollonius, FEratosthenes, 
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XVI. ARISTARCHUS OF SAMOS 


(a) GENERAL 
Aétius i. 15.5; Dovxographi Graeci, ed. Diels 313. 16-18 


ArisTarcuus of Samos, a mathematician and pupil 
of Strato,* held that colour was light in-pinging on a 
substratum. 


Archimedes, Sand-Reckoner 1, Archim. ed. Heiberg 
ii, 218. 7-18 


Aristarchus of Samos produced a book based on 
certain hypotheses, in -which it follows from the 
premises that the universe is many times greater 
than the universe now so called. His hypotheses are 
that the fixed stars and the sun remain motionless, 
that the earth revolves in the circumference of a 
circle about the sun, which lies in the middle of the 
orbit, and that the sphere of the fixed stars, situated 


Archimedes and Scopinas of Syracuse, who were equally 
proficient in all branches of science. Vitruvius, loc. cit. ix. 
8. 1, is also our authority for believing that he invented a 
sun-dial with a hemispherical bowl. His greatest achieve- 
ment, of course, was the hypothesis that the earth moves 
round the sun, but as that belongs to astronomy it can be 
mentioned only casually here. A full and admirable dis- 
cussion will be found in Heath, Aristarchus of Samos: The 
Ancient Copernicus, together with a critical text of Aris- 
tarchus’s only extant work. 
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GREEK MATHEMATICS 


aire KevTpov TO dAign Keyevav TH peyeber TaA- 
kadvray elev, wate TOV Kuxdoy, Kal? ov Tav yay 
broriBerat Tmepipepeoban, TOLAUTAY exew dvahoyiay 
moti Tav Ta&V anAavéwv dmooraciay, olay éxet TO 
Kévtpov Tas odaipas mori Trav émdavevay. 


Plut. De facie in orbe lunae 6, 922 r-923 a 


Kai 6 Aevxtos yeAdoas, “ Movov,” elrev, “oo 


TaVv, [7 Kptow nptv doeBeias enrayyeidns, wamep 
"Apiotapyov mero deity KrAeavéns Tov Ldyttov 
do«Betas mpooxadetobat Tous * EMnvas, & WS KLVOUYTG. 
Too Koopov THY eoriav, Oru TO. pawwopeve ow lew 
avnp emeiparto, peeve TOV ovpavov brorOepevos, 
eSeAirrecbau dé Kata Aofod KvKAov Thy ynv, apa 
Kal wept tov abths afova dwovuperyny.”’ 


(6) Distances OF THE SUN AND Moon 


Aristarch. Sam. De Mag. et Dist. Solis et Lunae, ed. 
Heath (Aristarchus of Samos ; The Ancient Copernicus) 
352. 1-354. 6 


CY mobéces*) 
a’, THv oeAnvynv mapa tot nAtov 76 das AapBa- 


veuv. 
B’. Trav yhv onpetov re Kai Kévrpou Adyov Exeuw 
Tpos ue THs oeAjvns opaipav. 
y’. “Orav 4 cedAjnvn SixdTopos Hyiv daivnrat, 
1 Urobécets add. Heath. 





* Aristarchus’s last pp if taken literally, would 
mean that the sphere of the fixed stars is infinite. All that 
he implies, however, is that in relation to the distance of the 
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about the same centre as the sun, is so great that 
the circle in which he supposes the earth to revolve 
has such a proportion to the distance of the fixed 
stars as the centre of the sphere bears to its surface.* 


Plutarch, On the Face in the Moon 6, 922 r-923 a 


Lucius thereupon laughed and said: “ Do not, my 
good fellow, bring an action against me for impiet 
after the manner of Cleanthes, who held that the 
Greeks ought to indict Aristarchus of Samos on a 
charge of impiety because he set in motion the hearth 
of the universe ; for he tried to save the phenomena 
by supposing the heaven to remain at rest, and the 
earth to revolve in an inclined circle, while rotating 
at the same time about its own axis.’ ® 


(6) Distances or THE SuN aND Moon 


Aristarchus of Samos, On the Sizes and Distances of the Sun 
and Moon, ed. Heath (Aristarchus of Samos; The 
Ancient Copernicus) 352. 1-354. 6 


HYPOTHESES 


1. The moon receives its light from the sun. 

2. The earth has the relation of a point and centre 
to the sphere in which the moon moves.° 

3. When the moon appears to us halved, the great 


fixed stars the diameter of the earth’s orbit may be neglected. 
The phrase appears to be traditional (v. Aristarchus’s second 
hypothesis, infra). 

Heraclides of Pontus (along with Ecphantus, a Pytha- 
gorean) had preceded Aristarchus in making the earth 
revolve on its own axis, but he did not give the earth a motion 
of translation as well. 

* Lit. “ sphere of the moon.” 


GREEK MATHEMATICS 


vevew els THY YueTtépav ou Tov Svopilovta Td TE 
oKiepov Kal to Aapympov THs oEeAjvns péytoTov 
KUKAoV. 

oO. “Orav 7 oehjvn SixdTopos hiv paivnrat, 
TOTE avrhy daéxew Tob jAiov Ekagoov TeTapTy- 
popiov 7@ Tod TeTaptnpopiov TpiaxooTo. 

e’. To THs oxids tAdtos ceAnvev elvat dvo. 

". Try oeAjvny broteive bard mevrekatoéKaTov 
}€pos Cwdiov. 

"EmdoyiLerat ovv TO Tob jAiov GTOOTY LLG. dro 
Tijs yijs Tob Tis oeAnvns dmroaTHLATOS pcilov prev 
7 oxTwKaWeKxamAdovov, EXacoov O€ 4 €tKoga~ 
mAdciov, dia THS TEpl THY StxoToplav Darolécews: 
TOV avrov 5é Adyov éxew THY TOO jAiov SidyreTpov 
mpos THY THS oehjvns OudpeTpov. thy dé Tob 
%Atov dudezpov mpos THY iis vijs SudjLeTpov 
petlova pev Adyov € éxew 7 dv 7a WO mpos J, eAdgaova 
be 7 év bey mpos =, Sia Tod evpeevros: qept Ta, 
aT0oTH LATA Adyou, Tijs (re) mepl THY oKLaY 
vrrolecews, Kat Tod Thy oehnvny bad TeEvTEeKal- 
déxatov pépos Cwdtou vroreiver. 


Ibid., Prop. 7, ed. Heath 376. 1-380. 28 
Tod amdornpa 6 améxer 6 HALos amo THS ys Tob 
1 re add. Heath. 





¢ Lit. “ verges towards oureye.”’ For ‘‘ verging,”’ ». vol. i. 
p. 244 n. a. Aristarchus means ae the observer’s eye lies 
in the plane of the great circle in question. A great circle is 
a circle described on the surface of the sphere and having the 
same centre as the sphere; as the Greek implies, a great 
circle is the “ greatest circle”® that can be described on the 
sphere, 
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circle dividing the dark and the bright portions of 
the moon is in the direction of our eye.* 

4. When the moon appears to us halved, its 
distance from the sun is less than a quadrant by 
one-thirtieth of a quadrant.® 

5. The breadth of the earth’s shadow is that of 
two moons.° 

6. The moon subtends one-fifteenth part of a sign 
of the zodiac.4 

It may now be proved that the distance of the sun 
from the earth ts greater than eighteen times, but less than 
trenty times, the distance of the moon—this follows from 
the Ae otheais about the halved moon; that the 
diameter of the sun has the aforesaid ratio to the diameter 
of the moon ; and that the diameter of the sun has to the 
diameter of the earth a ratio which ts greater than 19:3 
but less than 43 :6—this follows from the ratio dis- 
covered about the distances, the hypothesis about 
the shadow, and the hypothesis that the moon sub- 
tends one-fifteenth part of a sign of the zodiac. 


Ibid., Prop. 7, ed. Heath 376. 1-380. 28 
The distance of the sun from the earth is greater than 


> i.e., is less than 90° by 3°, and so is 87°. The true value 
is 89° 50’. 

° 4.¢., the breadth of the earth’s shadow where the moon 
traverses it during an eclipse. The figure is presumably 
based on records of eclipses. Hipparchus made the figure 24 
for the time when the moon is at its mean distance, and 
Ptolemy a little less than 23 for the time when the moon is at 
its greatest distance. 

4 7.¢., the angular diameter of the moon is one-fifteenth 
of 30°, or 2°. ‘The true value is about $°, and in the Sand- 
Reckoner (Archim. ed. Heiberg ii. 222. 6-8) Archimedes says 
that Aristarchus “ discovered that the sun appeared to be 
about 74,th part of the circle of the Zodiac”’; as he believed 
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> , wu 3 4 € , ] A “~ ~ 
dmooTnpatos of améxer 7) oeAjvyn amo THs ys 
peilov prev €orw 7 oxtwKaidexarAdator, €Aacgov 
dé 7) eikocamAdcuov. 

"Eotw yap nAiov pev Kévtpov to A, yas S€ TO 
B, wat éemlevyfcioa 7 AB éxBeBAjobw, ceAjvns 
dé Kévtpov StxyoTopov ovens TOT, cai éxBeBAjotw 
dua tHS AB kal tod [ eémimedov, Kal sroveitw 

‘ 3 ~ 4 > 4 A 4 
Tounv ev TH opaipa, Kal’ Fs Phéperar TO KEeVTPOV 
Tot nAiov, peyiotov KUKAov tov AAE, xal éz- 
eCevx$woav at Al’, PB, Kai éxBePrAjow 7 BY 
emi TO A. 

"Korat 574, dia to TO I’ onpetov Kévtpov elvas 


THs oednvns Styotépov ovens, dpO) %) tad tev 


that the sun and moon had the same angular diameter he 
must, therefore, have found the approximately correct angular 
diameter of 4° after writing his treatise On the Sizes and 
Distances of the Sun and Moon. 
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eighteen times, but less than twenty times, the distance of 
the moon from the earth. 

For let A be the centre of the sun, B that of the 
earth ; let AB be joined and produced ; let I be the 
centre of the moon when halved; let a plane be 
drawn through AB and I’, and let the section made 
by it in the sphere on which the centre of the sun 
moves be the great circle AAE, let Al’, IB be joined, 
and let BI‘ be produced to A, 

‘Then, because the point T is the centre of the 
moon when halved, the angle AI'B will be right. 





GREEK MATHEMATICS 


AB. 7x00 o7 d.70 tod B rH BA mpos opfas 
7 BE. éorat on 7 EA TEpLpepera Tis KAA 
Tmepipepetas N's bardKetae yap, orav 7 oehiyy 
SuxdTopos yptv paivytar, dméxew a0 TOU nAtov 
eAacoov TeTapTHpoplov TQ TOO TeTapTnpopiou nr’: 
WOTE KaL 7) UTO THY EBL yuvia, opOiis éote X° 
ouprrenAnparabon 67 to AE TrapadAnAdypapp.ov, 
Kal erreled fu » BZ. éorac 57 bro Tey ZBE 
yuvia. Hpicera opOijs. reTpnoOw 7 Uno Tov 
ZBE yoovia dixa Th BH evdeig 4) apa v70 Tov 
HBE yeovia TETAPTOV Epos eorTiv opOis. GAG Kal 
7 770 TOY ABE ywvia A’ Eort j4€pos opOijs- Aoyos 
apa THs b70 tov HBE _yuvias Tos: TV vrr0 Tav 
ABE ywviav (éoTw*) ov Céxe”) 7a ie mpos Ta, 
Svo" otwy yap eoTw opt yovia é, TOLOUTWY EOTLV 
7 pev o70 TOV HBE ie, n 0€ 070 TOV ABE Ovo. 
Kal émret a HE zpos rHv EO petCova Adyov € Exel 
nTEp 1 b10 TOV HBE yevia mpos THY wT TOV 
ABE ywviar, 7 dpa HE mpos THY EO peilova 
Adyov éxet HTEp Ta Te Tmpos Ta B. Kal eret ion 
eorly n BE TH EZ, Kat cor opOn % 7pos TO EK, 
TO apa azo Tijs ZB Tob dro BE SumAdavov €or” 
ws dé TO G70 ZB mpos TO 770 BE, ovTws €oTt 
76 amo ZH apéds to dvd HE: 16 dpa azo ZH 
rob and HE 8S:rdAdoudv éort. ta Sé pO radv Ke 
é\dcoovd eat 7 SimAdowa, wore TO avd ZH mpos 
TO QO HE jetova Adyov € exe i) (év 7a°) 0 mpos 
Ke cai 7 ZH dpa apos thy HE peilova Adyov 


1 éoriv add. Nizze. 2 éye. add. Wallis. 
3 6v7a add. Wallis. 


* Lit. ‘‘ circumference,”’ as in several other places in this 
proposition. 
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From B let BE be drawn at right angles to BA. 
Then the arc? EA will be one-thirtieth of the arc 
EAA ; for, by hypothesis, when the moon appears 
to us halved, its distance from the sun is less than a 
quadrant by one-thirtieth of a quadrant [Hypothesis 
4]. Therefore the angle EBT is also one-thirtieth of 
a right angle. Let the parallelogram AE be com- 
pleted, and let BZ be joined. Then the angle ZBE 
will be one-half of a right angle. Let the angle 
ZBE be bisected by the straight line BH; then the 
angle HBE is one-fourth part of a right angle. But 
the angle ABE is one-thirtieth part of a right angle ; 
therefore angle HBE:angle ABE=15:2; for, of 
those parts of which a right angle contains 60, the 
angle HBE contains 15 and the angle ABE contains 2. 
Now since 


HE ; EO> angle HBE : angle ABE,® 
therefore HE: EO>15: 2. 


And since BE=EZ, and the angle at E is right, 
therefore 





ZB" =2BE¢, 
But ZB?2;:BE2 =ZH?; HE, 
Therefore ZH2=2HE?, 
Now 49 <2. 25, 
so that ZH? : HE?> 49 : 25. 
Therefore ZH sHES 72 5. 
* Aristarchus’s assumption is equivalent to the theorem 
tana_a 
tea Bo BP 


where B<a<4z. Euclid’s proof in Optics 8 is given in 
vol. i. pp. 502-505. : 
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éxer } Cv) ta € mpds ta & Kal ouvldvrr 9) ZE 
dpa T pos thy EH peifova Adyov exer } Ov Ta up 
mpos Ta €, ToUTEOTW, 7 OV (ra*) As mpos Ta té. 
edetxn be Kat 7 HE mpos 7H E® jeiLova Adyov 
éyovoa 7) ov Ta te mpos Ta Svo- bi” tcov dpa a 
AD 7 pos mv EO petlova. Adyov € Exel n év TO. As 
™pos Ta OVO, TOUTEOTLY, 7 ov Ta in Tmpos a’ 
dpa ZE rhs EO petlwv eori 7 iq. 7 6€ ZE 
ton €orly 7H BE- xat 7 BE dpa rijs EO peiloy 
€oTiy 7 in? TOAAG apa 7 BH rhs OF petlwv éoriv 
7 im. adr’ ws 7 BO mpos tHv OE, ovtws éeoriv 
» AB zpos tHv BI, d1a tH cpoudrnta THY TpL- 
ywvwv kat 7 AB dpa ris BI petlwy eoriv 7 im. 
Kat €otw 7 pev AB 70 amdornpa 6 améxer 6 HALos 
G70 Tis vis» n de IB TO amon La. 6 dméxet 4) 
ceAjvn dao THs yas’ TO dpa dmoaTn pa 6 ameXEL 
6 nAtos amo Tis yas Too AMOOTHUATOS , od améyet 
 oeAjvy d.7r0 THs YAS, petldv dorw 7 %. 

Aéyw 67 67t Kat €Xacoov 7 K. HY8w yap dia 
tod A 7H EB zapdaAAndos 7) AK, kat wept ro AKB 
tpiywvov KuUKAos yeypadfw 6 AKB: €éorat 57 
avToh dudpetpos » AB, d1a ro dpOnv elvar rv 
mpos Ta K ywviav. Kat evnppdodw » BA 
eLayuvov. Kal emrel nh bo TaV ABE yoovia r’ 
€oTU opBijs, Kat 1) U0 TOY BAK apa Xr’ é€orw 
opOjs: 7 dpa BK TEpipepera &" éorw Tob dAov 
KUKAov. coTw dé kat % BA €éxrtov pépos tot 
drov KvKAou: j dpa BA zrepidpépera tHs BK aepi- 
depeias t éotiv. Kai exes 7 BA mepidépera apds 
tiv BK epidpéperay petlova Adyov yrep y BA 


1 6y add. Wallis. 2 ra add. Wallis. 
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Therefore, componendo, ZE:KH>12:5, 
that is, ZE : EH> 36: 15. 
But it was also proved that 
HE : EO> 15 : 2. 
Therefore, ex aequali,¢ ZK: EO> 36:2, 
that is, ZE: KO>18:1. 


Therefore ZE is greater than eighteen times EO. 
And ZE is equal to BE. Therefore BE is also greater 
than eighteen times EO. Therefore BH is much 
greater than eighteen times OE. 


But BO: OE=AB: BI, 


by similarity of triangles. Therefore AB is also 
greater than eighteen times BI’. And AB is the 
distance of the sun from the earth, while I'B is 
the distance of the moon from the earth; therefore 
the distance of the sun from the earth is greater 
than eighteen times the distance of the moon from 
the earth. 

I say now that it is less than twenty times. For 
through A let AK be drawn parallel to KB, and about 
the triangle AKB let the circle AKB be drawn; its 
diameter will be AB, by reason of the angle at K 
being right. Let BA, the side of a hexagon, be fitted 
into the circle. Then, since the angle ABE is one- 
thirtieth of a right angle, therefore the angle BAK is 
also one-thirtieth of a right angle. Therefore the arc 
BK is one-sixtieth of the whole circle. But BA is 
one-sixth part of the whole circle. 


Therefore arc BA=10. are BK. 
And the are BA has to the are BK a ratio greater 


* For the proportion ex aequali, v. vol. i. pp. 448-451. 
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evdeia mpos tiv BK etfetav- 4 dpa BA etOeta ris 
BK evfetas eAdcowy éoriv 7 i. Kal éorw abrits 
durdy 7 BA: 4 dpa BA ris BK eAdcowv éor 7 
K. ws 6€ y BA apos tiv BK, 4 AB zpos <riv') 
BY, wore kai » AB ris BLP eAdcowy eoriv 7H K. 
Kal éoTw 9 pev AB 70 andornpa 6 anéxer 6 HALos 
ano THs yhs, y de BI 76 andornpa 6 améxer 7 
aednvyn amo Tis yhs* TO dpa andaTnpa 6 améyer 
0 nAwos amo THs ys TOO drooTnuatos, ob dméyer 
n aeAnvn amo Tis yhs, EAacody eoTw HK. edelyOn 
de Kat petCov 7 i7. 
(c) ContinveD Fractions (?) 
Ibid., Prop. 13, ed. Heath 396. 1-2 
"Exes S¢ cal 7a ,C%AKa mpos ,5v peilova Adyov 

nTEp TA IH pos Pe. 

Ibid., Prop. 15, ed. Heath 406. 23-24 


” \ \ ¢ bpoe \ il ids a 
Exe de kato M ,ewoe mpos M ,e$ peilova 
Adyov 7 ov Ta py pods AC. 
a.ahGidddl Wallis, 





¢ This is proved in Ptolemy’s Syntavis i. 10, v. infra, pp. 
435-439. 


> if ih is developed as a continued fraction, we obtain 


1 aa ogee 
the approximation ae : 5» which is oe Similarly, 


1+ 21+ 
smitiooste 2120). ; : 
Les OO ee ear ewel ‘ 
if 5795500 OT jag99 8 tere oped as a continued fraction, we 
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than that which the straight line BA has to the 
straight line BK. 


Therefore BA <10. BK. 
And BA=2 BA, 
Therefore BA <20. BK, 
But BA: BK=AB: BI, 
Therefore AD 290 BE. 


And AB is the distance of the sun from the earth, 
while BI is the distance of the moon from the earth ; 
therefore the distance of the sun from the earth is 
less than twenty times the distance of the moon from 
the earth. And it was proved to be greater than 
eighteen times. 


(c) ContinvED Fractions (?) 
Ibid., Prop. 13, ed. Heath 396. 1-2 


But 7921 has to 4050 a ratio greater than that which 
88 has to 45. . 


Ibid., Prop. 15, ed. Heath 406. 23-24 


But 71755875 has to 61735500 a ratio greater than 
that which 43 has to 37.° 


obtain the approximation 1 +. ; or = The latter result 
was first noticed in 1823 by the Comte de Fortia D’Urban 
(Traité d Aristarque de Samos, p. 186 n. 1), who added: 
“ Ainsi les Grecs, malgré l’imperfection de leur numération, 
avaient des méthodes semblables aux ndtres.”” Though 
these relations are hardly sufficient to enable us to say that 
the Greeks knew how to develop continued fractions, they 
lend some support to the theory developed by D’Arcy W. 
Thompson in Mind, xxxviii. pp. 43-55, 1929. 
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XVII. ARCHIMEDES 


(a) GENERAL 
Tzetzes, Chil. ii. 103-144 


‘O ’Apxipndns 6 codds, pnyavnris éxeivos, 

TS yéver Lupaxovo.os Hv, yepwv yewperpns, 

Xpovods te EPdopjKovta Kal wévTe tapeAavvwv, 

“Ootis etpydoaro moAAas ENxXaviKas Suvdpers, 

Kat tH tpromdotw pnyarvt) xerpt Aaa Kal povn 

Hevrepupropedupvov kabeiAkucev OAKdSa 

Kat toé MapxédAXov orpatyyot mote 8€ tap 
‘Pwpatwv 

TH Lupaxovon Kata yhv ampooBdadAdAovtos Kat 
qOVTOV, 

Twas péev mp@rov pnyavats aveiAkvoev oAkddas 

Kai apos 76 Lvpakovowov Tetyos peTewpioas 

Adtravopous aAw 7@ Bv0e@ KateréuTev abpows, 

MapxéAov 8’ azoorijoavros puxpov Tt Tas 6AKddas 

‘O yépwv maAw amavtas moet LupaKkovoiovs 


* A life of Archimedes was written by a certain Heraclides 
-—perhaps the Heraclides who is mentioned by Archimedes 
himself in the preface to his book On Spirals (Archim. ed. 
Heiberg ii. 2.3) as having taken his books to Dositheus. We 
know this from two references by Eutocius (Archim. ed. 
Heiberg iii. 228. 20, Apollon. ed. Heiberg ii. 163. 3, where, 
however, the name is given as ‘“HpaxdAeos), but it has not 
survived. The surviving writings of Archimedes, together 
with the commentaries of Eutocius of Ascalon (fl. a.p. 520), 
have been edited by J. L. Heiberg in three volumes of the 
Teubner series (references in this volume are to the 2nd ed., 
Leipzig, 1910-1915). They have been put into mathematical 
notation by T. L. Heath, The Works of Archimedes (Cam- 
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(a) GENERAL 


Tzetzes, Book of Histories ii. 103-144 ® 


ARCHIMEDES the wise, the famous maker of engines, 
was a Syracusan by race, and worked at geometry 
till old age, surviving five-and-seventy-years ¢ ; he 
reduced to his service many mechanical powers, and 
with his triple-pulley device, using only his left 
hand, he drew a vessel of fifty thousand medimni 
burden. Once, when Marcellus, the Roman general, 
was assaulting Syracuse by land and sea, first by his 
engines he drew up some merchant-vessels, lifted 
them up against the wall of Syracuse, and sent them 
in a heap again to the bottom, crews and all. When 
Marcellus had withdrawn his ships a little distance, 
the old man gave all the Syracusans power to lift 


bridge, 1897), supplemented by The Method of Archimedes 
(Cambridge, 1922), and have been translated into French 
by Paul Ver Eecke, Les Cuvres complites d’Archimede 
(Brussels, 1921). 

» The lines which follow are an example of the “ political ” 
(oAurtxés, popular) verse which prevailed in Byzantine times. 

he name is given to verse composed by accent instead of 
quantity, with an accent on the last syllable but one, 
especially an iambic verse of fifteen syllables. The twelfth- 
century Byzantine pedant, John Tzetzes, preserved in his 
Book of Histories a great treasure of literary, historical, 
theological and scientific detail, but it needs to be used with 
caution. The work is often called the Chiliades from its 
arbitrary division by its first editor (N. Gerbel, 1546) into 
books of 1000 lines each—it actually contains 12,674 lines. 

* As he perished in the sack of Syracuse in 212 z.c., he 
was therefore born about 287 B.c. 
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Merewpilew ddvacbar Aious dapakvatous 
Kat tov xabéva méurovras’ Bubilew ras oAcddas. 
‘O / 3 > , ‘ 3 , 4 

s MapkeAdos 8’ améatnoe BodAnv éxeivas ré€ov, 
‘E€dywvdv te KaTomTpov eréeKTHVvev 6 yépwr, 
"Amo 5€ SiaoTHpaTos cuppetpov Tod KaTdmTpoU 
Mixpa rovatra Katomtpa Oeis terpaTrAG ywviais 
Kuovpeva AeTrion TE Kat Tuo yuyyaAutots, 
: “a 4 ~ ¢ ; 
Méoov éxeitvo réJeixev axtivwy TAY 7ALov 
MeonpBpwijs Ka Depwijs Kat XeueprwTarns. 
AvakAwpévwy d€ Aoutov eis TobTO THY aKTivwY 
"Egayus 4pOn poPepa mupwdns traits oAKaot, 

at TavTas ameTédpwoev ex pnKkous To€oPddAouv. 
Ovrw vuKG TOV MdpxeMov Tats enxavais 6 yépwv. 
HAeye d€ Kal dwptoti, wv Lupaxovoia: 
“Wa BO, kal xaptotiwn trav yay Kiwijow maoay.” 


1 néunovras Cary, wéurovra codd. 


* Unfortunately, the earliest authority for this story is 
Lucian, Hipp. 2: ov dé (se. "Apxundnv) tras tav modcuiwv 
tpinpets xatadActarta 7H Téxvy. It is also found in Galen, 
Tlept xpaco. iii. 2, and Zonaras xiv. 3 relates it on the authority 
of Dion Cassius, but makes Proclus the hero of it. ; 

> Further evidence is given by Tzetzes, Chil. xii. 995 and 
Eutocius (Archim. ed. Heiberg ili. 132. 5-6) that Archimedes 
wrote in the Doric dialect, but the extant text of his best- 
known works, On the Sphere and Cylinder and the Measure- 
ment of a Circle, retains only one genuine trace of its original 
Doric—the form rjjvov. Partial losses have occurred in other 
books, the Sand-Reckoner having suffered least. The sub- 
ject is fully treated by Heiberg, Quaestiones Archimedeae, 
pp. 69-94, and in a preface to the second volume of his edi- 
tion of Archimedes he indicates the words which he has 
restored to their Doric form despite the manuscripts; _ his 
text is adopted in this selection. 

The loss of the original Doric is not the only defect in the 
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stones large enough to load a waggon and, hurling 
them one after the other, to sink the ships. When 
Marcellus withdrew them a bow-shot, the old man 
constructed a kind of hexagonal mirror, and at an 
interval proportionate to the size of the mirror he set 
similar small mirrors with four edges, moved by links 
and by a form of hinge, and made it the centre of 
the sun’s beams—its noon-tide beam, whether in 
summer or in mid-winter. Afterwards, when the 
beams were reflected in the mirror, a fearful kindling 
of fire was raised in the ships, and at the distance of 
a bow-shot he turned them into ashes.? In this way 
did the old man prevail over Marcellus with his 
weapons. In his Doric ° dialect, and in its Syracusan 
variant, he declared : “ If I have somewhere to stand, 
I will move the whole earth with my charistion.” ¢ 


text. The hand of an interpolator—often not particularly 
skilful—can be repeatedly detected, and there are many loose 
expressions which Archimedes would not have used, and 
occasional omissions of an essential step in his argument. 
Sometimes the original text can be inferred from the com- 
mentaries written by Eutocius, but these extend only to 
the books On the Sphere and Cylinder, the Measurement 
of a Circle, and On Plane Equilibriums. A partial loss of 

oric forms had already occurred by the time of Eutocius, 
and it is believed that the works most widely read were com- 
pletely recast a little later in the school of Isidorus of Miletus 
to make them more easily intelligible to pupils. 

¢ The instrument is otherwise mentioned by Simplicius (in 
Aristot. Phys., ed. Diels 1110. 2-5) and it is implied that it 
was used for weighing: ravry b€ 77 avadoyig Tob Kwodvros Kal 
Too Kwoupevov Kat To’ diacTHpaTos TO oTaPuLoTLKOY Opyavoy TOV 
KaAovpevov xaptotiwva ovotyoas 6 "Apxuundns ws péxpe mavros 
THs avadoyias mpoxwpovons exdoptacev exeivo TO “7a BH kal 
xw@ tav yav.” AS Tzetzes in another place (Chil. iii. 61: 
O yh avacnay pnxavh TH Tpromdotw Bodv: “ dma Bw Kat cadrevaw 
tiv xOdva ’’) writes of a triple-pulley device in the same con- 
nexion, it may be presumed to have been of this nature. 
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Otros, Kata Avodwpor, THs Lupaxovons Tavrns 
II poéérou mpos TOV MdpxeAdov abpows yevouerns, 
Kite, cata tov Aiwva, ‘Pawpators tropOnbeions, 
"Apréepide TOV moduray TOTE mavvuxilovrey, 
Tovovrotpémws tébvyKkev b76 Twos “Pwpaiov. 
"Hy KEKUPUS, Oudypapipie pNXaviKoy Te ypapuy, 
Tis dé ‘Papatos emuoTas eb key aixpadwrilov. 
‘O be Too Ovaypapparos dros dTrdpxeov TOTE, 
Tis 6 KabeAcwy ovK Eldus, édeye mpos ekeivov* 
‘’Andornht, & avOpwre, Tob Svaypdppards pov.” 
‘Os 3° efAke todrov avotpadels Kal yvods 
‘Pepatov elvat, 
*EBoa, “rt pnxavynua tis TV epav pou bé7w.”” 
‘O 5é ‘Pwpatos mronbets edOds exetvov KTeiveEl, 
"Avopa calpov Kat yépovta, Satpdviov Tots epyots. 


Plut. Marcellus xiv. 7-xvii. 7 


Kai [evTou Kal "Apxynons, ‘Tepe T@ Baorret 
ovyyevns ay, Kal piros, eyparbev WS TH Sobeion 
duvaet TO Sobev Badpos KWo duvaTov e€oTt Kab 
veavievodpevos, ws pact, pwn Tis dmodeiews 
el7ev ws, el yi elxev eTépav, exivnoev av TavTny 
peraBas eis exelgy. Gavpacavtos oé Tob “Iepwros, 
Kal denJevros els Epyov efayayety TO mpoBAnjLa. 
Kal dei€ai te TOV peydAwv KWOULEVOV b70 opuKpas 
duvapews, ddndda Tpidppevov Tav BaciKadv Tovw 
peydAw Kal yewpt mroAAR vewhinGetoar, épBareoy 
avOpusmous Te modAovds Kal Tov avy pdprov, 
abtos amwlev Kabypevos, od peta amovdys, GAG 





* Diod. Sic. Frag. Book xxvi. 

* The account of Dion Cassius has not survived. 

‘ Zonaras ix. 5 adds that when he heard the enemy were 
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Whether, as Diodorus? asserts, Syracuse was betrayed 
and the citizens went in a body to Marcellus, or, as 
Dion ° tells, it was plundered by the Romans, while 
the citizens were keeping a night festival to Artemis, 
he died in this fashion at the hands of one of the 
Romans. He was stooping down, drawing some 
diagram in mechanics, when a Roman came up and 
began to drag him away to take him prisoner. But 
he, being wholly intent at the time on the diagram, 
and not perceiving who was tugging at him, said to 
the man: “ Stand away, fellow, from my diagram.” ¢ 
As the man continued pulling, he turned round and, 
realizing that he was a Roman, he cried, ‘‘ Somebody 
give me one of my engines.’ But the Roman, scared, 
straightway slew him, a feeble old man but wonderful 
in his works. 


Plutarch, Marcellus xiv. 7-xvii. 7 


Archimedes, who was a kinsman and friend of King 
Hiero, wrote to him that with a given force it was 
possible to move any given weight ; and emboldened, 
as it is said, by the strength of the proof, he averred 
that, if there were another world and he could go to 
it, he would move this one. Hiero was amazed and 
besought him to give a practical demonstration of the 
problem and show some great object moved by a 
small force; he thereupon chose a three-masted 
merchantman among the king’s ships which had been 
hauled ashore with great labour by a large band of 
men, and after putting on board many men and the 
usual cargo, sitting some distance away and without 
any special effort, he pulled gently with his hand at 
coming “‘ zap xedaddv”’ edn “Kai py mapa ypappav’’—* Let 
them come at my head,” he said, “* but not at my line.” 
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npewa TH yeipt ceLwv apynv Twa mohvaTtdarou 
mpoanydyeTo Aciws Kat amTaicTws Kat @omep 
dua Badarrns emBeovaay. extrAayets ov 6 Baot- 
Acds kal cuvvoncas Tijs TeXvS THY Suvapuy, 
émreuge TOV "Apxynnony 6 Omws avT@ TO pLev G.vvo- 
pévw, TA 8 emrxecpodvTe pyxavypara karaoKevdon 
mpos maoav (déav moAvopKias, ols avros pev ovk 
éypyoato, tod Ptov TO mciorov d7rAc pov Kal 
TayyyupiKov Biwoas, Tote 8 br hpxe Tois Lupa 
Kovatots eis Séov 1% TapacKevy Kal peta THs 
Tapackeviis 6 Snproupyos. 

‘Qs oby mpoaeBaAov of “Pwpator Sixabev, éK- 
mAn tus ay TOV Lupaxovaiay Kal ayy) Oud S€os, 
pndev av dvOetew T™pos Bray Kal Sdvapv olopevey 
TooaUTNY. oxdoavros d€ Tas pnxavas Tod "Apyi- 

pndous apa. Tots pev mreLots anyvra to€evpata 
TE mavrodara kal Abwv brépoyKa peyeOn, pola 
Kal TaXEL KaTadepopevwy amiotw, Kat pndevos 
dhws TO Bpifos OTeyOVTOS dOpéous dvarpemOvTa 
Tovs tmonintovtas Kai Tas Tafers ovyyedvTwr, 
tats 6€ vavolv dro TeV TELXy@v adyvw vmEepawwpov- 
pevat Kepatar Tas pev b70 Bpifous ornpilovros 
avwbev wbotca Kkatédvov ets Bvbov, Tas O€ yEpat 
avdypais 7) oTopacw eta pLevous yepavwy ava- 
oma@oar mpwpabev dpbas émi mpipvav éBamrilor, 





® zohvordaros. Galen, in Hipp. De Artic. iv. 47 uses the 
same word. T zetzes (loc. cit.) speaks of a triple-pulley 
device (79 rpioxdorw pnxavj) in the same connexion, and 
Oribasius, Coll. med. xlix. 22 mentions the tpicmaoros as an 
invention of Archimedes; he says that it was so called 
because it had three ropes, but Vitruvius says it was thus 
named because it had three wheels. Athenaeus y. 207 a-b 
says that a helix was used. Heath, The Works of Archimedes, 
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the end of a compound pulley * and drew the vessel 
smoothly and evenly towards himself as though she 
were running along the surface of the water. 
Astonished at this, and understanding the power of 
his art, the king persuaded Archimedes to construct 
for him engines to be used in every type of siege 
warfare, some defensive and some offensive ; he had 
not himself used these engines because he spent the 
greater part of his life remote from war and amid the 
rites of peace, but now his apparatus proved of great 
advantage to the Syracusans, and with the apparatus 
its inventor.” 

Accordingly, when the Romans attacked them from 
two elements, the Syracusans were struck dumb with 
fear, thinking that nothing would avail against such 
violence and power. But Archimedes began to work 
his engines and hurled against the land forces all 
sorts of missiles and huge masses of stones, which 
came down with incredible noise and speed ; nothing 
at all could ward off their weight, but they knocked 
down in heaps those who stood in the way and threw 
the ranks into disorder. Furthermore, beams were 
suddenly thrown over the ships from the walls, and 
some of the ships were sent to the bottom by means 
of weights fixed to the beams and plunging down 
from above ; others were drawn up by iron claws, or 
crane-like beaks, attached to the prow and were 


p- xx, suggests that the vessel, once started, was kept in 
motion by the system of pulleys, but the first impulse was 
given by a machine similar to the xoyAias described by 
Pappus viii. ed. Hultsch 1066, 1108 ff., in which a cog-wheel 
with oblique teeth moves on a cylindrical helix turned by 
a handle. 

> Similar stories of Archimedes’ part in the defence are 
told by Polybius viii. 5. 3-5 and Livy xxiv. 34. 
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7 Su’ avrirévwwy évdov emvatpedopevat Kal meptayo- 
pevat Tots vm0 TO TElyos TEefuKdOL Kpyuvots Kal 
oxo7éAots mpoorjpacoov, dua dOdpw moAA@ TaV 
emipata@y ouvTpiBopévwy. moAAdKis 5é€ peTréwpos 
eLapleioa vais dro THs Badacons depo KaKeice 
mrepdwoupevy Kat Kpepapevn Péapa ppix@des nV, 
expt o0 THY avdpav daroppupevrwny Kal Svacgey- 
Sovnlevrwv Kevyn mpoomécot Tols TEetyeow 7 TrEpL- 
oricbor ths Aas dveions. nv be O MdpxeMos 
amo tod Cevypatos eniye enxavyy, oapBoKn pev 
exadetro du opowrynTa Twa oxyuaTos mpdos TO 
povatkov opyavov, ett d€ amwlev adtis mpoodepo- 
pevns mpos TO Tetxos e€HjAaTo AiBos SexardAavros 
OAK, elra ETEpos emt TOUTW Kal TpiTOS, wv ob 
pev avuTh: epmecovres peyadw Ktim@ Kal KAvdane 
THS PNXaVAsS THY TE Baow ouvnAcnoay Kal TO 
yoppwpa dv€getoay Kal Oueomracay TOU Cevyparos, 
wate tov MdpxedXov aropovpevov attov te Tats 
vavolv amomAeiy Kata TaxXos Kal Tots melois ava- 
XWpHoW Tapeyyvyjoae. 

BovAevopévois Sé€ edokev adtois ett vuKros, av 
SvvwvTat, MpoopiEat Tots TEtyeot* TOUS yap Tovous, 
ols ypic8a. tov “Apxyndnv, piunv €éxovras 
UrrEpTrEeTEts Troujceaau Tas TOV Bedav adéoets, 
eyyubev d€ Kal Tehews dmpaxrous elvat _Oidornpa 
THs TAnyis ovK exovans. oO iy, ws €ouev, emt 
Taira, maAat TApEcKEvagpLevos Cpyavav TE ops 
pétpous mpos mav Sdiaotnua Kujoes Kat Bern 
Bpaxéa, Kal dia Cro Tetxos*) od} peyadwy, oAAa@v 

: auri Coraés, adrjs codd. 
4 76 retyos add. Sintenis ex Polyb. 
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plunged down on their sterns, or were twisted round 
and turned about by means of ropes within the city, 
and dashed against the cliffs set by Nature under the 
wall and against the rocks, with great destruction of 
the crews, who were crushed to pieces. Often there 
was the fearful sight of a ship lifted out of the sea into 
mid-air and whirled about as it hung there, until the 
men had been thrown out and shot in all directions, 
when it would fall empty upon the walls or slip from 
the grip that had held it. As for the engine which 
Marcellus was bringing up from the platform of ships, 
and which was called sambuca from some resemblance 
in its shape to the musical instrument,* while it was 
still some distance away as it was being carried to the 
wall a stone ten talents in weight was discharged at 
it, and after this a second and a third ; some of these, 
falling upon it with a great crash and sending up a 
wave, crushed the base of the engine, shook the 
framework and dislodged it from the barrier, so that 
Marcellus in perplexity sailed away in his ships and 
passed the word to his land forces to retire. 

In a council of war it was decided to approach the 
walls, if they could, while it was still night ; for they 
thought that the ropes used by Archimedes, since 
they gave a powerful impetus, would send the missiles 
over their heads and would fail in their object at 
close quarters since there was no space for the cast. 
But Archimedes, it seems, had long ago prepared for 
sucha contingency engines adapted to all distances and 
missiles of short range, and through openings in the 

“* The capBdxn was a triangular musical instrument with 
four strings. Polybius (viii. 6) states that Marcellus had 
eight quinqueremes in pairs locked together, and on each 


pete a “‘sambuca ’’ had been erected ;_ it served as a pent- 
ouse for raising soldiers on to the battlements. 
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dé Kal ovvey@v Tpnpatwv <ovTwvr'), ot aKopriot 
Bpaxvrovo. pev, eyyvev dé mAREat TmapeotrKecav 
doparot Tots mroAepots. 

‘Qs odv mpocguEav oldopevor AavOavew, ad&is ab 
BéXeot oAXois evrvyxavovres Kal mAnyats, meTpaV 
pev ek Kedhadjs em’ adtods pepopevwy waTtep Tmpds 
KaGerov, tod Sé Teiyous tofevpata mavraydbev 
GVATELTOVTOS, GvEeXwpouV oTtiaw. KavTad0a maAw 
avT@v eis pnKos exteraypevwv, Beddv éxbeovrwv 
Kat KaTtadapPavevtwy amidvtas eyiveTo Todds peév 
att@v POdpos, modds 5é€ TV vewv ovyKpovopds, 
oveev avTidpdcat Tovs moAeutous Suvapévwv. Ta 
yap mAeloTa TOV dpydvey bm TO TElxos €oKevo- 
pevise TO ‘Apxeunder, Kal Jeopaxotow ewKeoav 

‘Pwpaior, pupiwy abrois Kakav e& ddavods 
emuxeopidva. 

Od pay aAr’ 6 MapxeMos anépuye Te Kal Tovs 
avy éavT@ oKUTTOY rexvitas Kal pnyavoTo.ovs 
EXeyev’ “od mavodpefa ampos Tov yewpeTpiKov 
totrov Bpidpewv modepodvres, Os Tats pev vavoiv" 
nhpav Kvabile: ex tis Oadacons, tHv 5é capPdKnv 
pamilwy® per’ aiayvvns éexBéPAnKe, Tods 5é pvOcKovs 
éxatoyyetpas brepaiper Tooadra BadAwv aya BéAy 
Kal? TLBY 5 ” +@ yap ovre mavres ot Aotrot 2vpa- 
Kovatot capa ris "Apxepnoous TApacKkevys Hoay, 
ue 5€ Kwotoa Tavra Kai oTpépovoa pox pia, TAY 
prev dAAwY OTAwY atpéua KeEypévwyv, povots Sé Tots 
éxeivou ToTe THS moAewsS ypwpevns Kal mpos 
dpuvav Kat mpos daddrcav.  réAos S€ Tovs 
‘Pwpaiovs ottw amepipdBous yeyovdtas opa@v 6 
MdpxedXos wor’, et Kadw@diov 4 EvAov vrép Tob 

1 ovrwy add. Sintenis ex Polyb. 
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wall, small in size but many and continuous, short- 
ranged engines called scorpions could be trained on ob- 
jects close at hand without being seen by the enemy. 

When, therefore, the Romans approached the walls, 
thinking to escape notice, once again they were met 
by the impact of many missiles ; stones fell down 
on them almost perpendicularly, the wall shot out 
arrows at them from all points, and they withdrew 
to the rear. Here again, when they were drawn up 
some distance away, missiles flew forth and caught 
them as they were retiring, and caused much destruc- 
tion among them; many of the ships, also, were 
dashed together and they could not retaliate upon 
the enemy. For Archimedes had made the greater 
part of his engines under the wall, and the Romans 
seemed to be fighting against the gods, inasmuch as 
countless evils were poured upon them from an 
unseen source. 

Nevertheless Marcellus escaped, and, twitting his 
artificers and craftsmen, he said: ‘ Shall we not 
cease fighting against this geometrical Briareus, who 
uses our ships like cups to ladle water from the sca, 
who has whipped our sambuca and driven it off in 
disgrace, and who outdoes all the hundred-handed 
monsters of fable in hurling so many missiles against 
us all at once?” For in reality all the other Syra- 
cusans were only a body for Archimedes’ apparatus, 
and his the one soul moving and turning everything : 
all other weapons lay idle, and the city then used his 
alone, both for offence and for defence. In the end 
the Romans became so filled with fear that, if they 
saw a little piece of rope or of wood projecting over 

* rais pev vavoly ... parifwy an anonymous correction from 
a Tas pev vais Hpdv Kabilwy mpdos tiv OdAacoay tailwy 


codd. 
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Teixous puuKpov opbety TpOoTELvopLevov, ToUTO Ekeivo, 
eyNxXavyy twa Kweiv em’ avTovs “Apxynon Bodvras 
amor pérrec Oa Kal pevyery, ATECKETO paxns amdons 
Kat mpooPodjs, To Aowrov emi TH yxpovw TH 
moAvopKiav Depevos. 

TyAcxobrov pevro ppovnpa Kat Palos puyfs 
Kal Tooobrov EKEKTNTO Jewpnydtov thotrov 
"Apxiuyndns ware, &d’ ols ovopia ka dofav ovK 
avOpwrivys, aad Sapoviou Twos Eoxe Guvecews, 
pnbev eGeAjoa ovyypappua trepl TOUTWY amonureiy, 
aAAG THY TEpL TA pnxavuca TpayLaretav Kal méoav 
oAwWs TEXYNY Xpetas epanrTopevny ayewh Kal 
Bavavoov NYNSE LEV, eis exeiva katabecbar pova 
THY abrod prroruudy ols 70 kahov Kal TE pUTTOV 
dpuyes Too dvay Katou TpOoEoTLY, aovyKpiTa peev 
ovta tots dAAots, € Ep d€ ‘Tapexovra m™pos THY vAnv 
7H dmodetget, THS pev TO peyeDos Kat TO KaAAos, 
THs Se THY dx ptBerav Kat TV Svvapw drreppuh 
TOPEXO [LEVIS od yap €oTw ev yewpeTpia yadeTTW- 
tépas Kat Baputéepas wrobéces ev amtAovoTépots 
AaBetv Kal _Kkabapurépous orouxetous ypapopevas. 
Kal Too0” ot ev eddhvia Tot avdpos mpocanrouowy, 
ot O€ drepBodh TWL TOVOU vopilovoww daroveus 
TremToUn even Kal padins € EKAGTOV €oLKOs yeyovevat. 
Cn7@v pev yap ovK GV Tis €UpoL bu’ avTot TH 
amoderkiy, cpa be Th pabjoer TaploTarat boga 
Tob Kav aurov Evpety’ OUTW Actav ddov aye Kat 
Taxetav emt TO OeLKVULEVOY. ovKouv ovoe a Omar hoa 
Tois mept avrod Aeyoptevous eoTiv, OS Oa oiKeias 
57) Twos Kal ouvoiKov BedAyopevos del GELPHVOS 
éA€Anato Kal oitov Kai Jeparreias ousparos ef- 
éXeure, Bia dé modAdKts EAKdpevos em” dAcysa Kal 
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the wall, they cried, ‘‘ There it is, Archimedes is 
training some engine upon us,” and fled; seeing this 
Marcellus abandoned all fighting and assault, and for 
the future relied on a long siege. 

Yet Archimedes possessed so lofty a spirit, so pro- 
found a soul, and such a wealth of scientific inquiry, 
that although he had acquired through his inventions 
a name and reputation for divine rather than human 
intelligence, he would not deign to leave behind a 
single writing on such subjects. Regarding the 
business of mechanics and every utilitarian art as 
ignoble and vulgar, he gave his zealous devotion only 
to those subjects whose elegance and subtlety are 
untrammelled by the necessities of life; these sub- 
jects, he held, cannot be compared with any others ; 
in them the subject-matter vies with the demonstra- 
tion, the former possessing strength and beauty, the 
latter precision and surpassing power ; for it is not 
possible to find in geometry more difficult and weighty 
questions treated in simpler and purer terms. Some 
attribute this to the natural endowments of the man, 
others think it was the result of exceeding labour that 
everything done by him appeared to have been done 
without labour and with ease. For although by his 
own efforts no one could discover the proof, yet as 
soon as he learns it, he takes credit that he could have 
discovered it: so smooth and rapid is the path by 
which he leads to the conclusion. For these reasons 
there is no need to disbelieve the stories told about 
him—how, continually bewitched by some familiar 
siren dwelling with him, he forgot his food and 
neglected the care of his body ; and how, when he 
was dragged by main force, as often happened, to the 


4 aye, Bryan, ayew codd. 
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Aoutpov, év Tais eoxdpais eypade oxnpata Tov 
YEWpET PKB, Kal Tob ow Paros aAn Ay pevou dupe 
TO daxTvhw ypappas, VITO HOoVAS weyadns KaTOXOS 
av Kal povodAnmros: adnbas. modAdv dé Kal 
Kara@v evpeTi}s yeyovws: Aéyerar Tov Giro den, 
O7jvat Kat Tov ovyyevav OTS avuToo pera THV 
TeheuTH ETLOTHOWOL TH TAaPw Tov TEeptAayPavovTa 
Thv opaipay evros KvAwdpov, émvypayavtes TOV 
Adyov THs Urepoyys TOO mepieyovTos aTepeod mpos 
\ 4 
TO TeEplexOpLevov. 


Ibid. xix. 4-6 


MaXora d€ TO “Apxysndous mrafos nviaceE Map- 
KeMov. ETUXE pev yap avros te Kal? éavTov 
dvackoT@yv emi Siaypappatos: Kal 7H Gewpia 
dedwKws apa THY Te Oidvotay Kal ay mpocowpw 
ov mponobero THY KaTadpop.ny TOV *Popatov 
ovde THY dAwow THs moAews, adv be emoTdvTOs 
avTa@ OTpaTiwTov Kal keevovTos axohovbetv mpos 
MépreMov ovK eBovdero Tp q TeAgcat 70 Tpo- 
BAnpa Kat KATAOT HOG Tos: THv amodeéu. 6 de 
opyvobets Kal _OmaodMeEvos 70 cigos avethev avroy. 
eTEpOL pev ov Aéyovow eMLOT VAL pev evOds ws 
dmoxtevotvta fudypyn tov ‘Pwpaiov, éexeivov 8 
iovra SetoFar Kal dvriBoreiv dvapetvar Bpaydv 
xXpovov, ws pT KaraNimy To Cnrovpevov atedés 
Kal aGecipytov, TOV be od Ppovricavra Suaypn- 
cacbac. Kal Tpitos €ott Adyos, ws Kopiovre 
pos MapxeAdov avTOD Ov palnparicdy opyavey 
oxidOnpa Kal ofatpas Kal ywvrtas, als evappdrres 


* Cicero, when quaestor in Sicily, found this tomb over- 
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place tor bathing and anointing, he would draw geo- 
metrical figures in the hearths, and draw lines with his 
finger in the oil with which his body was anointed, 
being overcome by great pleasure and in truth in- 
spired of the Muses. And though he made many 
elegant discoveries, he is said to have besought his 
friends and kinsmen to place on his grave after his 
death a cylinder enclosing a sphere, with an inscrip- 
tion giving the proportion by which the including 
solid exceeds the included. 


Ibid. xix. 4-6 


But what specially grieved Marcellus was the death 
of Archimedes. For it chanced that he was alone, 
examining a diagram closely ; and having fixed both 
his mind and his eyes on the object of his inquiry, he 
perceived neither the inroad of the Romans nor the 
taking of the city. Suddenly a soldier came up to 
him and bade him follow to Marcellus, but he would 
not go until he had finished the problem and worked 
it out to the demonstration. Thereupon the soldier 
became enraged, drew his sword and dispatched 
him. Others, however, say that the Roman came 
upon him with drawn sword intending to kill him at 
once, and that Archimedes, on seeing him, besought 
and entreated him to wait a little while so that he 
might not leave the question unfinished and only 
partly investigated ; but the soldier did not under- 
stand and slew him. There is also a third story, that 
as he was carrying to Marcellus some of his mathe- 
matical instruments, such as sundials, spheres and 


grown with vegetation, but still bearing the cylinder with 

the sphere, and he restored it (Tuse. Disp. v. 64-66). The 

theorem proving the proportion is given infra, pp. 124-127. 
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TO Tot HAiov péyebos mpdos THY dYuv, oTpaTidrat 
MEpiTVXOVTES Kal ypuaiov ev TH Tevyer Sd€avres 
dépew améxrewav. ore pevtor MapKedAdos FAynoe 
Kal TOY avToyeipa TOU avdpos ameoTpady Kalamep 
evayh, Tovs dé otkeiouvs avevpwy ETiNnoev, Opo- 
Aoyetrat. 


Papp. Coll. viii. 11. 19, ed. Hultsch 1060. 1-4 


Ths abriis b€ €orw Bewpias 7d d0bev Bapos TH 
dobeion Ouvdpet KWHoat’ TOTO yap “Apxyu7dous 
pev evpnpa [Aeyerax]" ENxavixoy, ef @ Aéyeras 
etpnKeva ‘Ods pot (dynar) wod or® i KWo THY 


vn. 
Diod. Sic. i. 34. 2 


Ilorapdyworos yap otoa Kat Kardpputos moA- 
Aovds Kat Travradamovs expépet Kapirovs, Tob pev 
TOTAL00 bud Thv Kat’ étos avaBaow veapay iAvv 
det Katayéovtos, Tv 8 dvOpusrrany pgdios a dmracay 
dpOdevovTwv Sud TWos pnxXavas, nv emevonce pev 
"Apxeyndns 6 Lvpakdawos, dvopalerat 5€ amo Tob 
oxnparos KoxAias. 


Ibid. v. 37. 3 
To aavrwv mapabokorarov, amapvUTovot Tas 
poets TOV vddrwv Tots Atyuntiakots Acyopevous 


KoxAias, ous "A pxuprdns 6 Lvpakoatos evpev, 
OTe mapePparev eis Atyumrov. 


1 Aéyerat om. Hultsch. 





@ Diodorus is writing of the island in the delta of the Nile. 
> It may be inferred that he studied with the successors 
of Euclid at Alexandria, and it was there perhaps that he 
made the acquaintance of Conon of Samos, to whom, as 
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angles adjusted to the apparent size of the sun, some 
soldiers fell in with him and, under the impression 
that he carried treasure in the box, killed him. What 
is, however, agreed is that Marcellus was distressed, 
and turned away from the slayer as from a polluted 
person, and sought out the relatives of Archimedes to 
do them honour. 


Pappus, Collection viii. 11. 19, ed. Hultsch 1060. 1-4 


To the same type of inquiry belongs the problem: 
To move a given neight by a given force. This is one 
of Archimedes’ discoveries in mechanics, whereupon 
he is said to have exclaimed : " Give me somewhere 
to stand and I will move the earth.” 


Diodorus Siculus i. 34. 2 


As it is made of silt watered by the river after 
being deposited, it? bears an abundance of fruits of 
all kinds; for in the annual rising the river continu- 
ally pours over it fresh alluvium, and men easily 
irrigate the whole of it by means of a certain instru- 
ment conceived by Archimedes of Syracuse, and 
which gets its name because it has the form of a 
spiral or screw. 

Ibid. v. 37. 3 


Most remarkable of all, they draw off streams of 
water by the so-called Egyptian screws, which 
Archimedes of Syracuse invented when he went by 
ship to Egypt.” 


the preface to his books On the Sphere and Cylinder shows, 
he used to communicate his discoveries before publication, 
and Eratosthenes of Cyrene, to whom he sent the Method 
and probably the Cattle Problem. 
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Vitr. De Arch. ix., Praef. 9-12 


Archimedis vero cum multa miranda inventa et 
varia fuerint, ex omnibus etiam infinita sollertia id 
quod exponam videtur esse expressum. Nimium 
Hiero Syracusis auctus regia potestate, rebus bene 
gestis cum auream coronam votivam diis immortalibus 
in quodam fano constituisset ponendam, manupretio 
locavit faciendam et aurum ad sacoma adpendit re- 
demptori. Is ad tempus opus manu factum subtiliter 
regi adprobavit et ad sacoma pondus coronae visus 
est praestitisse. Posteaquam indicium est factum 
dempto auro tantundem argenti in id coronarium 
opus admixtum esse, indignatus Hiero se contemptum 
esse neque inveniens qua ratione id furtum depre- 
henderet, rogavit Archimeden uti insumeret sibi de 
eo cogitationem. Tune is cum haberet eius rei 
curam, casu venit in balineum ibique cum in solium 
descenderet, animadvertit quantum corporis sui in eo 
insideret tantum aquae extra solium effluere. Idque 
cum eius rei rationem explicationis ostendisset, non 
est moratus sed exsiluit gaudio motus de solio et 
nudus vadens domum versus significabat clara voce 
invenisse quod quaereret. Nam currens identidem 
graece clamabat ciipyka etpyka. 

Tum vero ex eo inventionis ingressu duas fecisse 
dicitur massas aequo pondere quo etiam fuerat 
corona, unam ex auro et alteram ex argento. Cum 
ita fecisset, vas amplum ad summa labra implevit 





e **T have found, I have found.” 
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Vitruvius, On Architecture ix., Preface 9-1 


Archimedes made many wonderful discoveries of 
different kinds, but of all these that which I shall now 
explain seems to exhibit a boundless ingenuity. When 
Hiero was greatly exalted in the royal power at 
Syracuse, in return for the success of his policy he de- 
termined to set up ina certain shrine a golden crown 
as a votive offering to the immortal gods. He let out 
the work for a stipulated payment, and weighed out 
the exact amount of gold for the contractor. At the 
appointed time the contractor brought his work skil- 
fully executed for the king’s approval, and he seemed 
to have fulfilled exactly the requirement about the 
weight of the crown. Later information was given 
that gold had been removed and an equal weight of 
silver added in the making of the crown. Hiero was 
indignant at this disrespect for himself, and, being 
unable to discover any means by which he might un- 
mask the fraud, he asked Archimedes to give it his 
attention. While Archimedes was turning the pro- 
blem over, he chanced to come to the place of bathing, 
and there, as he was sitting down in the tub, he 
noticed that the amount of water which flowed over 
the tub was equal to the amount by which his body 
was immersed. This indicated to him a means of 
solving the problem, and he did not delay, but in his 
joy leapt out of the tub and, rushing naked towards 
his home, he cried out with a loud voice that he had 
found what he sought. For as he ran he repeatedly 
shouted in Greek, heureka, heureka.* 

Then, following up his discovery, he is said to have 
made two masses of the same weight as the crown, 
the one of gold and the other of silver. When he had 
so done, he filled a large vessel right up to the brim 
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aqua, in quo demisit argenteam massam. Cuius 
quanta magnitudo in vase depressa est, tantum aquae 
effluxit. Ita exempta massa quanto minus factum 
fuerat refudit sextario mensus, ut eodem modo quo 
prius fuerat ad labra aequaretur. Ita ex eo invenit 
quantum pondus argenti ad certam aquae mensuram 
responderet. 

Cum id expertus esset, tum auream massam simi- 
liter pleno vase demisit et ea exempta eadem ratione 
mensura addita invenit deesse aquae non tantum sed 
minus, quanto minus magno corpore eodem pondere 
auri massa esset quam argenti. Postea vero repleto 
vase in eadem aqua ipsa corona demissa invenit plus 
aquae defluxisse in coronam quam in auream eodem 
pondere massam, et ita ex eo quod defuerit plus 
aquae in corona quam in massa, ratiocinatus depre- 
hendit argenti in auro mixtionem et manifestum 


furtum redemptoris. 





¢ The method maybe thus expressed analytically. 

Let w be the weight ofthe crown, and let it be made up of 
a weight w, of gold and a weight w, of silver, so that 
W=W, + We. 

Let the crown displace a volume v of water. 

Let the weight w of gold displace a volume v, of water; 


then a weight w, of gold displaces a volume = . v, of water. 


Let the weight w of silver displace a volume v, of water ; 
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with water, into which he dropped the silver mass. 
The amount by which it was immersed in the vessel 
was the amount of water which overflowed. Taking 
out the mass, he poured back the amount by which 
the water had been depleted, measuring it with a pint 
pot, so that as before the water was made level with 
the brim. In this way he found what weight of silver 
answered to a certain measure of water. 

When he had made this test, in like manner he 
dropped the golden mass into the full vessel. Taking 
it out again, for the same reason he added a measured 
quantity of water, and found that the deficiency of 
water was not the same, but less; and the amount 
by which it was less corresponded with the excess of 
a mass of silver, having the same weight, over 
a mass of gold. After filling the vessel again, he 
then dropped the crown itself into the water, and 
found that more water overflowed in the case of the 
crown than in the case of the golden mass of identical 
weight ; and so, from the fact that more water was 
needed to make up the deficiency in the case of the 
crown than in the case of the mass, he caleulated and 
detected the mixture of silver with the gold and the 
contractor’s fraud stood revealed.* 


then a weight w, of silver displaces a volume es I v, of water, 
w 


w w 
It follows that v=. 0, +-3. 0, 
Ww w 
_ WV, + WyVq 
wW,+w, * 
W, Vg- 
so that —=-2__, 
Wa O-= Vy 


For an alternative method of solving the problem, v. infra, 
pp. 248-251. 
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(6) Surrace anp VoLUME oF THE CYLINDER AND 
SPHERE 


Archim. De Sphaera et Cyl. i., Archim. ed. Heiberg 
i, 2-132. 3 


"Apxyendns Aoaibéw yatpew 

ITpérepov pev anéoradkd cor ta&v bd? judy 
TteOewpnpevwr ypayas peta amodeiLews, OTe mav 
TH ABo TO Teplexopevov bo TE evdetas Kal opfo- 
ywviov KwVOU TOUS EmizTpiTOV e€oTL TpLywvov Tob 
Baow rhv adrivy exovros TH TyHnpate Kal wvybos 
igov: votepov dé yuty tromecdyvTwy Oewpynydrwy 
afiwv Adyou' metpaypatevpcba mept Tas amodetfets 
att@v. éoTw b€ Tdde° mp@Tov pév, STL mans 
adpaipas 7 emipdveia tetpamAacia éotiv Tob peyt- 
orov KUKAov Ta&V ev avTh: emeiTa dé, OTL TavTds 
Tunpatos odaipas TH emiaveia icos eati KvKAos, 
od 7 €K TOU KévTpou ton éoTi TH eVOeia TH amd 
Tis Kopudys Too Tunatos dyouevyn emi THY TreEpt- 
péperay tov KUKAov, ds co7t Bdows Tod TEATS: 

4 dtiwy Adyou cod., aveAéyxtwv coni. Heath. 


* The chief results of this book are described in the pre- 
fatory letter to Dositheus. In this selection as much as 
ossible is given of what is essential to finding the proportions 
etween the surface and volume of the sphere and the surface 
and volume of the enclosing cylinder, which Archimedes 
regarded as his crowning achievement (supra, p. 32). In 
the case of the surface, the whole series of propositions is 
reproduced so that the reader may follow in detail the majestic 
chain of reasoning by which Archimedes, starting from 
seemingly remote premises, reaches the desired conclusion ; 
in the case of the volume only the final proposition (34) can 
be given, for reasons of space, but the reader will be able to 
prove the omitted theorems for himself. Pari passu with 
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é 
(6) Surrace anp VoLUME oF THE CYLINDER AND 
SPHERE 


Archimedes, On the Sphere and Cylinder i., Archim. ed. 
Heiberg i. 2-132. 3¢ 


Archimedes to Dositheus greeting 


On a previous occasion I sent you, together with 
the proof, so much of my investigations as I had set 
down in writing, namely, that any segment bounded by a 
straight line and a section of a right-angled cone is four- 
thirds of the triangle having the same base as the segment 
and equal height.” Subsequently certain theorems de- 
serving notice occurred to me, and I have worked out 
the proofs. They are these : first, that the surface of 
any sphere is four times the greatest of the circles in it; 
then, that the surface of any segment of a sphere is 
equal to a circle whose radius 1s equal to the straight line 
drann from the vertex of the segment to the circumference 
of the circle which is the base of the segment?; and, 


this demonstration, Archimedes finds the surface and volume 
of any segment of a sphere. The method in each case is to 
inscribe in the sphere or segment of a sphere, and to circum- 
scribe about it, figures composed of cones and frusta of 
cones. The sphere or segment of a sphere is intermediate in 
surface and volume between the inscribed and circumscribed 
figures, and in the limit, when the number of sides in the 
inscribed and circumscribed figures is indefinitely increased, 
it would become identical with them. It will readily be appre- 
ciated that Archimedes’ method is fundamentally the same as 
integration, and on p. 116 n. 6 this will be shown trigono- 
metrically. 

> This is proved in Props. 17 and 24 of the Quadrature of 
the Paratola, sent to Dositheus of Pelusium with a prefatory 
letter, v. pp. 228-243, infra. 

© De Sphaera et Cyl. i. 30. “‘ The greatest of the circles,” 
here and elsewhere, is equivalent to “a great circle.” 

¢ Ibid. i. 42, 43. 
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mpos Se ToUTOUS, OTL mons opaipas 6 Kbdwdpos 6 
Baow peev exwv tony TO peylorep KUKAW TOV ev TH 
ogaipa, visos Oe toov Th Svaper pep THs apaipas 
avros TE Tpiodves EoTw THS opaipas, KaL 7) e7t- 
pdvera avTod Tijs emupavetas THs opaipas. Tatra 
b€ TO. OupmTa ware Th puoet mpouTrfpxev Tept TO 
eipnuéva oynpata, nyvoeito Sé bao THY mpo ncov 
rept yewperpiav d.VEOT papyLeveov ovdevos abray 
ETWEVONKOTOS, OTL TOUTWY TAY oXnLarov eorly 
Guppetpia. . . . e€€oTrar de rept TOUTWY emu 
oxépacbat tots Suvycopévais. were pev ovv 
Kovwvos éte C@vtos éxdido08a Tatra: THvov yap 
drrohapBavopev Tov pedAvora. av dvvacBar KaTa- 
vojoat Tatra Kal tHv dpydlovoay brep avtav 
amopacw Trowjoacban Soxyudlovres dé Kadds 
Exel peTadiddvat Tots oikelots TOV palnuarav 
dmooreéMouev cow tas dmodei~ers avaypaiartes, 
bmep wv e€éoTat Tots Tmepi TQ palnparo. avacTpe- 
hopevots emaxeyacban. eppwpevws. 

Tpapovras mpétov Th TE afispara Kat Ta AapBa- 
vopeva els Tas amodElfets aUTAaV. 


"Agimpara 


rd b eee 3 > 4 4 4 
a’. Eiot ties ev émimédm KapmvAa ypappot 
TeTEpacEeval, al THY Ta Tépata emilevyvuovady 
b) ~ 3 ~ bd e : aa, | A 3 , > vA 99 \ 
abrav ev0erdv WTot GAa emi Ta avTA Eiow H OddEV 
EXOvOW ETL Ta ETEPA. 
, 3 A A > aR oF, oN ~ A 4 
B’. *Emt 7a attra d7 Koidny KaAd THY TovadTny 
ypappynv, ev  éav dSvo onpetwy AapPBavopevwy 


¢ De Sphaera et Cyl. i. 34 coroll. The surface of the 
cylinder here includes the bases. 
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further, that, in the case of any sphere, the cylinder 
having its base equal to the greatest of the circles in the 
sphere, and height equal to the diameter of the sphere, is 
one-and-a-half times the sphere, and its surface is one- 
and-a-half times the surface of the sphere? Now these 
properties were inherent in the nature of the figures 
mentioned, but they were unknown to all who studied 
geometry before me, nor did any of them suspect such 
a relationship in these figures.? . . . But now it will be 
possible for those who have the capacity to examine 
these discoveries of mine. They ought to have been 
published while Conon was still alive, for I opine that 
he more than others would have been able to grasp 
them and pronounce a fitting verdict upon them ; 
but, holding it well to communicate them to students 
of mathematics, I send you the proofs that I have 
written out, which proofs will now be open to those 
who are conversant with mathematics. Farewell. 

In the first place, the axioms and the assumptions 
used for the proofs of these theorems are here 
set out. 


AXIOMS ° 


1, There are in a plane certain finite bent lines 
which either lie wholly on the same side of the 
straight lines joining their extremities or have no part 
on the other side. 

2. I call concave in the same direction a line such that, 
if any two points whatsoever are taken on it, either 


’ In the omitted passage which follows, Archimedes com- 
pee his discoveries with those of Eudoxus ; it has already 
een given, vol. i. pp. 408-411. 
¢ These so-called axioms are more in the nature of de- 
finitions. 
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orrowwvoby at peragv TOV onpetwv evetar ATOoL 
~ bal 
mao emt 7a aura mimrovow Tis ypaypas, 7 
Twes pev emt TA aUTA, TLVes SE KaT adTis, em Ta 
erepa de pnoepia. 
? ¢€ , A A b] / f / >] 
y’. ‘Opotws 67 Kal émidavetat ties elow me- 
3 3 
_mepacpéevat, adral pev ovK ev emimédw, Ta dé 
b] 3 / a ~ 3 3 
mépaTra €xovoa ev emimédw, al tot émumédov, ev 
” cee | 3 4 
@ Ta mépata €xovaw, yTor OA emt Ta adTa 
) by) 3 
€oovTal 7) ovdEeVv ExovoLY Em TA ETEPA. 
4 3 A A > eee | A f “~ A 4 
6’. *Emt ta atta 5 Koidas KadA® Tas TovavTas 
> , ’ e ” , , , 
emipaveias, ev als av dvo0 onyueiwy AapBavopévwr 
ai petaéd THY onpeiwv ed0etat row Macat emt TA 
~ 9 a” \ A | 
avTa TimTovow THs emdavetas, H Twes pev emi 
3 ~ b] 4 
Ta alta, Twes S€ Kat’ avTHs, emi Ta ETEpa Se 
pndepia. 
/ A ‘ ~ > \ “a 
e. Topéa &€ orepeov Kad@, émrevdav opaipay 
“~ \ bad A “A 
K@vos Téuvn Kopydynv exwv mpds TH KevTpw 
Ths opatpas, TO epmepieyopevov oyna v7d TE 
THs emipaveias TO KWVOU Kal THs Emidaveias THs 
ae? évTos TOO KWVOV. 
€ f A ~ / 3 A , ~ 
PopBov d€ Kah oTepedy, eTTELoay Svo K@VOL 
rip abriv Baow € EXOVTES Tas Kopugas € exwow ed’ 
exdTEpa Tob emumedov TAS Bacews, ¢ OTWS ob afoves 
abra@y én edletas wot Keipevor, TO €€ audoty Toiv 
KWVOLWY GUYKELLLEVOY OTEPEOY OXAUA. 


AapBavdpeva, 
Ponsa d€ tabra: 


a’, Tév ta aura TEpATa €Xovow@y ypappeov 
eAaxiorny elvar thy edbetav. 
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all the straight lines joining the points fall on the 
same side of the line, or some fall on one and the 
same side while others fall along the line itself, but 
none fall on the other side. 

3. Similarly also there are certain finite surfaces, 
not in a plane themselves but having their extremities 
in a plane, and such that they will either lie wholly 
on the same side of the plane containing their ex- 
tremities or will have no part on the other side. 

4. I call concave in the same direction surfaces such 
that, if any two points on them are taken, either the 
straight lines between the points all fall upon the 
same side of the surface, or some fall on one and 
the same side while others fall along the surface 
its: lf, but none falls on the other side. 

5. When a cone cuts a sphere, and has its vertex at 
the centre of the sphere, I call the figure compre- 
hended by the surface of the cone and the surface of 
the sphere within the cone a solid sector. 

6. When two cones having the same base have 
their vertices on opposite sides of the plane of the 
base in such a way that their axes lie in a straight 
line, I call the solid figure formed by the two cones 
a solid rhombus. 

POSTULATES 


I make these postulates : 


1. Of all lines which have the same extremities the 
straight line is the least.¢ 


* Proclus (in Euct., ed. Friedlein 110. 10-14) saw in this 
statement a connexion with Euclid’s definition of a straight 
line as lying evenly with the points on itself: 6 8 ad 
"Apxyndns thy ed0eiay wpicaro ypaypry éhaylorny rev Ta adra 
mépara éxovady. Sidte yap, ws 6 HdxAelduos Adyos dnaiv, ef taov 
Kxeirat toils ef’ éavtis onpeiois, Sia todro eAaxlary eat Trav TA 
atra mépata éxoucir. 
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B. Tév dé addAwy YEAppav, eav ev emumedep 
odoat TA avTa Trepara EXYWOU, dvicous elvan Tas . 
To.avTas, emevOay Dow apporepar emt Ta, aura, 
KotAat, Kal TOU ohn mrepthapBarnra n ETE par 
avr ay b770 Tijs érépas Kal Ths evdeias Ths TA 
aura mépaTa exovons avTh, 7 TW jev mreptAap- 
Bavyrou, Twa d€ Kowa éxn, Kal é€Adooova elvat 
Thy TreptAapPavopevnv. 

vy’. “Opotws S€ Kai tv emdaverdv trav Ta 
avTa Tépata exovody, eav ev éemimédw Ta mépata 
éywow, €Adooova elvar tH émimedov. 

gs Tey d€ dAAwv emupaverdav Kal Ta aura mé- 
para exovody, eav ev emimédm 74 TEpaTa 4, 
avicous civar TAS TOLAUTAS, éreiSav dow dudpdrepat 
€ml Ta avTa KotAaL, Kat HTOL OAN TreptAapBavnrat 
bro THs éTépas 7 ETEpa EmPavera Kal THs emimédov 
Ths Ta avTa Tépata exovons ad’Th, Y Twa pev 
mrepthapBavnrat, Twa d€ Kowa exn, Kal eAdocova 
elvau THY mrepiayBavopevny. 

e’, “Ere d€ Tov dviowy ypappav Kal Tv dvicwv 
emipaver@v Kal TOV avicwy orepe@v TO petlov rob 
é\docovos dmrepéxewv TovovTw, 6 avvTieuevov adro 
éauTt@ Svvarov cotw vrepéxew TavTos Tod mpo- 
tebévtos Tv mpos aAAnAa Aeyopéevwy. 

Tovrwy d€ v7roKeipevay, av els KUKAov Trohbyeo- 
vov eyypady, pavepov, oT 7 TEptpeTpos Tob 
eyypamevTos TroAuycvou eAdoowy eT Tijs tod 
KUKAOov Trepidepetas EKaOTH yap TOV Tod Trodv- 
ywvouv mAevpa@v eAdoowv eat THs TOO KUKAOU 
mepipepelas THS bTO THs adTis amroTEeuvoperns. 





@ ‘This famous “* Axiom of Archimedes ”’ is, in fact, gener- 
ally used by him in the alternative form in which it is proved 
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2. Of other lines lying in a plane and having the 
same extremities, [any two] such are unequal when 
both are concave in the same direction and one is 
either wholly included between the other and the 
straight line having the same extremities with it, or 
is partly included by and partly common with the 
other ; and the included line is the lesser. 

8. Similarly, of surfaces which have the same 
extremities, if those extremities be in a plane, the 
plane is the least. 

4. Of other surfaces having the same extremities, 
if the extremities be in a plane, [any two] such are 
unequal when both are concave in the same direction, 
and one surface is either wholly included between 
the other and the plane having the same extremities 
with it, or is partly included by and partly common 
with the other ; and the included surface is the lesser. 

5. Further, of unequal lines and unequal surfaces 
and unequal solids, the greater exceeds the less by 
such a magnitude as, when added to itself, can be 
made to exceed any assigned magnitude among those 
comparable with one another. 

With these premises, zf a polygon be inscribed in a 
circle, tt 1s clear that the perimeter of the inscribed polygon 
as less than the circumference of the circle ; for each of 
the sides of the polygon is less than the arc of the 
circle cut off by it. 
in Kuclid x. 1, for which v. vol. i. pp. 452-455. The axiom 
can be shown to be equivalent to Dedekind’s principle, that 
a section of the rational points in which they are divided into 
two classes is made by a single point. Applied to straight 
lines, it is equivalent to saying that there is a complete 
correspondence between the aggregate of real numbers and 
the aggregate of points in a straight line; v. E. W. Hobson, 
a Pheory of Functions of a Real Variable, 2nd ed., vol. i. 

e JW 
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td 


a 

"Eav wept KvKAov troAvywvov meptypady, 1) TOU 
Treprypaghevros mroAvywvou Tepierpos petlwv ear 
THS TEepyLeTpov Tod KUKAoOV. 

Ilept yap KxvKAov rodvywvov mepryeypaplw Tod 
UmoKeievov. A€yw, OTL 7 TEpiweTpos TOU ToOAv- 
ywvou petlwy eotiv THs wepyséTpov Tov KUKAoU. 

"Evet yap ovvauddrepos 7 BAA peilwv éori 
ths BA mepidepeias Sia 7O Ta atta nd pothe 
éxovoay meptiapBavew tv trepipéperav, opoiws 
dé Kat ovvapporepos pev 7» AT, TB ris AB, 
ovvappotepos d€ 7 AK, K® rijs AO, ovvaydd- 
tepos d€ 7 ZHO rijs ZO, Ere 5€ ovvapddrepos % 
AE, EZ ris AZ, Gdn dpa % wepiperpos rob 
moAvywvov peilwy eoti tis mepipepelas rod 


KUKAOv. 





* It is here indicated, as in Prop. 3, that Archimedes added 
a figure to his own demonstration. 
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Prop. 1 


If a polygon be circumscribed about a circle, the pert- 
meter of the circumscribed polygon ts greater than the 
circumference of the circle. 

For let the polygon be circumscribed about the 
circle as below.2 I say that the perimeter of 
the polygon is greater than the circumference of 
the circle. 





For since BA +AA> are BA, 


owing to the fact that they have the same extremities 
as the arc and include it, and similarly 


AY+IB > [arc] AB, 
AK +K0O> [are] AO, 
ZH +HO> [are] ZO, 
and further AK +EZ > [arc] AZ, 


therefore the whole perimeter of the polygon is 
greater than the circumference of the circle. 
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Avo peyeOdv dviowr Sobevrwy Suvarov €OTU 
evpetvy dvo euGeias avicous, wore Thv peilova 
ed0etav Tpos THV eAdocova Aoyov éxew éAdooova 
7 70 petlov péyebos Tpos TO édacoor. 

"Eotw dvo peyeby dvica ca AB, A, Kal EOTW 
petlov to AB. déyw, ort Suvardv €or Svo 
E evletas dvicous evpelv TO €ipn- 

pévov énitaypa mro.ovoas. 
KeloOw dca 70 iB Tob a’ TOY 
A Kéxreldou 7H A iaov 76 Br, Kal 
H KetoIw TIS ev0eta ypappen 7 ZH- 

To 07 TA éaut@ émoavvribéuevov 

vrepeEee TOO A. memoAAarAaat- 

aolw ovv, Kal coTw TO AO, Kat 

OoamAdoudv €oTt TO AO rod AT, 
A TooavTamAdouos € €oTw 7H ZH Tijs 

HE: éorw apa, ws TO OA mpos 

AI’, ovrws 7 ZH zpos HE: kat 

Le eoTw, ws 7 EH apos 

HZ, ovrws vo AI apos AQ. 

B Kai evel petlov eotw ro AO Tob 

A, rovréort Tob TB, ro dpa TA 

7 @ pos TO A® Adyov eAdocova Exel 

TTP TO DA 7 pos QP B. aan’ ws 

TO A pos AQ, otrws 7 EH mpos HZ. 7 EH 

dpa. pos HZ eXdacove Aoyov Exel HTEp TO PA 

mpos IB: Kat ourvévt. 7 EZ [dpa]' apos ZH 

eAdacova Adyov eyes ymep TO AB zpos BI" [dra 

Ajppal? tcov 6€ 7o BI 7G A: 4 EZ dpa zpos 
ZH éAdocova Aoyov exer Hep TO AB mpos 70 A. 
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Prop. 2 


Given two unequal magnitudes, 1t ts possible to find two 
unequal straighi lines such that the greater straight line 
has to the less a ratio less than the greater magnitude has 
to the less. 

Let AB, A be two unequal magnitudes, and let 
AB be the greater. I say that it is possible to find 
two unequal straight lines satisfying the aforesaid 
requirement. 

By the second proposition in the first book of 
Euclid let BI’ be placed equal to A, and let ZH be 
any straight line ; then I'A, if added to itself, will 
exceed A, [Post. 5.] Let it be multiplied, there- 
fore, and let the result be AQ, and as AO is to AT, 
so let ZH be to HE; therefore 

OA SAVP=HZH*7HE (ef. Buch voids 
and conversely, EH : HZ=AI': AQ. 
[Eucl. v. 7, coroll. 


And since AO>A 
> TB, 
therefore TA :AO<DA: TB. {Eucl. v. 8 
But TA: AQO=EH: HZ; 
therefore EH -HZ<FA:TB: 
componendo, EZ :ZH <AB: Br. 
Now Br=A; 
therefore EZ:ZH <AB: A. 


¢ This and related propositions are proved by Eutocius 
[Archim. ed. Heiberg iii. 16. 11-18. 22] and by Pappus, Coll. 
ed. Hultsch 684. 20 ff. It may be simply proved thus. If 
a:b<c:d, it is required to prove thata+b:b<c +d: d. 
Let e be taken sothata:6:e:d. Thene:d<e:d. There- 
fore e<c, and e+d:d<ct+d:d. Bute:d:d=a+b:b (ex 
hypothesi, componendo). ‘Thereforea+b:b<c+d: d. 


? dpa om. Heiberg. 3 dia Ajjupa om. Heiberg. | 
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Edpynpévas etolv dpa dvo evbetar avicot Trovotcat 
TO elpnucvoy emitayua [toutéoTw THv peilova 
mpos tyHv é€Adcoova Adyov éxyew €Adcoova 7) TO 
petlov péyelos mpos To €Xaccov].* 


f 
Ng 

Avo peyePav avicwy do8évrwy Kai KvKXov duva- 
TOV €oTLW els TOY KUKAOV ToAVywvory éyypdaisat Kal 
GAXo  Teptypara, Orrws «TOO Tepuypapopevou 
moAvywvov mAeupa mpos THY Tob eyypapopevov 
moAvyusvou meupav eAdooova Oyov €xn 7) TO 
petlov péyeBos mpos TO €AatTov. 

"EoTw Ta dobevra. dvo peyebn ra A, B, 6 be 
dofeis KUKos O UrroKEipeEvos. Néyw otv, ort 
Suvatov €ore mrovetv TO emiTaypa. 

Eipjodwoay yap dvo evetat at 0, KA, dv 
peilwy €otw 7) O, wore Tv O mpds rv KA 


52 


ARCHIMEDES 


Accordingly there have been discovered two un- 
equal straight lines fulfilling the aforesaid require- 
ment. 


Prop. 3 


Given two unequal magnitudes and a circle, it is possible 
to inscribe a [regular] polygon in the circle and to circum- 
scribe another, in such a manner that the side of the 
circumscribed polygon has to the side of the inscribed 
polygon a ratio less than that which the greater magnitude 
has to the less. 

Let A, B be the two given magnitudes, and let the 


A 
I] 


hy 


ZL 


given circle be that set out below. I say then that 
it is possible to do what is required. 

For let there be found two straight lines 0, KA, of 
which 0 is the greater, such that 0 has to KA a ratio 


1 rouréotw .. . €Aaccoy verba subditiva esse suspicatur 
Heiberg. 
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eAdooova Adyov ¢ ExXELv 1) TO peilov peyeBos apos TO 
édarrov, Kab 7x9 amo Tot A TH AK apods opBas 
7 AM, kai azo rot K TH © ton KaTHxIw 7 KM 
iSuieroy yap Tovr0]," Kat 7xXOwoav Too KUKAoU 
dvo Oudper por mpos opbas ahdjAats at P E, AZ. 
TELVOVTES obv THhV vi0 tov AHL _yeoviay dixa 
Kal Thy nplceay avThs dixa Kat alet TodTo 
ToLvouvres Aciipopev Twa ywviav eAdooova 7 Si- 
maciav THs vio AKM. AcreibOe Kal €oTw n 
bzvo NHI, kad emelevy$w 7 NI: 4 dpa NI 
mroAvycvou eott mAeupa igomrAevpov [emeimep 

vio NHD ywvia petpet my vro AHT _opOiy 
ovoar, Kal uy) NI" dpa mepipepea HeTpet mv TA 
TéTapTov ovcay KUKAov- woTe Kal Tov KUKXoV 
peT pel. troAvy@vou apa eori meupa igomAcvpov- 
davepov yap €OTL tobro].” Kal reTpnoOes n U7t0 
THN ywria dixa. 7TH HE edéeia, Kal aro rob & 
epanréatw Tob. KUKAoU 7, O=II, Kal exBeBAn- 
obucav at HNII, HEO: wore cai » TIO ToAv- 
ywvov earl mdeupa Tob TEpypapopevou rept Tov 
KUKAOV Kal igomevpou [pavepov, OTL Kab Opotov 
TO eyypagopeven, ov TAcupa ub NV]? ezrei be 
ehdcowr éotiv 7 Sum Aacia 7 two NHI ris v0 
AKM, durrAacia be Tijs 5776 THD, eAdcowy dpa 
77] b70 THT Tis b70 AKM. kat etow dpbai at 
mpos tots A, T: 4 dpa MK mpos AK petlova Moyes 
Exel Hep 7 CH Tipos HT. ton dé 7 DH 7H He 

ware » H&S Tos HT eAdaoova Adyor € EXEL, TOV- 
TéoTW y) IO Tos NI, naep » MK mpos KA: 
ert d€ 1 MK mpos KA eAdaoova Adyov € EXEL HTEP 
To A mpos ro B. Kai éorw 7 pev TIO aAevpa 
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less than that which the greater magnitude has to 
the less [Prop. 2], and from A let AM be drawn at 
right angles to AK, and from K let KM be drawn 
equal to 0, and let there be drawn two diameters of 
the circle, TE, AZ, at right angles one to another. 
If we bisect the angle AHI and then bisect the half 
and so on continually we shall leave a certain angle 
less than double the angle AKM. Let it be left and 
let it be the angle NHI’, and let NI be joined ; then 
NI is the side of an equilateral polygon. Let the 
angle THN be bisected by the straight line HZ, and 
through 2 let the tangent ORI be drawn, and let 
HNII, HO be produced; then IO is a side of an 
equilateral polygon circumscribed about the circle. 
Since the angle NHI’ is less than double the angle 
AKM and is double the angle THI’, therefore the 
angle THI is less than the angle AKM,. And the 
angles at A, T are right ; therefore 


MK: AK>TH : HT,2 


But TH =H, 
Therefore HE: HT <MK: KA, 
that is, WO:ND<MK:; KA.® 
Further, MK: KA <A: B.¢ 


(Therefore TIO: ND <A: B.] 


*¢ This is proved by Eutocius and is equivalent to the 
assertion that if a<B<5, cosec B > cosec a. 


> For HH: HT=IIO:NI, since HE: HT=OE:T°T= 
20= : 2VT=II0: IN. 
© For by hypothesis ©: KA<A: B, and @=MK. 





1 Suvarov . . . Tovro om. Heiberg. 
8 ereimep . . . Tobro om. Heiberg. 
3 davepov .. . 4» NI om. Heiberg. 
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Tov meEpvypadopevou mrohvycvou, » 5€ IN rod 
eyypadopevou' Omep mpoéKeto evpely. 


, 
€ 


Kukdov d0b€vros Kat dvo peyebdv aviowy TEpt- 
ypdibat mrept Tov KUKAov TroAbywvov Kat dAdo 
eyypayar, wore TO TrEpuypapev Tpos TO eyypapev 
eAdcoova Adyov éxew 7 TO peilov péyefos mpos 
To €Aacoov. 

‘xxeicbw Kixros 6 A kai duo peyéby dvca 


A 
et 


ma E, Z Kal petov To E+ de? otv moAvywvov 
eyypdybau ets tov KUKAov Kat ado meprypapar, 
iva ‘yevntar TO emTaxev. 

AapBdavw yap dvo0 edfeias avicous tas T, A, 
* , ” ¢ . @& a 4 4 
av peilwy eotw 7 I, wore tHv T apos rip A 
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And ITO is a side of the circumscribed polygon, U'N of 


the inscribed ; which was to be found. 


Prop. 5 

Given a circle and two unequal magnitudes, to ctrcum- 
scribe a polygon about the circle and to inscribe another, 
so that the circumscribed polygon has to the inscribed 
polygon a ratio less than the greater magnitude has to 
the less. 

Let there be set out the circle A and the two un- 
equal magnitudes EK, Z, and let K be the greater ; 
it is therefore required to inscribe a polygon in the 
circle and to circumscribe another, so that what is 
required may be done. 

For I take two unequal straight lines I, A, of 


which let I’ be the greater, so that I’ has to A a ratio 
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eAdooova Adyov exe 7 THY EO mpds TH Z: Kal 
TOY i “ peons dvadoyov Anpleions THs H pile 
apa kat » T ris H. mepuyeypaplw 51 mept 
KUK)ov ToAvywvov Kat dAdo éyyeypddbw, ware 
THY TOU TEeptypadévtos tmoAvywvou mAeupav Mpos 
THY TOO eyypapervtos eAdocova Adyov éxeuw 4 THY 

apos thy H [xabws é€udbopev]'> dia rotto 387 
Kal Oo Su Adouos Adyos TOU SutAactov eAdoowy 
€oTi. Kal Too pev THis mAeupas. mpos THY mAevpav 
dimAdouds €aTt 6 TOD Trodvyeivou m™pos TOV ToAv- 
ywvov [Opova vép],” Tijs de TP Tos thv H o rijs 
r m™pos THY A> Kat To Tmepuypapev dpa ToAbywvov 
pos TO eyypagev eAdocova Adyov éyet TTEp u) 

mpos THY A+ 7oAA@ dpa ro Tepuypapev pos TO 
eyypapev éldacova Adyov exet amep 76 E apds 
To L. 

7’ 

"Eav mept K@vov icooxedH Trupapis Tmeprypagy, 
7 emupavera THs Tmupa.idos xXwpis Tijs Bdcews ¢ ion 
eoTly Tpryaveyp Baow pev Exovte THY tony TH TE pt- 
péetpw tHS Bacews, visos Sé tHv aAevpav Tod 
KQVOU. 6 0 « 


Q’ 

"Eav Kavou tivds toookedods eis tov KuKdov, 
os €ott Pacts ToD Kwvov, evOcia ypapph éurréon, 
amo 6é Tov TEpaTwv aris evbeiat ypapat 
dxPdow € emt THY Kopuphy TOU KaVvoU, TO ) meprnpoev 
Tplywvov bd TE THs €umecovons Kal Thy ém- 


Cevyferod@y émi thy Kopudynv édaogov €oTat THs 
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less than that which E has to Z [Prop. 2] ; if a mean 
proportional H be taken between I, A, then I will 
be greater than H [Eucl. vi. 13]. Let a polygon be 
circumscribed about the circle and another inscribed, 
so that the side of the circumscribed polygon has to 
the side of the inscribed polygon a ratio less than 
that which TP has to H [Prop. 3]; it follows that the 
duplicate ratio is less than the duplicate ratio. Now 
the duplicate ratio of the sides is the ratio of the 
polygons [Eucl. vi. 20], and the duplicate ratio of 
I to H is the ratio of I‘ to A [Eucl. v. Def. 9] ; there- 
fore the circumscribed polygon has to the inscribed 
polygon a ratio less than that which I’ has to A; by 
much more therefore the circumscribed polygon has 
to the inscribed polygon a ratio less than that which 
E has to Z, 


Prop. 8 


If a pyramid be circumscribed about an isosceles cone, 
the surface of the pyramid without the base ts equal to a 
triangle having its base equal to the perimeter of the base 
[of the pyramid] and its height equal to the side of the 


cone. . » .% 
Prop. 9 


If in an isosceles cone a straight line [chord] fall in the 
circle which is the base of the cone, and from its extremi- 
ties straight lines be drann to the vertex of the cone, the 
triangle formed by the chord and the lines joining it to 


* The “ side of the cone”’ is a generator. The proof is 
obvious. 





1 Kalas euadbouev om. Heiberg. 
2 duora yap om. Heiberg. 
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enupavetas tod Kwvov Ths petakd tov ent rhv 
Kopugny émlevyGeradv. 
"Eotw Kkwvou toooxeAois Baots 6 ABIL xvKdos, 
‘ ‘ ‘ ‘ , > > A +] a 
Kopugn de To A, kal dunxOw tis eis adrov edvbeta 
€ A 3 ‘ “~ “~ > A A > - 
n AD, kai avo tis Kopudfs emi 7a A, T’ éeled- 
xIwoav at AA, AT: Adyw, 671 7d AAT tpiywvov 


A 


eAacodv eoTw Tis émdavelas THs KwYKAS Tis 
petatv tov AAT. 

Terpnodw 47 ABI mepidpépera diya cara ro B, 
Kat emelevxfwoav at AB, TB, AB- éarar 8) ra 
ABA, BIA zpiywva peifova to6 AAT tprydvov. 
@ 87 vmepexer Ta elpnueva tpiywva rot AAT 
Tprywvov, €otw TO ©. 7d 87) O ror trav AB, 
BI’ tpnpatwv éXacodv é€orw 7 ov. 
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the vertex mill be less than the surface of the cone between 
the lines drann to the vertex. 

Let the circle ABI be the base of an isosceles cone, 
Iet A be its vertex, let the straight line AI be drawn 
in it, and Jet AA, AI’ be drawn from the vertex to 
A, I’; I say that the triangle AAT’ is less than the 
surface of the cone between AA, AI’. 

Let the are ABI’ be bisected at B, and let AB, 
IB, AB be joined ; then the triangles ABA, BIA will 
be greater than the triangle AAI.* Let O be the 
excess by which the aforesaid triangles exceed the 
triangle AAI. Now 0 is either less than the sum of 


the segments AB, BI or not less. 


* For if h be the length of a generator of the isosceles cone, 
triangle ABA=}3h. AB, triangle BTA=3h. BI, triangle 
AAT =$h. AT, and AB+BI'>AP. 





1 €orat ... Tptywvov: ex Eutocio videtur Archimedem 


scripsisse : yeilova apa cori ra ABA, BAT tpiywva roo AAT 
Tprywvov. 
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"Eotw py €Aaccov mpdotepov. eémel odv dvo 
elo emupaverat 7 TE K@VEK?) 7 peTagy TOY AAB 
pera, Tob AEB TLNPLATOS Kau 1” Tob AAB Tpeywvou 
TO avTo mépas Exovcat THY TEplLeTpov Tov Tpt- 
yavou tod AAB, petlwy éorar 7 meptAapBavovca 
THs mepirAapBavoperns: peilwy apa eortiy 7) KwreKT 
emipavera 1 petato tav AAB pera tod AEB 
tuynpatos tod ABA tptydvov. opoiws 5€é Kat 7 
petags tav BAL pera rod TZB THT AaTOS petlovy 
€or tot BAL tptydvov- OAn apa 7 KaviKy) 
emipavera peTa TOD © Xwpiov peiLovy etl TOV 
eipnuevwy tprywvwv. Ta Sé elpnueva tpiywva 
toa €otiy TH TE AAT tptrydvy Kai TH © ywpiw. 
Kowov adnpycdw ro © ywpiovr rAourn apa 7H 
Kwvikn emidavea  petagd tov AAT peilwv 
eoTiv Tot AAD Tpiywvov. 

"Eorw 07 TO © eAaccov trav AB, BI TH NPaTOV. 
TEMVOVTES oy tas AB, BI’ qwepidepetas dixa, Kal 
Tas nytccias atr@y diya Acibopev Tynpata 
é\dacova évTa Tot © ywpiov. AcdcipOw ta ert 
tov AE, EB, BZ, ZV ed0erdv, Kai emelevyOwoar 
ai AE, AZ. adadw ToWWwuy KaTa Ta avTa 7 pev 
empdveua TO K@VvOU n peTa&d TOV AAE pera 
TOU emt THs. AE tpnpatos eile €oTl Tob AAE 
Tprywvov, n S€ petagd tHv EAB pera tot emt 
Tijs EB THT Paros pethav eotty tod EAB zp v- 
yevou- 7 dpa ETLPAVELA 7 peragu tav AAB pera 
Tav ext tav AK, EB tpnpdtrwv peilwv éoriv 
tav AAE, EBA Pov. emet 6€ Ta ABA, 
AEB zpiywva peilovd €otw tot ABA tprywrov, 
Kabws Sédeuxrat, woAAD apa  emipavera Tov 
Kwvov 7» petagv tav AAB pera tev emt Trav AB, 
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Firstly, let it be not less. Then since there are 
two surfaces, the surface of the cone between AA, 
AB together with the segment AKB and the triangle 
AAB, having the same extremity, that is, the peri- 
meter of the triangle AAB, the surface which includes 
the other is greater than the included surface 
[Post. 3]; therefore the surface of the cone between 
the straight lines AA, AB together with the segment 
AEB is greater than the triangle ABA. Similarly the 
[surface of the cone] between BA, AT together with 
the segment I'ZB is greater than the triangle BAT ; 
therefore the whole surface of the cone together with 
the area © is greater than the aforesaid triangles. 
Now the aforesaid triangles are equal to the triangle 
AAT’ and the area 0. Let the common area 0 be 
taken away; therefore the remainder, the surface 
of the cone between AA, AI is greater than the 
triangle AAT’. 

Now let 0 be less than the segments AB, BI. 
Bisecting the arcs AB, BI’ and then bisecting their 
halves, we shall leave segments less than the area O 
[Eucl. xii. 2]. Let the segments so left be those on 
the straight lines AE, EB, BZ, ZI, and let AE, AZ be 
joined. Then once more by the same reasoning the 
surface of the cone between AA, AE together with 
the segment AE is greater than the triangle AAEK, 
while that between EA, AB together with the seg- 
ment KB is greater than the triangle EAB; therefore 
the surface between AA, AB together with the seg- 
ments AK, EB is greater than the triangles AAKE, 
EBA. Now since the triangles AEA, AEB are 
greater than the triangle ABA, as was proved, by 
much more therefore the surface of the cone between 
AA, AB together with the segments AE, EB is 


63 


GREEK MATHEMATICS 


EB THAT OV pilav: €aTl Tob AAB Tpuywvou. 
dua Ta avr O71) Kal n emupavera 7 peTagy TOV 
BAD pea, tov emt Trav BZ, ZT (TEN LaT OV petlenv 
cory tod BAT T ply vou’ ong cpa n emupavera 1) 
peTa&d rev AAD pera rév elpnpeveny TE NATO 
petlenv Earl trav ABA, ABP Tprycoven Tabro 
dé €or ioa TO AAD Tpryw~vw Kal TO © xwpio 
Gv Ta elpnueva TH WaTa eAdooova Tob © ywpiov: 
Aounn dpa 7 emupavera. 7 ny peragv Tav AAT pela 
catty toU AAT zpuywvov. 


u’ 

*Eav emupavovaat axPaow Tob KUKAov, os €oTt 
Baow Tob KOVOV, ev TH avT@ emumrédep ovoa TO 
KUKAw Kal oupmimrovad aMijAats, amo de THY 
addy Kal THS CULTTUGEWS emt THY Kopupyy TOU 
K@VOU evleiar axPdow, Ta TE PLEXO[EVO. Tplywva 
b70 Tay erupavovaa@y Kal TOv emt THY Kopupiy 
TOU KWVOU ember Devodv ed0erav petlova éatuy 
THs Tob Kwvov eTipaveias THS amroAapPavopervys 
bm avrdv. ... 


Lp’ 

» Tovtwy 87) Sederypeveny, pavepov [emt pev 
TOV “mpocipnucver, on, €av ets K@vov lcooKeAt 
Trupaytis ey ypadh, n emipavera THs Tupa.i6os 
xwpis Tis Bdacews eAdcouwr €or Tijs KWVUKAS 
emupavetas lexaorov yap TOV TE plex OVT Cw THY 
Tupapioa Tpryavey EXacadv €or Tis Kwvurts 
emupavetas THs. petaéd TOV Tob Tprywvov meupav: 
wate Kal An 7 éemipdvera THs TUpaploos ywpls THs 
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greater than the triangle AAB. By the same reason- 
ing the surface between BA, AI together with the 
segments BZ, ZI’ is greater than the triangle BAT’; 
therefore the whole surface between AA, AI’ together 
with the aforesaid segments is greatcr than the 
triangles ABA, ABI’. Now these are equal to the 
triangle AAI‘ and the area 0; and the aforesaid 
segments are less than the area 0; therefore the 
remainder, the surface between AA, AI’ is greater 
than the triangle AAT. 


Prop. 10 


. If tangents be drann to the circle which is the base of 
an {tsosceles| cone, bezng in the same plane as the circle 
and meeting one another, and from the points of contact 
and the point of meeting straight lines be drawn to the 
vertex of the cone, the triangles formed by the tangents 
and the lines drann to the vertex of the cone are together 
greater than the portion of the surface of the cone included 
by them... .% 


Prop. 12 


. . . From what has been proved it is clear that, if 
a pyramid is inscribed in an isosceles cone, the surface 
of the pyramid without the base is less than the 
surface of the cone [Prop. 9], and that, if a pyramid 


4 The proof is on lines similar to the preceding proposition. 


1 émi .. . mpoespnpevwy om. Heiberg. 
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Bacews €Adcowv é€oti Tis emupavelas Tob Kavou 
xXwpis THs Bdcews), + Kai Ott, eay Tepi Ka@VvOV 
icooKeAn Tupaysts Teptypagy, n emupavera Tijs 
jTupapioos xwpis Tis doews peilwv éoriv Tis 
emupavetas Tob Kwvou xwpis THS Bdcews [Kata Td 
auveyes exeivw |.” 

_Pavepov d€ €K TOY d.rodedery evo, OTt Te, EaVv 
els KUAwd pov opBov mplo}.a, eyypaphn, 7 emupdvera 
TOU mpioparos n €K TOV mapaAA ndoypapipeov 
ouyKeyLevn eAdoowy earl Tijs ETL aveias Too 
KuAivdpou xwpis THs Baoews [eAacoov yap EKaOTOV 
mapa mAdypappov Tot mpiopatds €or Tijs Ko 
avTo TOU KvAivopov emupaveias], > Kal ort, €av Tepe 
KvAwdpov opbov mpiop.a meprypaoy, y) ETLPAVELO. 
Tov Tpicpatos 1 eK t&v mapaddn oypappv ovy- 
Kewevy petlenv €orl THs emidaveias Tod KuAivdpou 


xwpis THs Pacews. 


“Wy 

Tlavros xvdivdpouv dpod 7 emupavera xwpis Tis 
Bacews ton €ori Kixhw, ob 1) éx TOD KévTpov p€oov 
Adyov Exe THis mAeupas Tod KvdivSpov Kal Tis 
Siaperpou Ths Bacews Tob KuAivopou. 

"Eorw Kvdivdpov twos dp$ot Bacis 6 A KUKAos, 
Kal €oTW TH pev SvapeTpyp Too A KUichov ton 7 
I A, TH Se mAceupG Tob KuAwvdpov u) EZ, exer dé 
pécov Adyov Tov AY, EZ 7 7 H, Kat xeloBen KUKNos, 
ov Re EK TOD KEVTpOU lon eott TH H, 6 B> Secxréov, 
OTL o B kvkdos taos €ori TF emdaveta Tod Kudivdpou 
xwpis Tis Bdcews. 

Kt yap py €orw toos, Arow petlwy e€orl 7 
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is circumscribed about an isosceles cone, the surface 
of the pyramid without the base is greater than the 
surface of the cone without the base [Prop. 10]. 

From what has been demonstrated it is also clear 
that, if a right prism be inscribed in a cylinder, the 
surface of the prism composed of the parallelograms 
is less than the surface of the cylinder excluding 
the bases @ [Prop. 11], and if a right prism be circum- 
scribed about a cylinder, the surface of the prism 
composed of the parallelograms is greater than the 
surface of the cylinder excluding the bases. 


Prop. 13 


The surface of any right cylinder excluding the bases ° 
ts equal to a circle whose radius 1s a mean proportional 
between the side of the cylinder and the diameter of the 
base of the cylinder. 

Let the circle A be the base of a right cylinder, let 
[A be equal to the diameter of the circle A, let EZ 
be equal to the side of the cylinder, let H be a mean 
proportional between AI’, EZ, and let there be set 
out a circle, B, whose radius is equal to H; it is 
required to prove that the circle B is equal to the 
surface of the cylinder excluding the bases.° 

For if it is not equal, it is either greater or less. 

* Here, and in other places in this and the next proposi- 
tion, Archimedes must have written xwpis taév Bdcewv, not 
xwpis Tis Bacews. 

> See preceding note. 





1 €xaorov ... Bdaoews. Heiberg suspects that this de- 
monstration is interpolated. Why give a proof of what is 
gpavepov ? 

2 xara .. . €xeitvw om. Heiber 


* Ehacoov . . . emdaveias. Heiberg suspects that this 
proof is interpolated. 
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\ 7 oy 4 > 4 9\ 7 
eAdcowv. €oTw mporepov, et Suvarov, éAdoowv. 
, \ ~ ¢ eed / ~ 2 , 
dvo 67 peyelav ovrwy avicwy ris Te emidavetas 
Tov KvAivdpou Kat Tob B KvKdAov dSuvarov éotw eis 
Tov B xvxdrov todmAevpov aodvywrov éyyparat 
A ” 4 @ A ‘ A 
Kat aAAo meprypayat, wore TO mreptypadev mpds 
b! 9 ‘ 9 , 4 # ~ “a ¥ 
To eyypapev eAdcoova Adyov Exew Tod, dv exer 
 emipavera tov KuAivdpov mpos tov B xkvxKdov. 
4 A / A > 4 
voetobw 8 mepiyeypappévov Kal éyyeypappevov, 
A A A / é 9 , 
Kat wept tov A Kvkdov repryeypadbw ed0dypappov 
e ~ A A f ‘ 
Gpowv T@ epi tov B mepiyeypappevw, Kat 
> f > ‘ “~ 9 ld , # 
avayeypaglw amo rot edOvypdupov mpicpa: eorat 
4 ‘ ‘ f , bad 
67 wept tov KUXAwdpov Teptyeypappévov.  EeaTw 


on ~ lo) ‘ 
d€ Kal TH wepysérpw rod ed0vypappov Tod wept 


* One ms. has the marginal note, “ equalis altitudinis 
chylindro,” on which Heiberg comments: ‘nee hoc 
omiserat Archimedes.”’ Heiberg notes several places in 


which the text is clearly not that written by Archimedes, 
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Let it first be, if possible, less. Now there are two 
unequal magnitudes, the surface of the cylinder and 
the circle B, and it is possible to inscribe in the circle B 
an equilateral polygon, and to circumscribe another, 
so that the circumscribed has to the inscribed a ratio 


A K A 
T 
r 
P E Z 
H 


less than that which the surface of the cylinder has 
to the circle B[Prop. 5]. Let the circumscribed and 
inscribed polygons be imagined, and about the circle 
A let there be circumscribed a rectilineal figure 
similar to that circumscribed about B, and on the 
rectilineal figure let a prism be erected %; it will be 
circumscribed about the cylinder. Let KA be equal 
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tov A KUKNov ton 7 KA kat rH KA ion 2) AZ, THs 
dé TA jpicea éorw 4 IT: éorau 57) TO KAT 
Tpiywvov igov T@ TEptyeypappeven evduypappmp 
Trept Tov A KdKdov [errevd7 Baow pev Exel TH TE pt- 
pétpw tony, vifos dé loov TH €K TOD KEvTpOV TOD 
A xkv«dov],’ 76 be EA TrapadAnddypappov Th 
emupaveia Tob mpicparos Tob mept TOV KUAwopov 
Tepiyeypappevov [émedn mepieyerar bao THS 
mAeupGs Tot KvAivdSpov Kal THs tons TH mEepyreTpw 
Ths Baoews Tod mpiopatos].” Keiobw 57 TH EZ 
ion 4 EP>+ toov apa eoriv tro ZPA rpiywvov rH 
EA zapadAndoypdupw, wore Kal TH emdaveia 
Tov mpiopatos. Kal emel Guoid eotw Ta evOv- 
Ypappa, TO epi tous A, B kuxdous meptyeypap- 
peva, TOV avrov e£eu Adyov [Ta ev0vypappa), * oviep 
at €x TOV KeVTpwV Suvdpe: efer dpa TO A 
Tplywvov mpos TO rept tov B KvKdov evuypappov 
Adyov, 6 év 7 TA T™pos H duvaper [at yap TA, H 
ioat eto Tats ek TOV Kevtpwv]. ay ov Evel 
Aoyov 9 ” TA pos H Suvdper, Tobrov €xet Tov Aoyov 
y) TA mpos PZ penicer [9 yap H trav TA, PZ péoy 
€oTt avdAoyov dua To Kal tov TA, EZ: ads 5é 
TovTo; émet yap ton éoTiv  pev AT 7™ II; ” 
d¢ PE 77H EZ, dimAacia dpa éoriv 4 VA ris TA, 
kat 7 PZ ris PE- €orw dpa, ws 7 AT apos AT, 
ovtws 7 PZ mpos ZE. 70 dpa imo tév TA, EZ 
igov €otly T@ bxo Tay TA, PZ. 7 b€é dro tév 
TA, EZ toov éorivy ro amo H: kal 7 tro rev 
TA, PZ dpa icov €oti ro amo tis H. €or apa, 


1 dred)... KUKdov om. Heiberg. 
2 eed) . . . mpioparos om. Heiberg, 
270. eb0dypaypa om. Torellius. 
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to the perimeter of the rectilineal figure about the 
circle A, let AZ be equal to KA, and let I'T be half 
of TA; then the triangle KAT will be equal to the 
rectilineal figure circumscribed about the circle A,? 
while the parallelogram EA will be equal to the 
surface of the prism circumscribed about the cylinder.? 
Let EP be set out equal to EZ; then the triangle 
ZPA is equal to the parallelogram EA [Eucl. i. 41], 
and so to the surface of the prism. And since the 
rectilineal figures circumscribed about the circles A, 
B are similar, they will stand in the same ratio as the 
squares on the radii®; therefore the triangle KTA 
will have to the rectilineal figure circumscribed about 
the circle B the ratio TA? : H?. 

But TA? : H?=TA : PZ.4 


® Because the base KA is equal to the perimeter of the 
polygon, and the altitude AT is equal to the radius of the 
circle A, i.¢., to the perpendiculars drawn from the centre of 
A to the sides of the polygon. 
> Because the base AZ is made equal to AK and so is equal 
to the perimeter of the polygon forming the base of the prism, 
while the altitude EZ is equal to the side of the cylinder and 
therefore to the height of the prism. 
¢ Eutocius supplies a proof based on Eucl. xii. 1, which 
proves a similar theorem for inscribed figures. 
¢ For, by hypothesis, H7=AI. EZ 
=9TA . 4PZ 
=TA . PZ 
Heiberg would delete the demonstration in the text on the 
ground of excessive verbosity, as Nizze had already perceived 
to be necessary. 
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ws n TA Tpos H, ouTws uy) H Tpos PZ: éorw dpa, 
ws 7 TA mpos PZ, To amo THs TA Tos TO 770 
THs H- €av yap Tpeis ev0etas avddoyor o Wow, éoTw, 
ws 7 T™porTn Tmpos THY TpiTNV, TO ATO Tijs mpurns 
eldos MpOs TO amo THS SeuTépas eldos TO Op0Lov Kat 
opoims dvaryeypappevoy |. ov d€ Adyov € EXEL q TA 
mpos PZ piKet, TOUTOV Exel TO KTA Tplywvov 
Tpos TO PAZ [emednmep t toa elolv at KA, AZ}. 
TOV avTOV apa Aoyor € exer To KTA tpiywvov mpos 
TO evOUypayiLov TO TEpi TOV B KUKAoV TEpLyey papi 
pévov, OvmEep TO TKA Tplywvov Tos To PZ 
Tptywvov. isov apa €oTiv TO ZAP Tpiywvov TO 
Trept TOV B KUKAoV TEpuyeypappevep edbvypdpper 
WMoTE Kal H emipdvera Tob \mptoparos TOU TEpt TOV 
A KUAwSpov TEpLYEY PApLeVvov TO evduypappep TO 
Tept TOV B KvKov t ion eoTty. Kat Emel é\dacova 
Aoyov exer TO EVOUypappov TO Tepi Tov B KvKkdAov 
Mpos TO eyyeypappevov ev TH KUKAw TOD, dv Exee 
% enidavera Tob A KvAivdpov mpos Tov B Kvxdov, 
eAdcoova Adyov efeu KQL 7) EmUpavera Tob mpioparos 
Tob mepl TOV KdAwvdpov TIE PUYE'Y PO,LpLEVOU Tmpos TO 
eDOUypayijov TO ev TH KUKAW TO B eV YEYPOppLevov 
rep i) emipavera 70 KuAiySpov mpos TOV B kvkdov: 
Kal evaAddg Omep advvatov [1 pev yap emupdvera 
Tob Tpiopatos 708 TEpLyey papLjrevov Tept Tov 
KUAW6 pov peilov ova Oéderxrar Ths emidaveias 
Too Kvdivdpou, To O€ eyyYeypappevov ev0vypappov 
ev T@ B KiKhyp éAacoov €otw tot B xvkrov]). 
ovK apa eotiv 6 B kuKdos €Aacowv Tis émpavetas 
Tou KvAivdpov. 

la yap - . Opotws avayeypappévov om. Heiberg. 

2 ererSimep .« « KA, AZ om. Heiberg. 
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And TA : PZ=triangle KTA: triangle PAZ. 


Therefore the ratio which the triangle KTA has to 
the rectilineal figure circumscribed about the circle B 
is the same as the ratio of the triangle TKA to the 
triangle PZA. Therefore the triangle TKA is equal 
to the rectilineal figure circumscribed about the 
circle B [Eucl. v. 9]; and so the surface of the prism 
circumscribed about the cylinder A is equal to the 
rectilineal figure about B. And since the rectilineal 
figure about the circle B has to the inscribed figure 
in the circle a ratio less than that which the surface 
of the cylinder A has to the circle B [ex hypothesi], 
the surface of the prism circumscribed about the 
cylinder will have to the rectilineal figure inscribed 
in the circle B a ratio less than that which the 
surface of the cylinder has to the circle B; and, 
permutando, {the prism will have to the cylinder a 
ratio less than that which the rectilineal figure in- 
scribed in the circle B has to the circle B]®; which 
is absurd. Therefore the circle B is not less than 
the surface of the cylinder. 


* By Eucl. vi. 1, since AZ=KA. 

’ From Eutocius’s comment it appears that Archimedes 
wrote, in place of Kai evaddaé émep dévvarov in our text: 
evadAdé dpa eAdccova Adyov exer TO mpiopa mpds Tov KvAwSpov 
Wmep TO eyyeypappevov ets Tov B xvKAov trodvywvov mpos tov B 
KUKAov Grrep atomov. ‘This is what I translate. 

¢ For the surface of the prism is greater than the surface 
of the cylinder [Prop. 12], but the inscribed figure is less than 
the circle B; the explanation in our text to this effect is 
shown to be an interpolation by the fact that Eutocius sup- 
plies a proof in his own words. 


3 ev... tov B xvxdouv om. Heiberg ex Eutocio. 
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"KoTw Ons, ef Suvarov, peilwy. maAw 57) 
voeiabu els Tov B KviK«drov ebOdypappov ey Vey pape 
pévoy Kat adAdo TEPLY EY PApLLEvOV, core TO TrEpt~ 
tin nage mpos TO eyyeypappéevov €Adocova 
oyov exe 7 TOV B xvKhov mpos THY emipaveray 
Too KvAivopov, Kal eyyeypapien els TOV A KUKAov 
mrohbywvov ¢ Gpovov TH ets Tov B KUKAov € evYeypap- 
pevad, kal Tplopa dvayeypaplen G70 Tob ev TO 
KUKAW EY YEYPApLLEvOU Trodvyavov" Kat madAw y) 
KA ion EOTW TH TEPLLETPY TOD evOvypdppov Tob 
ev T@ A kvKdw ey YeYpapip.evon, kat 7 ZA ton 
abt éorw.  éora S 70 pev TA Tplywvov 
petCov Tob eddvypajzjou Tob ev TO A KuKhy ey- 
yeypopnevou [Svore Baow pe exet THY TrEpipeT pov 
avrob, visos Se petlov THs a.7r0 Tob Kévtpov ent 

tav mAeupav tot toAvydvov dyomevns Kkabérou], 
TO O€ EA Tmapahdnrdypapov icov TH emdaveia 
Tob mplopatos Th ex TOV mrapadAnhoypap pc 
ovyKEepevn [Store TEPLEXETAL 70 Tis TAcupas Tov 
KvAtvopov kal THs tons 7H TrEPULeT PD rob evbu- 
ypappov, 6 €oTw Baous Tob mpioparos }: WOTE KAL 
70 PAZ Tplywvov toov eo Th emupavetg Tou 
mpioparos. KQL é7rEl Cpord €oTt 7A evdypappa 
7a. év tots A, B KUKAotS eVYEYPOppEve., TOV avTov 
eXet_ Adyov mpos ddAnra, év aut éK TOV KévTpv 
abrav Ouvapier. exer Se Kal Ta KTA, ZPA 
Tpiywva mpos aAAnAa Adyov, 6 ov at eK TOV KEVTpwV 
trav KiKrAwy Sduvaper: tov adtov apa Adyor €xet 


1 Sidre . . . xabérov om. Heiberg. 





* For the base KA is equal to the perimeter of the polygon 
and the altitude AT, which is equal to the radius of the 
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Now let it be, if possible, greater. Again, let there 
be imagined a rectilineal figure inscribed in the 
circle B, and another circumscribed, so that the cir- 
cumscribed figure has to the inscribed a ratio lcss 
than that which the circle B has to the surface of 
the cylinder [Prop. 5], and let there be inscribed in 
the circle A a polygon similar to the figure inscribed 
in the circle B, and let a prism be erected on the 
polygon inscribed in the circle [A]; and again 
let KA be equal to the perimeter of the rectilineal 
figure inscribed in the circle A, and let ZA be equal 
to it. Then the triangle KTA will be greater than 
the rectilineal figure inscribed in the circle A,* and 
the parallelogram EA will be equal to the surface 
of the prism composed of the parallelograms®; and 
so the triangle PAZ is equal to the surface of the 
prism. And since the rectilineal figures inscribed 
in the circles A, B are similar, they have the same 
ratio one to the other as the squares of their radii 
{Eucl. xii. 1]. But the triangles KTA, ZPA have 
one to the other the same ratio as the squares of the 
radii®; therefore the rectilineal figure inscribed in 


circle A, is greater than the perpendiculars drawn from the 
centre of the circle to the sides of the polygon; but Heiberg 
regards the explanation to this effect in the text as an inter- 
polation. 
> Because the base ZA is made equal to KA, and so is 
equal to the perimeter of the polygon forming the base of 
the prism, while the altitude EZ is equal to the side of the 
cylinder and therefore to the height of the prism. 
¢ For triangle KTA: triangle ZPA=TA: ZP 
=TA?; H? 
ley. De Ti ned. 


But TA is equal to the radius of the circle A, and H to the 
radius of the circle B. 
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TO evdvypappov TO eV TO A KvKaw é€ EYYEYPappEvov 
mpos TO ev0vypappov TO ev ™® EY YE YPOppLevov 
Kat To KTA Tplywvov mpos 70 AZP tpiywvov. 
éAacoov O€ €aTt TO _evOvypapLov To ev THD A KiKhy 
eV YEY POpLpLevov Tou KTA Tprywvov" Adaccov apa 
Kal TO edOvy pappov TO ev TO B KUKhy € eyyeypap- 
jevov Tob ZPA Tpuyevou: WOTE Kal Tis emupavetas 
Tob mpiopatos Tob ev To KvAivdpw € evYEypappevou- 
O7rEp advvarov [evel yap eAdcoove. Aoyov € Exel TO 
TE PLY eY pap LeVvOV evOvypappov mept Tov B KUKAov 
mpos TO ey VEY pappevov 7 © B KvdKdos apos rh 
emupdveray TOU KvAwopov, Kal évaAddg, petlov b€ 
€aTl TO Teplyeypappevov Trept Tov B KvKAov tot B 
KUKAov, peilov apa. eoTiv TO EY YEY pappLevov ev 
7 B KvKrw Tijs emupavetas TOU KvAwdpou* wore 
Kal THS émavelas Tob mpioparos]. * ovK dpa 
petlwv éeotw 6 B xKvkdAos tis emdavetas rob 
xvdwdpov. edetxOn Sé, oTe ovde €Aacowv: ioos 
dpa €or. 
oo 


Tlavros Kebvov loookeAods xepis Tis Bacews 
1 emipdvera | ton €orl KUKAW, od 7 eK TOD KEVTpOV 
ugoov Adyov exer THs TAcvpas TOD Kdvov Kal THs 
€k Tod Kévtpov tot KUKAov, os éoTw Bdots Tob 
KOVOU. 

"EoTtw Kavos toocKxeAjs, ob Baow 6 A KuxKdos, 
n O€ EK TOO KévTpov coTw 7 T, 7H Sé mAcUpG Tob 


1 émet . . . mpioparos om. Heiberg. 


¢ For since the figure circumscribed about the circle B has 
to the inscribed figure a ratio less than that which the circle B 
has to the surface of the cylinder [ex hypothesi], and the 
circle B is less than the circumscribed figure, therefore the 
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the circle A has to the rectilineal figure inscribed 
in the circle B the same ratio as the triangle KTA 
has to the triangle AZP. But the rectilineal figure 
inscribed in the circle A is less than the triangle 
KTA; therefore the rectilineal figure inscribed in 
the circle B is less than the triangle ZPA ; and so it 
is less than the surface of the prism inscribed in the 
cylinder; which is impossible.* Therefore the circle 
B is not greater than the surface of the cylinder. 
But it was proved not to be less. Therefore it is 


equal. 


Prop. 14 


The surface of any cone nithout the base ts equal to 
a circle, whose radius is a mean proportional between 
the side of the cone and the radius of the circle which ts 
the base of the cone. 

Let there be an isosceles cone, whose base is the 
circle A, and let its radius be I’, and let A be equal 


inscribed figure is greater than the surface of the cylinder, 
and a fortiori is greater than the surface of the prism [Prop. 
12]. An explanation on these lines is found in our text, but 
as the corresponding proof in the first half of the proposition 
was unknown to Eutocius, this also must be presumed an 
interpolation. 
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Kwvov €oTw ton 7 A, tav dé TI, A péon avddoyov 
n E, 6 6€ B kukdos éxérw tiv ex rob Kévrpov 

a # / 4 € , ? A # ~ 
7H E tony: rAéyw, dre 6 B KdKdos éoriv isos rH 
> f “~ - ‘ ~ , 
emipaveta TOO Kwvov ywpis THs Bacews. 

Ei yap pe é€otw toos, fro. petlwy eory 7 
7, 7 ” , 2, 7 ” 4 , 
é\aoowv. €oTw mpotepov eAdcowv. ott 51) Svo 

f 4 id ? 4 ~ , 4 ¢ 
pevyebn avica n TE Emipavera TOO Kwvov Kat 6 B 

, A 4 € > , ~ td 
KUKAosS, Kal peilwy 7 éemiddvera tot Kwvou: Svva- 

\ ” ? \ / "4 +252 : 
Tov apa ets Tov B KvKdAov moAvywvov iadmAeupov 
> 4 4 Mv - ¢ ~ > 
eyypayas kat aAdo zepiypdibar cpotov TH eyye- 

4 Af A 4 A 1 9? 
VPApEevw, WOTE TO TEpLyeypappevovy pds TO éy- 
s 3 4 4 Nv ~ a ” , € 
yeypappevov eAacoova Adyov exew Tod, dv exer 7 
3 é ~ é \ A 4 4 
emipavera TOO KwVvou mpos TOY B KvKAov. voeicbw 

A A 4 A , A 

67 Kat rept tov A KuKAov mroAvywvov meptye- 
, @ ~ A A / 
ypappevoy Ouovov TH epi Tov B xKvKdrov zept- 
, 4 3 A ~ A 4 4 
yeypappevw, Kal amo tod mept tov A KvKAov 
TEpiyeypapyevov moAvywvov mupapis aveoraTw. 
> , ‘ 2 4 ‘ ” ~*~ 
avayeypaypern THY avTHY KopudynY Exovoa TH 


, | IS, a 3 \ , ‘ ay, 
KWV@. ETE OY OfOLA EoTLW TA TOAVYWVA Ta TeEpt 
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to the side of the cone, and let E be a mean propor- 
tional between I’, A, and let the circle B have its 





r 
E 
A 


radius equal to EF ; I say that the circle B is equal to 
the surface of the cone without the base. 

For if it is not equal, it is either greater or less. 
First let it be less. Then there are two unequal 
magnitudes, the surface of the cone and the circle B, 
and the surface of the cone is the greater; it is 
therefore possible to inscribe an equilateral polygon 
in the circle B and to circumscribe another similar 
to the inscribed polygon, so that the circumscribed 
polygon has to the inscribed polygon a ratio less than 
that which the surface of the cone has to the circle B 
[Prop. 5]. Let this be imagined, and about the 
circle A let a polygon be circumscribed similar to 
the polygon circumscribed about the circle B, and on 
the polygon circumscribed about the circle A let a 
pyramid be raised having the same vertex as the 
cone. Now since the polygons circumscribed about 
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Tovs A, B KUKous TrepLyeypapyLeva, Tov avrov 
exes Adyov mpos GAAnAa, dv at ek Tob KeVTpoU 
Suva. 7TpOs aAAj Aas, TouréoTw ov Exel 7 pos 
1D Svvape, TOUTEGTW 7 T mos A per. ov 6€ 
Aoyov é€xee 7 I apos A pre, totrov eye rd 
Trepvyeypapyrevov trodvywvov rept tov A KvKAov 
77pOs THY emrupaveray Tijs TrupayLidos Tis TrEpt~ 
yeypapwerns rept Tov K@vov [7 pev yap I ton 
€oTl TH amo TOU KEVT pov Kabérw én piay mAcupay 
Tov mrodvyavov, 7 0€ A 7H mevpa Tob KWVvoU' 
kowov de vibos 7) TEpietpos Tob ToAVywvov mpds 
Ta Huion TOV emipaverdv]': tov adrov dpa Adyov 
exes TO EVOUYpapiov TO mept Tov A KUKAoV mpds 
TO evOUypappov TO Tepi Tov B KvKAov Kal adTo TO 
evOvypappov mpos THY Eemipaveray THs mupapidsos 
TAS. TrEpuyey papLiLevns TEpt TOV K@vov' wore toy 
eoTw 7) emupdveta THS Tupaptoos TH eofuypdupep 
To Twept Tov B KdK)ov TE pLyEYpapLLevin. emel oov 
éAdcaova Adyov exer TO eUvypapov TO Tept Tov B 
KUKoy TrEpLyeY POLL LEVvov m™pos TO eyyeypapevov 
nTEep WY Emupavera TOU KwWVvov pds Tov B KvKXov, 
éA\docova Adyov eer 7 emupdvera THs mvpapidos 
Ths Tepl TOV K@Vvov TEpLyeypappevns mpds TO 
ev0vypappov To ev TH B kixdw éeyyeypappévov 
nmep 1 emipavera Tod Kuvouv mpos tov B KuKAov 
6mep advvatov [n pev yap emipdvera THS mupa- 
pidos peilo ovoa dédeixrat THs emupavetas Tob 
Kwvou, TO O€ € eV YEYPapyLevov edfvypappov € ev TO B 
KUKAw €Xacoov €orat ToD B KvKAov].2 ovk apa 0B 
KdKNos eAdoowv Eorat Ths emupaveias Tot Kwvov. 
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the circles A, B are similar, they have the same ratio 
one toward the other as the square of the radii have 
one toward the other, that is [? : E?, or TD: A [Bucl. 
vi. 20, coroll. 2}. But I': A is the same ratio as that 
of the polygon circumscribed about the circle A to 
the surface of the pyramid circumscribed about the 
cone*; therefore the rectilineal figure about the 
circle A has to the rectilineal figure about the circle B 
the same ratio as this rectilineal figure [about A] has 
to the surface of the pyramid circumscribed about the 
cone ; therefore the surface of the pyramid is equal 
to the rectilineal figure circumscribed about the 
circle B. Since the rectilineal figure circumscribed 
about the circle B has towards the inscribed [recti- 
lineal figure] a ratio less than that which the surface 
of the cone has to the circle B, therefore the surface 
of the pyramid circumscribed about the cone will 
have to the rectilineal figure inscribed in the circle B 
a ratio less than that which the surface of the cone 
has to the circle B ; which is impossible.” Therefore 
the circle B will not be less than the surface of the 
cone. 


® For the circumscribed polygon is equal to a triangle, 
whose base is equal to the perimeter of the polygon and 
whose height is equal to T, while the surface of the pyramid 
is equal to a triangle having the same base and height A 
ney: 8}. There is an explanation to this effect in the Greek, 

ut so obscurely worded that Heiberg attributes it to an 
interpolator. 

’ For the surface of the pyramid is greater than the surface 
of the cone [Prop. 12], while the inscribed polygon is less 
than the circle B. 


Lg X + ~ = 

7 pev . . . emdavecdv om. Heiberg. 
€ A ~ > , s 
7 pev . . . TOD B KvKAov om. Heiberg. 
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Aéyw 67, Ore ovdE peilwrv. ef yap Svvarov 
> ” U tA oT rd a] ? \ B 
€oTw, €oTw peilwy. madw 57 voeicbw els Tov 

/ c > / ‘ ” 

KUKAoV ToAvywvov eyyeypappevoy Kai dro zept- 
VYEypapLevov, WOTE TO TrEpLyEypappEevay Tmpds TO 
< ” ~ 
eyyeypappevov eAdoaova Adyov Exe Tod, dv exer 
6 B kvKros mpos Thy empadvecav Tod Kwvov, Kal 

> A / U > 4 , 
ets tov A Kvkdov voeicbw eyyeypaypévov troAv- 
ywrvov dpotov TH eis TOV B KvKdAov eyyeypappevy, 
Kat avayeypad0w am avtod mupapis thy abriy 

A ” ~ / 9 ‘ 5S a / > 
Kopudjv exovoa TH KwVW. eETEL Odv GpoLa eoTL 

‘ 3 a c ? ; A 2 4 
ra ev tots A, B kixdros éyyeypappéva, Tov adrov 
7 4, ‘ »” “ e > ~ f 
efer Adyov mpos aAAyAa, Gv at ex TV KévTpwV 

4 A 3 / 1 b] A + / ” 
Suvaper mpos adAvjAas: tov adtov apa Adyov exer 

A , A ‘ , A e 4 
TO TOAVywrov mpds TO TOAVywvoy Kai 7 I’ zpds 
anv A pyxe. 7 d€ I apds tiv A pellova Adyov 
” A ‘ - mee J ~ , > 
exer Y 70 TOAVywrov TO Ev TH A KUKrAw eyyeypap- 

‘ ~ ~ 
pévov pos THv empaveray THs mupapidos THs 
eyyeypapypevys els Tov K@vov [7 yap é€k Tod Ké- 
tpov rod A KvkdAov mpos Thy TAEevpay Tod KwvoU 
peilova Adyov Exer Yep H amo TOD KévTpov ayo- 
pévn Kaleros emt piav mAevpav tov’ moAvywvov 
mpos THY emt THY TAEUpav Tod TroAVywvou Kdbe~ 
Tov ayoevnv amo THs Kopudfjs ToD Kwvou]** peEl~ 


1 4 yap... Tod xwvov om. Heiberg. 





¢ Eutocius supplies a proof. ZOK is the polygon inscribed 
in the circle A (of centre A), AH is drawn perpendicular to 
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I say now that neither will it be greater. For if it 
is possible, let it be greater. Then again let there 
be imagined a polygon inscribed in the circle B and 
another circumscribed, so that the circumscribed has 
to the inscribed a ratio less than that which the 
circle B has to the surface of the cone (Prop. 5], and 
in the circle A let there be imagined an inscribed 
polygon similar to that inscribed in the circle B, and 
on it let there be drawn a pyramid having the same 
vertex as the cone. Since the polygons inscribed in 
the circles A, B are similar, therefore they will have 
one toward the other the same ratio as the squares of 
the radii have one toward the other; therefore the 
one polygon has to the other polygon the same ratio 
as I‘ to A (Eucl. vi. 20, coroll. 2]. But I’ has to Aa 
ratio greater than that which the polygon inscribed 
in the circle A has to the surface of the pyramid 
inscribed in the cone ?; therefore the polygon in- 


KO and meets the circle in M, A is A 
the vertex of the isosceles cone (so 

that AH is perpendicular to KO), 

and HN is drawn parallel to MA to 

meet AA in N. Then the area of the 

polygon inscribed in the circle=$ 

perimeter of polygon. AH, and the N 
area of the pyramid inscribed in 

the cone=}$ perimeter of poly 

gon. AH, so that the area of the 

polygon has to the area of the Z 
pyramid the ratio AH: AH. Now, 

by similar triangles, AM: MA= 

_ AH: HN,and AH: HN>AH: HA, 

for HA>HN. Therefore AM: MA yy 

>AH: HA; that is, [: A exceeds 

the ratio of the polygon to the sur- 

face of the pyramid. 0 
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Cova dpa Ad-yov exe! TO TroAbycwvov TO €V TO A 
KUKAw éeyyeypappevov pos TO Trohbywvov TO €v 
7 B ey yey pap.evov 7) avTO TO Toby wvov mpos 
TY emipaverav THs mupaptoos: pele dpa eoriv 
7 emupavera Tis mupapioos Tob ev TO B ToAvya~ 
vou eyyeypappevov. eAdooova Sé Adyov exe TO 
770 vy wvor | 70 mept tov B Kdichov TEpLye pape 
vov ™pos TO ey veypappevov 7 O B KUKNos m™pos THY 
emupaveray Tov Kwvov~ T0AA@ dpa TO Trohbywvov 
To mept Tov B KvKAov TEpLy ey pap pevov ™pos THY 
emupaveray THS mupapioos TAS ev T@ KWV@ ey- 
Yeypappevns eAdcoova Aoyov EXEL 7 6 B xvx«Xos 
pos THY emupaveray Tob Keivou" Omep aodvvaTov 
[76 fev yap TEpLy ey PappLevov moAbywvov petlov 
eoTl Tot B KUKAoU, 9 7 O€ emupaveta THs Trupap.ioos 
Tis ev TO Kav ehacowyv earl THs emupavetas Tou 
Kwvov|.. ovK dpa ovde petlwy eoriv oO KUKhos THs 
emupavetas Tov Kwvov. edeiyOn Sé, OTe ovvde 
eAdoowv: ioos dpa. 
us” 

"Kav Kavos ioooxedAns eximeow TENOR Trapan- 
AnAw 7H Bdoau, TH peerage Tov mapaddi wv em 
mda emupaveta Tob KaVOU loos €oTl KUKXOS, OU 
1) €K TOD KEVTPOU pL€oov Adyov € Exe THS TE TAEUPGs 
Too K@VOU THs peTakdD THV Trapadrnron ETUTEOWY 
Kal TAS tons dpportépais Tails ek T&Y KévTpwY TOV 
Kikhwy Tav €v Tois TrapahAnAous emim€édous. 

"EKoTw K@vos, ob TO Ota TOU aovos Tplywvov 
icov T@ ABI’, xa TeTpHODw mapadAnhy emimeow 
TH Bacer, Kat moveitw Topnyv THY AK, d€wy dé Tob 
Kavou eotw 0 BH Kixdos dé tis dxxceioOen, ov 1 
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scribed in the circle A has to the polygon inscribed in 
the circle B a ratio greater than that which the same 
polygon [inscribed in the circle A] has to the surface 
of the pyramid ; therefore the surface of the pyramid 
is greater than the polygon inscribed in B. Now 
the polygon circumscribed about the circle B has to 
the inscribed polygon a ratio less than that which 
the circle B has to the surface of the cone ; by much 
more therefore the polygon circumscribed about the 
circle B has to the surface of the pyramid inscribed 
in the cone a ratio less than that which the circle B 
has to the surface of the cone ; which is impossible.¢ 
Therefore the circle is not greater than the surface 
of the cone. And it was proved not to be less; 
therefore it is equal. 


Prop. 16 


If an isosceles cone be cut by a plane parallel to the 
base, the portion of the surface of the cone between the 
parallel planes ts equal to a circle whose radius is a mean 
proportional between the portion of the side of the cone 
between the parallel planes and a straight line equal to 
the sum of the radi of the circles in the parallel planes. 

Let there be a cone, in which the triangle through 
the axis is equal to ABI’, and let it be cut by a plane 
parallel to the base, and let [the cutting plane] make 
the section AE, and let BH be the axis of the cone, 


* For the circumscribed polygon is greater than the 
circle B, but the surface of the inscribed pyramid is less than 
the surface of the cone {Prop. 12]; the explanation to this 
effect in the text is attributed by Heiberg to an interpolator. 





1 76 pév . . . TOU Kwvov om. Heiberg. 
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9 ~ , , 3 4 , 3 ~ A 
Ek TOU KeVvTpov peo avddoyov eote THs Te AA Kal 


auvay.potépov THs AZ, HA, €oTw bé KdK«dos 6 O: 


A 
® B 


A H r 


Aéyw, ott 0 & KvKdAos taos eott TH emidaveta Tod 
KWVvoU TH peTacD Tov AK, AP. 

‘Exxetobwoav yop ee: LA, K, Kal Too prev K 

, 
KUKAOUV 7) €K TOU KéVTpOU Wine BAZ, 
rod 5€ A 7 ék Tob KévtTpou Suvdcdw To timo BAH: 
e \ ” , ” > \ ~ 3 , A 
0 pev apa A KuKdos loos eorly TH emupaveta Too 
ABD kxwyvov, 6 be K Kvkdos t Loos ETL TH emupaveta 
too AEB. Kal Emel TO UO T@v BA, AH icov 
€oTt TH TE UTO THY BA, AZ kai 7H bod tH AA 
Kat ovvaypotepov THs AZ, AH &:a 76 mapadAndAov 
etvat tHV AZ 7 AH, adda ro pev v7o AB, AH 
dvvaTrar 7 eK TOU KévTpov ToD A KUKAov, To bé 
ovo BA, AZ dvvara  €K Too Kévtpou tot K 
KUKAoU, TO b€é U7 Tis AA Kal ovvay.porépov TAS 
AZ, AH Ovvarat » ) éK TOO KEVTpoU Tob 0, TO dpa 
a7r0 Tis eK Tob KEVT POU tod A kvKdAov toov eo 
Tois amo THY Ek TOV Kéevtpwv TOV K, © KvKdrAwy: 
Lf \ ¢€ 4, 4 bd A a 4, 
wote kat o A Kukdos loos é€oti tots K, © KvKAots. 
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and let there be set out a circle whose radius is a 
mean proportional between AA and the sum of AZ, 
HA, and let © be the circle ; I say that the circle O 
is equal to the portion of the surface of the cone 
between AE, AI’. 

For let the circles A, K be set out, and let the 
square of the radius of K be equal to the rectangle 
contained by BA, AZ, and let the square of the radius 
of A be equal to the rectangle contained by BA, AH; 
therefore the circle A is equal to the surface of the 
cone ABI’, while the circle K is equal to the surface 
of the cone AEB [Prop. 14]. And since 


BA. AH=BA.AZ+AA. (AZ +AH) 


because AZ is parallel to AH,* while the square of 
the radius of A is equal to AB. AH, the-square of the 
radius of K is equal to BA. AZ, and the square of 
the radius of 0 is equal to AA.(AZ + AH), therefore the 
square on the radius of the circle A is equal to the 
sum of the squares on the radii of the circles K, 0; 
so that the circle A is equal to the sum of the circles 


« The proof is given by Eutocius as follows s 
BA: AH=BA; AZ 

.  BA.AZ=BA. AH, [Eucl. vi. 16 

But BA.AZ=BA.AZ+AA. AZ. [Eucl. ii, 1 

a BA.AH=BA.AZ+AA. AZ, 

Let AA. AH be added to both sides. 

Then BA. AH+AA+AH, 

1.6. BA. AH=BA .AZ+AA.AZ+AA. AT, 
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aA 6 pev A toos eott 7H emidbaveta trot BAT 
kwvov, o b€ K rH émdaveia rob ABE xkuvou: 
Aoin) Apa 7) empavera To Kwvov 7» perakd Tov 
maparAnAwy emmédwv trav AK, AV toy €ori 7h 


© KvKdw. 
4 
Ka 


"Hav eis KvKAov modAvywvov eyypadi apzto- 
meupov Te Kal iadmAevpov, Kal SiayOdouw edbeiar 
émilevyvvovaar Tas TrAeuvpas Tob ToAvywvou, ware 
avtas TrapaAAjAovs eivar pad omovaotv tOv vbr0 
dvo mAevpas Tob ToAVywrov UroTEWovcdy, at ém- 
Cevyvvovoat maoat mpos THv TOO KUKAOU didpeETpoV 
TobTov €xovat TOV Adyov, dv Exet 7) UroTEivovea Tas 
pd éAdooovas THY Ypicewy mpos THY TAEvVpav TOO 
moAvywvou. 

"Korw KuKhos 6 6 ABTA, kai ev atrad mrohbywvov 


eyyeypaplw TO AEZBHOIMNAAK, Kal €1- 
<levxSwoav at EK, ZA, BA, HN, OM: dHAov On, 


OTL mraparAnhot elow Th v70 Bvo mAcupas Tob 
moAvywvov brotewovan’ A€éyw ovv, OTL al eipnucvat 
macat mpos THY TOD KUKAOV SiapeTpov THv AI’ rov 
avtov Adyov €xovot TH THS TE wpos EA. 
"EreCevxGwoar yap at ZK, AB, HA, ON: 
Tra,padAnAos dipa uy pev ZK 7H BA, n O€ BA Th 
ZK, kad ETL uy) pev AH TH BA, 7 S: ON TH AH, 
kat 7 [TM 7H ON [kat eet Silo ma parrAnroi eiow 
at BA, KZ, Kai dvo0 diunypévar cio at EK, AO}: 
€oTw apa, ws » He apos HA, 6 K& apos ZO. 
ws 8 7 K& apos BO, » ZIL apos IO, as de 


4 xai émel « « » EK, AO om. Heiberg. 
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K,9@. But A is equal to the surface of the cone BAT, 
while K is equal to the surface of the cone ABE ; 
therefore the remainder, the portion of the surface 
- of the cone between the parallel planes AK, AT’, is 
equal to the circle 0. 


Prop. 21 


If a regular polygon nith an even number of sides be 
. inscribed in a circle, and straight lines be drann joining 
the angles * of the polygon, tn such a manner as to be 
parallel to any one whatsoever of the lines subtended by 
ino sides of the polygon, the sum of these connecting lines 
bears to the diameter of the circle the same ratio as the 
straight line subtended by half the sides less one bears to 
the side of the polygon. 

Let ABTA be a circle, and in it let the polygon 
AEZBHOV'MNAAK be inscribed, and let EK, ZA, 
BA, HN, OM be joined; then it is clear that they 
are parallel to a straight line subtended by two sides 
of the polygon ® ; I say therefore that the sum of the 
aforementioned straight lines bears to AT’, the dia- 
meter of the circle, the same ratio as 'E bears to KA. 

For let ZK, AB, HA, ON be joined; then ZK is 
parallel to EA, BA to ZK, also AH to BA, ON to AH 
and I'M to ON ©; therefore 


KE: BA =KE: 80. 
But KA: BO =ZII: IO, (Eucl. vi. 4 


e “ Sides *’ according to the text, but Heiberg thinks 
Archimedes probably wrote ywvias where we have mAcupas. 
> Tor, because the arcs KA, EZ are equal, LEKZ=ZLKZA 
{Eucl. iii. 27]; therefore EK is parallel to AZ; and so on. 
¢ For, as the ares AK, EZ are equal, cAEK=ZEKZ, 
and therefore AE is parallel to ZK ; and so on. 
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7 ZIl mpos ILO, 4 AII apos ITP, ws dé 4» ATI 
ampos ITP, otrws 7 BX ampds UP, Kat ert, ws 7 
pev BX apds UP, 7 AX mpos XT, ws 6€ 7 AD 
mpos UT, 7 HY apos YT, cai ert, ws 7 pev HY 





apos YT, 7 NY apos Y®, ws dé y NY zpos YO, 
7 OX mpos XO, cai ert, ws pev 7 OX wpds XO, 7 
MX zpos XI [kal mavra dpa mpos mavra ect, 
ws els trav Adywv mpos Eval'> ws dpa 7 ES apods 
GA, otrws at EK, ZA, BA, HN, OM apos rHv 
AT dudperpov. ws 5€ 7) ES apos SA, ovtws 7 
TE apos EA> éorat dpa Kai, ws 4 TE mpos EA, 
ottrw macae at EK, ZA, BA, HN, ©M zpos 
giv AI’ diaperpov. 


1 Kal eee eva om. Heiberg. 
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while ZIl:TWO=AII: TIP, [ebid. 
and AIl : TIP=B>: =P. [cbed. 
Again, BZ: 2P =Az: ST, [ebed. 
while AZ:=T =HY: YT. [zbed. 
Again, HY :YT=NY: Y®, [ebid. 
while NY : Yd=0X : X®. [ebed. 
Again, OX : XP®=MX: XT, [ebed. 
therefore EB: 5A =EK+ZA+BA+HN + 
OM : AT.@ [Eucl. v. 12 
But EZ :B2A=TE:EA; [Eucl. vi. 4 
therefore TE: FA=EK +ZA +BA+HN + 
OM: AI'.® 


* By adding all the antecedents and consequents, for 


BE: GA=EG+KE+ZI1+AIl+BL+A>D+HY+NYV4+O0X + 
MX: ZA+204+7I0+TIP+=2P+2T4+YT+YO 
+XO +XT 


=EK+ZA+BA+HN+0M: AT. 
* If the polygon has 4” sides, then 


7 


LETK= on 
Qr , Ur 
LZTA = on and ZA: AI'=sin On’ 


and EK: AI'=sin ~» 
Qn 


LOIM =(2n - 1) = and @M: AI =sin (2n - 1) oat 


Further, zATE=— and TE: EA=cot 7 
4n 4n 


Therefore the proposition shows that 


ae ace : 
sin 5 tsin —+...+5in (2n ~-1) 


. =cot i 
Qn be 1 


Qn 4n 
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, 

sy. 
"Eotw év afaipa péytotos K¥KAos 6 ABLA, kal 
éyyeypadiw eis adtov modvywvov iadmAevpov, TO 





Sé mAn00s THv mAcvpav avrod petpetobw dz0 
retpados, ai 5¢ AI, AB dudperpor Eorwaav. éav 
5x) pevovons THs AI diaperpou meptevexOR 6 
ABLTA kdkros éywv 7d ToAvywvov, SHAov, Stu H 
pev trepipepea adrod Kata Tis émipavetas Tis 
ofaipas evexOnoerat, at d€ Tod moAvywvov ‘ywriat 
ywpis tTav mpos tots A, P onpetows Kara KiKkAwy 
mepipeperaav evexOjoovrar ev TH emidaveia Tis 
ofaipas yeypappéevwv opbdv mpos rov ABTA 
KUKAov: SudpeTpor 5é€ adta@v eoovTa at emlev- 
yvvovcat Tas ywvias Tod ToAvywrov Tapa THY BA 
otcat. at S¢ rod moAvywvou mAcvpal KaTa TWwY 
Kavuov éevexOnoovra, at pev AZ, AN kar’ eéme- 
daveias Kwvov, od Bdots pev 6 KUKAos oO TeEpt 
dudperpov tv ZN, Kopudy dé 70 A onpetov, at dé 
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Prop. 23 

Let ABI'A be the greatest circle in a sphere, and 
let there be inscribed in it an equilateral polygon, the 
number of whose sides is divisible by four, and let 
AI’, AB be diameters. If the diameter AI’ remain 
stationary and the circle ABIA containing the poly- 
gon be rotated, it is clear that the circumference of 
the circle will traverse the surface of the sphere, 
while the angles of the polygon, except those at the 
points A, I’, will traverse the circumferences of circles 
described on the surface of the sphere at right angles 
to the circle ABI'A; their diameters will be the 
[straight lines] joining the angles of the polygon, 
being parallel to BA. Now the sides of the polygon 
will traverse certain cones ; AZ, AN will traverse the 
surface of a cone whose base is the circle about the 


diameter ZN and whose vertex is the point A; ZH, 
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ZH, MN kara twos Kwvixns emipaveias oicO%- 
govTat, hs Baas pev 6 KUKAOS 6 TrEpi OLdpLETPOV THV 
MH, xopudy dé to onpetov, Kal’ 6 ovpPddAAovew 
éxBadAcopevar al ZH, MN adAdAjdAas re kat 7H AT, 
at de BH, MA mAevpat Kara KOVUKTS emupavelas 
olofioovrat, hs Pao pev eoTw 6 KUKAos 6 TEpi 
OudjLeTpov THY BA opBos Tos tov ABTA Kvxdor, 
Kopudn de TO onuetov, Kal’ Oo ov pBaddovaw €K- 
Baddcpevar aut BH, AM ahAnAaus te kat TH TA: 
opoiws dé Kal al ev TH Erépw HyuxvKriw mrAcvpat 
KATA KWYLKOV emupaverddv olabjcovrat m7aAw 
opotoy TavTals. EOTAL 87) TL OXhwa eyyeypap- 
pLevov ev Th opaipg 770 KOU DY emrupaver@v 
TEPLEXOMEVOY TOV TPOELpNLEvwv, ov 7 emupavera 
eAdaowy €aTaL Tijs emupavetas Tis © aipas. 
AcaipeHetons yap ThS opaipas b70 Tob emimédov 
Tod Kata THV B opbob m™pos TOV ABYA KUKAov 
7 emupdveta TOU ETE POV Hprapacptov Kal 1 em 
paveva Too oXTNMATOS Too év avr es eyYeypaprevov 
To ard. mépara Exovow ev eEvt enum ede ajppo- 
Tépeov yap TOV emupavercov mépas éorly Tov KUKAOU 
7) TEpipepera Tou TmeEpt Sudpetpov mv BA opob 
T™pos TOV ABYA KuKhov: Kal €LoLV dpporepar emt 
Ta atra Kothat, Kal mrepthapBaverau aUuTaY 7 éTépa 
v70 Tijs erépas emupavetas Kat TAS émumédov TAs 
7a, aura Tmépara €xovans avy. opoiws d€ Kal TOD 
ev TH ETEpw jpraparpian oXHATOS nh emipavera 
eAdoowy eotly THs Tov jpso arpiou emupavetas 
Kal OAn ovv 7 emupavera Tou OXTPLATOS Tob ev TH 
ahaipa éeAdcowv eotiv Tis émipaveias THs odaipas. 





* Archimedes would not have omitted to make the deduc- 


94, 


ARCHIMEDES 


MN will traverse the surface of a certain cone whose 
base is the circle about the diameter MH and whose 
vertex is the point in which ZH, MN produced meet 
one another and with AI’; the sides BH, MA will 
traverse the surface of a cone whose base is the 
circle about the diameter BA at right angles to the 
circle ABI'A and whose vertex is the point in which 
BH, AM produced meet one another and with TA ; 
in the same way the sides in the other semicircle 
will traverse surfaces of cones similar to these. As 
a result there will be inscribed in the sphere and 
bounded by the aforesaid surfaces of cones a figure 
whose surface will be less than the surface of the 
sphere. 

For, if the sphere be cut by the plane through BA 
at right angles to the circle ABTA, the surface of one 
of the hemispheres and the surface of the figure 
inscribed in it have the same extremities in one 
plane; for the extremity of both surfaces is the 
circumference of the circle about the diameter BA 
at right angles to the circle ABTA; and both are 
concave in the same direction, and one of them is 
included by the other surface and the plane having 
the same extremities with it. Similarly the surface 
of the figure inscribed in the other hemisphere is 
less than the surface of the hemisphere ; and there- 
fore the whole surface of the figure in the sphere is 
less than the surface of the sphere. 


tion, from Postulate 4, that the surface of the figure inscribed 
in the hemisphere is Jess than the surface of the hemisphere. 
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KO. 


‘H rob eyypapopevov OXNHLATOS ets THY opaipay 
emipavera ton earl KoKhy, ob h ek Tob KEVT POV 
dvvarat TO TEpLeXOMEVOV bTO TE Tijs mAeupds Tob 
OXNLATOS KAL THs tons macais Tats em levyvuov- 
gas Tas meupas TOU moAvyusvou TrapaAArAous 
ovoas Th bo dvo mAevpas Tod ToAvywvov v70- 
Tewouon evGeia. 

“Eotw ev odatpa H€yLoTos Kukdos 6 ABLA, al 
ev avT@ moAbywvov éyyeypaplw todmevpov, ob at 
mAcupat td TeTpados Hetpobvrat, Kab di7r0 Too 
ToAvywvov Tob evyyeypappevou voeiobu Te Eis THY 
odaipay eyypadev oxijpa, Kat emeledxOwoar | at 
EZ, HO, TA, KA, MN TrapaddnAor ovoa TH v7T0 
dvo mAcupas drorewovon evdeia, KUKAos O€ Tes 
exxetadw O a, ob  €K TOO KEVTPOV Suvactu TO 
meprexopevov vid te THS AE Kat Tis tons Tals 


EZ, HO, PA, KA, MN: Aéyw, 6 6Tt 6 KUKAOS odros 


igos €GTt TH emupaveta Tob «ls THY odpaipay éy- 


ypapopevov OXHLATOS. 
‘ExxetoOwoav yap KUKhor ot O, 10 Pas Sore > bes Y, 


Kat Too peev O a eK TOU KEVTpOU Surdobe TO 
TrEptexOpevov b76 TE THS EA Kat rijs jpicetas THs 
EZ, n O€ € ex Tb KEVTpOV Tou Tl duvdobw TO TrEpt- 
EXO[LEVOV bm0 TE THs EA Kab Tis HpLicetas Tov 
EZ, HO, n Oe ex TOU KEVTpOU Tob is Suvacbw TO 
TIE PLEX OLLEVOV br0 Tis EA kat Tijs Hptoeias Tov 
HO, PA, n b€ ex TOU KeVTpou Tob X duvdobw 70 
TrEpLexopevov b70 TE Tis EA kat Tis Hptceias 
TOV TA, KA, n O€ ex TOU KEVTPOU Too T Suvdctw 
TO Tmepiexopevov Ud Te THs AE Kat tis yuceas 
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Prop. 24 


The surface of the figure inscribed in the sphere is 
equal to a circle, the square of whose radius is equal to the 
rectangle contained by the side of the figure and a straight 
line equal to the sum of the straight lines joining the 
angles of the polygon, being parallel to the straight line 
subtended by two sides of the polygon. 

Let ABTA be the greatest circle in a sphere, and 
in it let there be inscribed an equilateral polygon, the 
number of whose sides is divisible by four, and, start- 
ing from the inscribed polygon, let there be imagined 
a figure inscribed in the sphere, and let EZ, HO, 
TA, KA, MN be joined, being parallel to the straight 
line subtended by two sides ; now let there be set 
out a circle &, the square of whose radius is equal to 
the rectangle contained by AE and a straight line 
equal to the sum of EZ, HO, TA, KA, MN; I say 
that this circle is equal to the surface of the figure 
inscribed in the sphere. 

For let the circles O, II, P, 2, T, Y be set out, and 
let the square of the radius of O be equal to the 
rectangle contained by EA and the half of EZ, let 
the square of the radius of II be equal to the rect- 
angle contained by EA and the half of EZ +HO, 
let the square of the radius of P be equal to the rect- 
angle contained by EA and the half of HO +I, let 
the square of the radius of © be equal to the rect- 
angle contained by EA and the half of 'A +KA, let 
the square of the radius of T be equal to the rectangle 
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trav KA, MN, % 5€ ék too Kévrpov tod TY duvacdw 
TO meptexdpevov b7d Te THS AE Kal ris jpceias 
a \ \ on e \ / “oe > 4 
tis MN. 81a 87) rabra 6 pev O KuKXos taos Earl 
~ ~ “~ b 
Th éemdaveia troO AEZ xovov, 6 de Il ri em- 
, an , ~ \ ~ ¢ X 
daveta tod Kdvou ri peragd trav EZ, HO, o de 


P 77 peraéd trav HO, TA, 6 8 2X 7H peragd trav 


RY 


AT, KA, wat ére 6 pev T toos earl 7H éemdavela 
Tod Kwvov Th petagd rOv KA, MN, 6 dé Y 77 
ro) MBN kwvou émdaveia tcos eoriv: ot mavtes 
dpa KUKXot too eicty TH TOO eyyeypappévov ax7- 
patos émdaveta. Kal davepdv, oT at eK TOV 
kevrpwv tav O, II, P, X, T, Y Kvkdwy duvavrac 
TO Teptexopevov bd Te THS AE Kat dis TOV Tut- 
cewv tas EZ, HO, TA, KA, MN, at drae eto 
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contained by AE and the half of KA +MN, and let 
the square of the radius of Y be equal to the rect 
angle contained by AE and the half of MN. Now 
by these constructions the circle O is equal to the 
surface of the cone AEZ [Prop. 14], the circle II is 
equal to the surface of the conical frustum between 
EZ and H®, the circle P is equal to the surface of the 
conical frustum between HO and LA, the circle > is 





equal to the surface of the conical frustum between 
AV and KA, the circle T is equal to the surface of the 
conical frustum between KA, MN [Prop. 16], and 
the circle Y is equal to the surface of the cone MBN 
[Prop. 14]; the sum of the circles is therefore equal 
to the surface of the inscribed figure. And it is 
manifest that the sum of the squares of the radii of 
the circles O, IT, P, 2, T, Y is equal to the rectangle 
contained by AE and twice the sum of the halves of 
EZ, HO, Pa, KA, MN, that is to say, the sum of EZ, 
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ai EZ, HO, TA, KA, MN: ai dpa ék t&v Kévtpwv 
rov O, Il, P, X, T, VY ndvcdAwy dvvavtar 76 
, e , ~ ‘ ~ ~ 
meptexopevov ome Te THS AL xat macdv tov EZ, 
HO, VA, KA, MN. adda kal 7 é€x Tod K&vTpov 
Tob & KvKdrov Svvarar To bod THS AK Kai Tis 
ovykeyevns ek macav tov EZ, HO, TA, KA, 
MN: % dpa ék Tod Kévtpov tot & KvKdov dvvarar 
A 3 4 ~ 9 ~ 4 ~ 
Ta amo Tav é€k TOY Kévtpwv Tov O, Il, P, &, T, 
Y «kdKAwv: cal 6 KUKAOS apa 6 & loos é€ort Tois O 
p : 
¢ “4 r 
It Py. Se TA KuKrXots; -0¢ 6c OH Pd TE 
KUKAot amedetxOnoav icot TH eipnuevn Tod ox7- 
paros éemupavetas kal 6 EH dpa Kv«dos toos éorat 
Th emiaveia Tob oxypatos. 


, 
KE 


Tod eV VEY PAL [LEVOV oXNPaTos els THY ogaipav 
n empavera 7 TEpLeXopLevn t7m0 TOV KwWLKaV 
emupaverdy e\doowv eoriv  TeTpatAacia Tob 
peylorou Kdichov Trav év TH odaipa. 

“Eotw év odaipa péytoros xixdos 6 ABTA, cal 
ev avT@ evyyeypapies Trodbywvov [aprioywvov] é iao- 
m)evpoy, od at wAevpal bm0 TeTpados petpobvrat, 
Kat am advrod voeicbw eémddvera tro THY 





* If the radius of the sphere is @ this proposition shows that 


Surface of inscribed figure = circle & 
=n. AK. (EZ+HO+TA+KA+ 
MN). 
Now AE=Qa sin —., and by p. 91 n. 8 


4n 
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HO, A, KA, MN; therefore the sum of the squares 
of the radii of the circles O, H, P, 2, T, ¥ is equal to 
the rectangle contained by AE and the sum of EZ, 
HO, TA, KA, MN. But the square of the radius of 
the circle & is equal to the rectangle contained by AE 
and a straight line made up of EZ, HO, TA, KA, MN 
[ex hypothest] ; therefore the square of the radius of 
the circle — is equal to the sum of the squares of 
the radii of the circles O, II, P, >, T, Y ; and there- 
fore the circle & is equal to the sum of the circles 
O, II, P, 2, T, ¥. Now the sum of the circles O, IT, 
P, 2, T, Y was shown to be equal to the surface of 
the aforesaid figure ; and therefore the circle & will 
be equal to the surface of the figure.¢ 


Prop. 25 


The surface of the figure inscribed in the sphere and 
bounded by the surfaces of cones ts less than four times 
the greatest of the circles in the sphere. 

Let ABTA be the greatest circle in a sphere, and 
in it let there be inscribed an equilateral polygon, 
the number of whose sides is divisible by four, and, 
starting from it, lct a surface bounded by surfaces of 


EZ +HO+TA+KA+MN=2a [ sin EE, 2a 


2n 2n 
7 
(2n~1)5— 
see rat Sin sta Be 
*. Surface of inscribed figure = 4a? sin i sin an +sin In 


+. ..+sin (Qn - 1) | 


= 4a? cos in 
[by p. 91 n. 8. 
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KWVLKOV emupaverdv TrEeptexopern’ déyuo, dre 1 
emipdvera Tod eyypapevTos e\doowv eoTiv 7 TE- 
TpaTrAacia Too jreyiorou KUKAoU TOV EV TH opaipa. 
"EzelevyOwoav yap at vo dvo mAevpas v70- 
Tewovoat Tot ToAvywvov ai EI, OM kai ravrats 
mapadAAndo. ai ZK, AB, HA, éxxeiow dé tis 
KuKAdos 6 P, ob i eK ToD KEVTPOU dvvarat TO U7r0 
rhs EA Kat tis tons TACaLS Tats EI, ZK, BA, 
HA, ©M: da on 70 mpoderxOev b isos earl oO KU- 
Kos TH TOO elpyévou OXNLATOS emupaverq. Kal 
émet edeiyOn, Ort eoTly, ws 1 lon macas rats EI, 
ZK, BA, HA, OM TpOs THV OudpeTpov Tob Kbiedov 
ray AY’, OUTWS 7 TE mpos EA, TO apa vm THS 
tons mdoaLs Tats elpnpevats Kal Tis LA, ToUTéoTW 
TO aro Tis €k Tov Kévtpov tod P xdkdov, t igov 
€oTl T@ d7r0 Tov AT, TE. aAAG Kat TO v7r0 AY, 
TE ddacody EOTL Tob amo Tis AI: éAaccov dpa 
€oTlY TO ATO THS eK Tob KevTpov Tob P Tob amo 
mys AT [éAdcowv dpa éorivy 4 €x Tod KévTpov 
tov P TAS. AD’: ware 7) SudpeTpos tod P xvKdAou 
eXdcowv eat 7 SutrAacia TAs SuapeTpov Too 
ABTA kvkdov, Kal do apa to} ABIA KdKAov 
SudpeTpor jreilous Elol Tis Stayer pou rod P xv- 
KAov, Kal Td TETpaKts amo THs SiapeTpov 700 
ABTA KuKdov, touteote THs AT’, peilov EOTL Tob 
ATO tis 708 P xvk«drov Suapérpov.. ws 5€ TO 
TETPAKLIS ATO THS AD Tpos TO am THS TOD P 
KUKAOV Svaperpov, OUTWS Tégoapes KdKAow ot 
ABTA zpos tov P xixdov: réccapes apa KvKAoL 
of ABTA pellovs elciv tot P KvKdov]: 6 apa 
KUKros 6 P éeAdcowy éotiv 7 rerpamAdotos Tob 
1 é\dcowv . . . KUKAov om. Heiberg. 
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cones be imagined; I say that the surface of the 
inscribed figure is less than four times the greatest 
of the circles inscribed in the sphere. 

For let EI, OM, subtended by two sides of the 
polygon, be joined, and let ZK, AB, HA be parallel 





to them, and let there be set out a circle P, the square 
of whose radius is equal to the rectangle contained 
by EA and a straight line equal to the sum of KI, 
ZK, BA, HA, OM ; by what has been proved above, 
the circle is equal to the surface of the aforesaid 
figure. And since it was proved that the ratio of the 
sum of kI, ZK, BA, HA, OM to AI’, the diameter 
of the circle, is equal to the ratio of I'E to EA [Prop. 
21], therefore 


KA . (EI+ ZK +BA+HA+0M) 
that is, the square on the radius of the circle P 


[ex hyp. 
=AI.TE. [Eucl. vi. 16 
But AI. TE<AI™, [Euel. iii. 15 


Therefore the square on the radius of P is less than 
the square on AI’; therefore the circle P is less 
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peyiatou KUKAov. 6 5é P Kdxdos icos eSetyOn TH 
elpnuevn emipaveia TOD axnpatos* 7) apa emipavera 
Tob oxnpatos eAdcowv €or 7 TEeTpaTtAacia Tob 


, 4 ~ > | ~ 4 
peylotov KiKdov Tav ev TH odaipa. 


4 
oa) 
"Eotw év odaipa péyrotos xvxAos 6 ABTA, 
mept 5€ rov ABTA kvxdrov reptyeypadiw aodv- 
> / 4 1 9? , 4 A “~ 
ywvov iadmAeupov TE Kai tooywriov, TO dé TANGO 
a ~ b) ~ , € 4 / 4 
Tov TAevpav adtod petpeicbw imo teTpados, Td 
dé wept tov KUKAov Teptyeypappévov TroAvywvov 
/ s 4 4 4 
KUKAOS TeEptyeypappevos meptAauBavérw Tepi TO 
avTo KévtTpov yiopevos TH ABTA. pevodans 57 
tis EH meprevexOn7w ro EZHO emimedov, ev @ 
76 TE TOAVYwvov Kal 6 KUKAoS* S7HAOV odv, STL 7 
prev mrepipepeca roo ABTA kvxdAov Kata ris em- 
4 ~ 4 9 , e 4 4 
dhaveias THs odaipas olabyjcerat, 7 de TrEpidepera 


to) EZHO kar’ dddns émdaveias odaipas 0 
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than four times the greatest circle. But the circle P 
was proved equal to the aforesaid surface of the 
figure ; therefore the surface of the figure is less 
than four times the greatest of the circles in the 
sphere. 

Prop. 28 


Let ABI'A be the greatest circle in a sphere, and 
about the circle ABU'A let there be circumscribed 





an equilateral and equiangular polygon, the number 
of whose sides is divisible by four, and let a circle 
be described about the polygon circumscribing the 
circle, having the same centre as ABA. While EH 
remains stationary, let the plane ZHO0, in which lie 
both the polygon and the circle, be rotated ; it is 
clear that the circumference of the circle ABLA will 
traverse the surface of the sphere, while the cireum- 
ference of EZHO will traverse the surface of another 
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avTo Kévtpov €xovons TH éAdocou oicOjceTat, ai 
dé adat, Kal’ ds émusavovow at mdAevpal, ypd- 
dovaw KvKXrovs dp0ovs mpos tov ABTA xkvxdAov 
ev TH eAdooou odaipa, at S€ ywriat Tod moAvyw- 
vou xwpis tay mpos tots E, H onpetots xara Kv- 
KAwy Trepideper@v oicbyjcovra év TH Eemipaveia Tis 
peilovos odaipas yeypaypévwv dp0av mpdos Tov 
EZH®O xkvdov, at 5é wAevpai too mwoAvywvov Kata 
KOVUKOY eMUPAvEL@v otcbyjcovrat, Kabdrrep emt TOV 
To TovTov’ €oTat ovv TO oXhya TO TEPLEXOMEVOV 
d70 TOV Eemipaver@v THV KWYLK@V Tept pev THY 
eAdoaova. opaipay Tepryeypappevov, ev dé TH 
peiCove eyYeypappevov. OTe O€ 7) emupdvera Tob 
TEpLy ey pappLevou CYHLATOS peiLoy €oTl THS Emt- 
avetas Tis 0 ayer oUTWS derxOjoeras. 

"Eotw yap 7 KA dudperpos KvKAov twos TOV év 
Th eAdocou odaipa tav K, A onpeiwy dvrwr, 
Kal’ & amrovrac too ABTA xvkdAou at adevpai’ 
Too TEpLyeypappevov ToAvyuvov. Sunpnpevns 37) 
Tis opaipas b7r0 Tov émimédou Tob Kara THY 
dp00G mpos tov ABL'A kvxdov Kal 7 émiddvera 
Tob Tepvyeypappevov oxNpatos mept THY opaipay 
dtatpeOnoeTat dO TOD éemimédov. Kal davepdv, Ort 
TA QUTG TépaTa Exovow ev eEmimédw: audhoTepwv 
yap TOV emuTreO wy mépas eoriv ) Tou KvKAOU 
TrEpUpe peta Tob TeEpt Oudpetpov thv KA opboi mpos 
TOV ABTA KUKAov: Kal elow dpuporepat emt Ta 
air Kotha, Kal treptAapuBaverat 4 eTépa atdraov 
v70 Tis érépas emupavelas Kal THS emumedov Tis 
Ta adTa Tépata exovons” eAdcowv ovv eoTw 7 
TreptAapBavoyervn Too THT LATOS This opaipas e7- 
paveca THs emupaveias Tob oynpatos Tob mept- 
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sphere, having the same centre as the lesser sphere ; 
the points of contact in which the sides touch [the 
smaller circle] will describe circles on the lesser 
sphere at right angles to the circle ABI’A, and the 
angles of the polygon, except those at the points E, H 
will traverse the circumferences of circles on the 
surface of the greater sphere at right angles to the 
circle EZHO, while the sides of the polygon will 
traverse surfaces of cones, as in the former case; 
there will therefore be a figure, bounded by surfaces 
of cones, described about the lesser sphere and in- 
scribed in the greater. That the surface of the 
circumscribed figure is greater than the surface of 
the sphere will be proved thus. 

Let KA be a diameter of one of the circles in the 
lesser sphere, K, A being points at which the sides 
of the circumscribed polygon touch the circle ABP. 
Now, since the sphere is divided by the plane con- 
taining KA at right angles to the circle ABTA, the 
surface of the figure circumscribed about the sphere 
will be divided by the same plane. And it is mani- 
fest that they * have the same extremities in a plane ; 
for the extremity of both surfaces ® is the circum- 
ference of the circle about the diameter KA at right 
angles to the circle ABI'A; and they are both con- 
cave in the same direction, and one of them is 
included by the other and the plane having the same 
extremities ; therefore the included surface of the 
segment of the sphere is less than the surface of 


* 7.¢., the surface formed by the revolution of the circular 
segment KAA and the surface formed by the revolution of 
the portion K ...E...A of the polygon. 

> In the text émméSwv should obviously be émd¢avedr. 


1 ai wAcvpai Heiberg ; om. codd. 
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YEypappevov TEpt auriy. Gpoiws S€ Kal 7% TOD 
Aourob TpNBATOS THS opaipas emupaveto, eAdoowv 
eat Tijs emipavetas TOU OXT Paros TOU Tre pl 
VEY papepLevov mept avTyv: O7Aov ovy, oTt Kal GAy 7 
emupdvera THIS opatipas eAdaowy € earl THs emupavetas 
Tod oxypatos Tod mepuyeypappevou mept adTHy. 


Ko 

Th emupavela Too TrEpuyeypappevou OX Paros 
Trepl 77 adhaipay igos e€ott KvKos, ob 7 EK TOU 
Kevtpou loov Suvatat TH Teptexouevw UTO TE was 
mAevpas Tob ToAvywvou Kal Tis tons macats Tats 
éexulevyvuovaais Tas ywrias To moAvywvou ovaaits 
napa twa Tov vo dvo mAevpas Tod TtodVywvoU 
dToTEwWwoveey. 

To yap Trepuyeypappwevoy mept thy éAdooova 
opaipay eyyeypamrat eis THY puelCova opaipay: Tob 
dé eyyeypappevov ev TH ofaipa meprexopevou b70 
Tov éemidaverOv TOv Kwvikdv dédetktat OTe TH 
emupavela tacos €or 6 KUKXos, ob 7) EK TOD KEvTpOU 
SUvaTat TO TEeplexopevov Ud TE plas tAEupas Tob 
moAvywvou Kal THs tons macats Tais emlevyru- 
ovcais Tas ywvias Tob ToAvywvou ovcais Tapa 
twa tov bro Svo mAEvpas trotewovodv> dfAov 
ovV EGTL TO TpOELPYLEvOV. 





¢ Tf the radius of the inner sphere is a and that of the outer 
sphere a’, and the regular polygon has 4m sides, then 
, 7 
a’ =a sce 7. 
This proposition shows that 
Area of figure circumscribed _ Area of figure inscribed in 
to circle of radius a ~ circle of radius a’ 
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the figure circumscribed about it [Post. 4]. Similarly 
the surface of the remaining segment of the sphere 
is less than the surface of the figure circumscribed 
about it; it is clear therefore that the whole surface 
of the sphere is less than the surface of the figure 
circumscribed about it. 


Prop. 29 


The surface of the figure circumscribed about the sphere 
ts equal to a circle, the square of whose radius is equal 
to the rectangle contained by one side of the polygon and 
a straight line equal to the sum of all the straight lines 
joining the angles of the polygon, being parallel to one of 
the straight lines subtended by two sides of the polygon. 

For the figure circumscribed about the lesser sphere 
is inscribed in the greater sphere [Prop. 28]; and it 
has been proved that the surface of the figure in- 
scribed in the sphere and formed by surfaces of 
cones is equal to a circle, the square of whose radius 
is equal to the rectangle contained by one side of the 
polygon and a straight line equal to the sum of all 
the straight lines joining the angles of the polygon, 
being parallel to one of the straight lines subtended 
by two sides [Prop. 24]; what was aforesaid is there- 
fore obvious.? 


es ee ee nena 
4nra” sin re [ sin 3, + Sin On *t° . .+sin (2n-1) xx h 


2 
or 47a” cos nee [by p. 91 n. b 


7 5 TT . 
x 477q? sec* — sin — [ sin : 


7 , Wn . T 
a pet + sin an te tsin (2n - Dg | 


Qn 2 
or 47a? sec mn 
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rv 
Tod oxjpatos 70d mepeyeypaypévov mept rhv 


a ¢.3 , , > ; 
opaipay 7 emddvera peilwy éoriv 7) retTpamAacta 
Tov peyiotou KUKAoUv TaY ev TH adaipa. 

71 A 4 ~ A ¢ , 5 4 
oTw yap 9 Te odaipa Kai 6 KUKAos Kal Ta 
adda 7a adTa Tots mpoTepov mpoxetpevors, Kal 6 A 
KUKos tcos TH éemipaveta EoTw Tod mpoKeypevov 
Teptyeypapyévov mept THY éAdooova odhaipav. 
A > > ~ , , 
met ovv ev TH EZHO kvKAw modAvywvov 





e 3 
taomAevpov éyyeypanrat Kal aptioywrov, at éme- 
Cevyvvovoat tas To’ moAvydvou mAevpas mrapdaA- 
A A s ~ Zz, A A 7 A > A ro 
nro. otcat TH ZO mpos tHv ZO tov adrov Adyov 
Nv “A € K 4 EZ, Ww ” 3 a A 
Exovow, ov » OK mpos ‘ Uov apa eoriv To 
TEPLEXOMEVOY oXHa Umd TE pas TAEUVpas TO 

“~ a 4 
moAvywvou Kal THs tons macats Tals émilevyvuov- 
gas Tas ywvias Tob moAvywvou TH TrEpexopevep 
b7d tHv LOK: wore F €k tod Kévtpov Tob 

4 w , “~ e A / w 
KUkAov toov ddvatat 7H bro ZOK: peilwy dpa 
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Prop. 30 

The surface of the figure circumscribed about the sphere 
ws greater than four times the greatest of the circles in the 
sphere. 

For let there be both the sphere and the circle and 
the other things the same as were posited before, 
and let the circle A be equal to the surface of the 
given figure circumscribed about the lesser sphere. 

Therefore since in the circle EZHO there has been 
inscribed an equilateral polygon with an even number 
of angles, the {sum of the straight lines} joining the 
sides of the polygon, being parallel to ZO, have 
the same ratio to ZO as OK to KZ [Prop. 21]; there- 
fore the rectangle contained by one side of the 
polygon and the straight line equal to the sum of 
the straight lines Joining the angles of the polygon is 
equal to the rectangle contained by ZO, OK [Eucl. 
vi. 16] ; so that the square of the radius of the circle A 


is equal to the rectangle contained by ZO, OK 
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€oTiv 7 €k Tod Kévtpov Tob A KUKAouv ris OK. 
7 d€ OK ton €ori 7H Stayerpw rob ABTA kvKrov 
, , 3 on ¥ b aA , 
[OurAacia yap eorw Tis XX ovens ek Tod Kévrpov 
rod ABLA kvxdov].* diAov ody, dtu petlwv éoriy 
“ , ¢€ - , € 9 
7) tetpatAdaaios 6 A KvKAos, TouréoTw 4 ém- 
paveta rod mepryeypappévov oxnpatos meEpl THY 
aA ~ a a A 
éAdcoova opaipav, Tob peyiarou KUKAou TOV ev TH 
opaipa. 
r 4 
Y 
, , e b , c > A 
Ilacns cdhatpas 7» emdavera retpatAacia €ori 
Tov peyiorov KUKAOU THY ev avTh. 
w” A “A , ‘ »” , 
Korw yap odaipa tis, Kal €oTw teTpanAdouos 
Tod peyiorov KUKAov 6 A: Aéyw, ort 6 A itoos 
b ‘ ~ 3 “ ~ f 
€oTly TH Eemipaveia THS odhaipas. 
bf 8 4 ” / bd 4 ba} b] , # 
Et yap uy, 7Tou peilewv eoriv 7 eAacowv. éatw 
, / € > , ~ “ an 
MpOTEepov petlwy 7 Eemupdveta THS adhaipas roo 
KUkAov. €a7t 57) dVo0 peyeOn duica 7 re emddvea 
~ f ‘ e 7 \ ” > 4 
tis adatipas Kat 6 A Kudos: Sduvatov dpa éorl 
“A , 3 4 ag 5 4 ‘ f \ 
AaPeiv dv0 etfeias dvicous, dote THv peilova mpéds 
\ > , 4 ” 2r , ~ “a * e 
Ty eAdaoova doyov éxew eAdooova Tob, dv exer 


1 SimAacia . . . xvxAov om. Heiberg. 





* Because ZO> OK [Eucl. iii. 15]. 
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[Prop. 29]. Therefore the radius of the circle A is 
greater than OK.* Now OK is equal to the diameter 
of the circle ABI'A; it is therefore clear that the 
circle A, that is, the surface of the figure circum- 
scribed about the lesser sphere, is greater than four 
times the greatest of the circles in the sphere. 


Prop. 33 


The surface of any sphere is four times the greatest of 
the circles in it. 

For let there be a sphere, and let A be four times 
the greatest circle; I say that A is equal to the 
surface of the sphere. 

For if not, either it is greater or less. First, let 
the surface of the sphere be greater than the circle. 


Then there are two unequal magnitudes, the surface 
of the sphere and the circle A ; it is therefore possible 
to take two unequal straight lines so that the greater 
bears to the less a ratio less than that which the sur- 
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’ , on , ‘ \ , 9,4 
emipavera THs ofaipas mpos Tov KUKAov. €iAy- 
plwoay ai B, VT, kai trav B, TI péon dvddoyov 
” ¢ / \ ‘ ¢ “A > / 
éotw 4 A, voeiobw Sé€ Kai 7 adaipa émimédw 

/ b | lon / ‘ 4 * 
TeTunpevn Sia Tod KévtTpov Kata tov EZHO 
KUKAov, voeiabw dé Kai eis TOV KUKAOY eyyeypap- 
pévoy Kal Tepryeypappevoy modAvywvov, © Wore 
Gpovov elvar 70 TEpvyeypapp.evov TO eyyeypappevw 
modAvywvm Kal THY Tob mepuyeypapipevov mevpav 
eAdocova doyov exew Tov, Ov Exel 7 B apos A 
[kal 6 dumAdovos apa Adyos Tob SimAaciov Adyou 
> A ? / A “~ 4 “A \ , 
€oTly ehacowv. Kat Tod pev THS B mpos A di7rAd- 
ows eotw 0 THs B apos thy T, rhs 5€ mAeupas 
Tob TEpiyeypappevov ToAvywvou mpdos THY TAEUpAaV 
Tob éyyeypappevov dirAdoos 6 THs emibaveias Tob 
TEpLyeypapljLevov OTEpEoU Tos: THY emrupdveray Tov 
eyyeypappevou]": Hy) emupdvera dt apa Too Trepvyeypap- 
jLévou oXNaTos Trept THY opaipay mpos THY emt~ 
pavevav Tob éyyeypappéevov oX7PAaTOS eAdcoova 
Adyov Exe iPrEp 7) emupavera Tis opaipas mpos TOV 
A kukdov: Omep aTotov: 7 ev yap emdavera Tob 
TEpiyeypapyevov THs eéempaveias THs odaipas 
peilwv eotiv, 7 S€ emidavera Tod eyyeypappevov 

, “~ , ? / bl] f , 

oxyyjpatos Tod A KvKdov éAdoowy eori [dédetKrat 
yap } émpdvera Tod eyyeypaypevov eAdcowv Tob 
peyiotou KUKAov TaV ev TH ohaipa } TeTpaTrAacia, 
Tod dé epeyiorov KUKAov TeTpaTrAdaws eoTw 6 A 
KUKNos].2  ovK dpa 7 émddvera THS opaipas 
peilwv €ori rod A Kv«dov. 


1 Kai... eyyeypaypévov om. Heiberg. 
2 SéSeura . . . Kuxdos “repetitionem inutilem Prop. 25,” 


om. Heiberg. 
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face of the sphere bears to the circle [Prop. 2]. Let 
B, I’ be so taken, and let A be a mean proportional 
between B, I’, and let the sphere be imagined as cut 





through the centre along the [plane of the] circle 
EZHO, and let there be imagined a polygon inscribed 
in the circle and another circumscribed about it in 
such a manner that the circumscribed polygon is 
similar to the inscribed polygon and the side of the 
circumscribed polygon has [to the side of the inscribed 
polygon] * a ratio less than that which B has to A 
[Prop. 3]. Therefore the surface of the figure cir- 
cumscribed about the sphere has to the surface of 
the inscribed figure a ratio less than that which the 
surface of the sphere has to the circle A; which is 
absurd ; for the surface of the circumscribed figure 
is greater than the surface of the sphere [Prop. 28], 
while the surface of the inscribed figure is less than 
the circle A [Prop. 25]. Therefore the surface of the 
sphere is not greater than the circle A. 

* Archimedes would not have omitted: apos tiv Tot éyye- 
ypappéevou, ee 
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Aéyw On, ort ovdé eAdcowr. el yap Suvarov, 
eoTw: Kal opotws evpjcbwoav at B, IT evbetar, 
wore THY B apos r eAdcoova Aoyov € exe Tod, ov 
exe oA KUKhos Tmpos THV emupdveray THS opaipas, 
Kat tov B, TP péon avdhoyor 7 7 A, Kal eyyeypapten 
Kal repryeypagben mad, wore THY Too mepuye- 
ypappévov eAdaaova Aoyov exew Tod ris B apos 

[kat ta SemAaoia dpa’: y éempdavera apa Tod 
Trepuyeypappevov mpos THY emupdverav Tob ey- 
YEypapLevov eAdacova Adyov Eyer TT €p [7 B mpos 
lr. 7 dé B Tos [ éXdocova Adyov € EXEL nrep|’ 6 
A KUKAos mpos THY emupaverav THs apaipas: omep 
GToTrov' 1 ev yap TOU TrEepiyeypappevov emupaveta 
petlCwv eott rob A KuKkdov, 7 5€ TOD eyyeypapypevov | 
eAdcowv Tihs éemdavetas THs adaipas. 

Odx dpa obdé eAdcowv 7 éemiddvera THs ofaipas 
tod A xuKdov. édeix0n dé, ore odde peilwre 7 
dpa emddvera ths ohaipas ton eort TH A KvKAw, 
TouTéoTt TH TetTpatAaciw Tob peyiotov KvKXov. 


1 «al... dpa om. Heiberg. 
243B... yep om. Heiberg. 





@ Archimedes would not have omitted these words. 
’ On p. 100n. a it was proved that the area of the inscribed 
figure is 


ne en ee {ons z. | 
47a sin =| sin a, t8iM ont. + + +sin (2n - 1) on |" 


or 4a? cos +. 
4n 
On p. 108 n. @ it was proved that the area of the circum- 
scribed figure is 
Ske, re Ee ee 4 eee : . Z| 
4ra* sec tn!” Gn [ sin a, t Sin a_it . »+sin (2n I), ’ 
or 47a? see —,. 
4n 
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I say now that neither is it less. For, if possible 
let it be ; and let the straight lines B, I’ be similarly 
found, so that B has to I’ a less ratio than that which 
the circle A has to the surface of the sphere, and 
let A be a mean proportional between B, I, and let 
[polygons] be again inscribed and circumscribed, so 
that the [side] of the circumscribed polygon has 
{to the side of the inscribed polygon] ®¢ a less ratio 
than that of B to A; then the surface of the circum- 
scribed polygon has to the surface of the inscribed 
polygon a ratio less than that which the circle A has 
to the surface of the sphere ; which is absurd ; for 
the surface of the circumscribed polygon is greater 
than the circle A, while that of the inscribed polygon 
is less than the surface of the sphere. 

Therefore the surface of the sphere is not less than 
the circle A. And it was proved not to be greater ; 
therefore the surface of the sphere is equal to the 
circle A, that is to four times the greatest circle.? 


When 2 is indefinitely increased, the inscribed and circum- 
scribed figures become identical with one another and with 
the circle, and, since cos i and sec i both become unity, the 
above expressions both give the area of the circle as 47a’. 

But the first expressions are, when 7 is indefinitely in- 
creased, precisely what is meant by the integral 


4na* . il sin d d¢, 


which is familiar to every student of the calculus as the 
formula for the area of a sphere and has the value 47a’. 
Thus Archimedes’ procedure is equivalent to a genuine 
integration, but when it comes to the last stage, instead 
of saying, ‘‘ Let the sides of the polygon be indefinitely 


VOL. U E Ti] 
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ro’ 
Ilaca ofatpa retpatrAacia éort Kwvov tot Baow 
\ ” » ~ ~ ~ 
bev €xovTos tonv TO peylotw Kikdw Tov ev TH 
4 4 ~ o~ J 
opaipa, visos Se TH €x Tob Kévrpouv THs odaipas. 
a” \ A ~ 
Eorw yap ofaipa tis kal ev atrq péyvoros 
7 e 
KvKhos 6 ABTA. ef obv pH eorw % odaipa te- 


I 





TpatAacia Tov cipnuévov Kwvov, EoTw, et duvardr, 
4 = ~ 
peilwv 7 TeTpatrAacia: coTw d€ 6 & Kavos Baow 
pev éxwv tetpatrAaciay to6 ABTA kuxdAov, vibos 
ww ~ ~ ~ 

dé lcov TH ek TOD KevTpov THs odaipas: peilwr 
otv €orw 7 odaipa tod EH Kwvov. éorat 87 dvo 
peyebn avica 7 Te opaipa Kat 6 K@vos: dSuvarov 

On 7 b] , a > # ¢ ad A 
ovv duo ed0eias AaBeiv avicovs, wore Exe THV 





increased,’”? he prefers to prove that the area of the sphere 
cannot be either greater or less than 47a*. By this double 
reductio ad absurdum he avoids the logical difficulties of 
dealing with indefinitely small quantities, difficulties that 
were not fully overcome until recent times. 

The procedure by which in this same book Archimedes 
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Prop. 34 


Any sphere is four times as great as the cone having 
a base equal to the greatest of the circles tn the sphere 
and height equal to the radius of the sphere. 

For let there be a sphere in which ABIA is the 
greatest circle. If the sphere is not four times the 


=m 
oa 
ame 


aforesaid cone, let it be, if possible, greater than four 
times ; let E be a cone having a base four times the 
circle ABI'A and height equal to the radius of 
the sphere; then the sphere is greater than the 
cone 8. Accordingly there will be two unequal 
magnitudes, the sphere and the cone ; it is therefore 
possible to take two unequal straight lines so that 


finds the surface of the segment of a sphere is equivalent to 
the integration 


mwa?| 2 sin 0 d@=27a? (1 —-cos a). 


Concurrently Archimedes finds the volumes of a sphere 
and segment of a sphere. He uses the same inscribed and 
circumscribed figures, and the procedure is equivalent to 
multiplying the above formulae by 4a throughout. Other 
‘integrations ”’ effected by Archimedes are the volume of a 
segment of a paraboloid of revolution, the volume of a seg- 
ment of a hyperboloid of revolution, the volume of a segment 
of a spheroid, the area of a spiral and the area of a segment of 
a parabola. He also finds the area of an ellipse, but not by 
a method equivalent to integration. ‘The subject is fully 
treated by Heath, The Works of Archimedes, pp. cxlii-cliv, 
to whom [ am much indebted in writing this note. 
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peilova Tpos THV eAdooova eAdcoova doyov Tob, év 
EXEL 7) opatpa mpos Tov = K@vov. eoTwaay ovv at 
K, H, ae be I, © etAnppevat, wore T@ tow d.AAg}= 
Awy UmrEpeXew amv K ris I Kai THY i THis © Kai 
Tv © TAs H, voetobn 6€ Kal €ls TOV ABTA 
KUKAOV ey yeypappevov Trohbywvov, od TO ARGOS. 
TOV mAevp@v petpeioben b70 TeTpabos, Kat dAdo 
Tre puy ey pap pevov Opovov TO ey YEYPOppLevep, Kal 
dmep emt TOV mporepor, % S€ Tod Tepuyeypappevov 
ToAvyovouv mAcupa Tpos THY Too eyyeypappevou 
eAdooova Adyov éxérw Tov, dv exer 7 K apos I, 
Kat €otwoav at Al’, BA Suduerpoe ampos oplas 
GAAnAais. et ody pevovons Tis AY Saj.eTpov 
mrepevex Dein TO emimedov, € év @ TO mrohbywva, € éorae 
oxnpata* TO pev eV YEYPApevOV ev TH opaipa, TO 
d€ TrEpLyeypafiLevor, Kal eeu TO TEpLyeypapLLevov 
T™pOs TO eV YEY Pap pevov TpuTAaciova Aoyov TEP n 
mAevpa. Tod TEpLYy EY PapLEVvOV a pos THY Too éy- 
yeypappevov ets Tov ABTA kuKdov. 7 dé mAcupa 
mpos THY mevpav éAdcoova Adyov EXEL NTEP y) K 
mpos THv I: ware TO oXRLA TO meOUUSYDRE Els 
eAdcoova pica exer 7) TpitAaciova tot K zpos 


1 oyijpara Heiberg, 76 oxjpa codd. 








¢ Eutocius supplies a proof on these lines. Let the lengths 
of K, I, 0, H be a, b,c, d. Then a-b=b-c=c-d, and it 
is required to prove that a: d><a?; 6°. 


Take z such that azsb=b:a. 
Then a-b:a=b-2:}8, 
and since a>6, a-b>b-2x. 
But, by hypothesis, a-b=b-ec. 
Therefore b-c>b-2a, 
and so “>. 
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the greater will have to the less a less ratio than 
that which the sphere has to the cone 2. Therefore 
let the straight lines K, H, and the straight lines I, 0, 
be so taken that K exceeds I, and I exceeds 90 and 9 
exceeds H by an equal quantity; let there be 
imagined inscribed in the circle ABI'A a polygon 
the number of whose sides is divisible by four ; 
let another be circumscribed similar to that in- 
scribed so that, as before, the side of the circum- 
scribed polygon has to the side of the inscribed 
polygon a ratio less than that K:1; and let AT’, 
BA be diameters at right angles. Then if, while the 
diameter AT remains stationary, the surface in which 
the polygons lie be revolved, there will result two 
[solid] figures, one inscribed in the sphere and the 
other circumscribed, and the circumscribed figure 
will have to the inscribed the triplicate ratio of that 
which the side of the circumscribed figure has to 
the side of the figure inscribed in the circle ABLA 
[Prop. 32]. But the ratio of the one side to the other 
is less than K :I [ex hypothesi]; and so the circum- 
scribed figure has [to the inscribed] a ratio less than 
K3: 13, But? K :H> K%;: 1%; by much more there- 


Again, take y such that b:z=a:y. 


Then, as before b-x2>2-y. 
Therefore, a fortiori, b-c>u-y. 
But, by hypothesis, b-c=c-d. 
Therefore c-~d>x-y. 
But Lv>C, 
and so y>d. 


But, by hypothesis, a:b=b:x2=a:y, 
a:y=a@:6) ~— [Kucl. v. Def. 10, also vol. i. 
p. 258 n. 6. 
Therefore a: d>a?’: 68. 
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éxet be Kal 7 K T™pos H es Adyov 7 7 TputAdavov 
Tob, ov exer y K mpos I [robo yap pavepov Sud 
Anuparon TONG apa TO Tepuypae ev Lmpos, TO 
eyypapev eddooova Aoyov exe. Tob, Ov exes 1) K 
mpos H. n oe K mpos Hi é\dooova Adyov EXEL 
WTEp n odatpa mpos Tov & K@ivov" Kab evahnag- 
O7TEp advvatov: TO yap oXRLA TO Teptyeypapwevov 
petlov €ott Tis opaipas, To Oe eV YEY POL [LEvOV 
éXacoov Tod BH Kuvov [Sore 6 pe & K@Vvos TE- 
TpamAdawds €OTL TOU KwWVOU TOD Baouw pev EXovTOS 
tony 7@ ABA KKhy, vihos d€ ltgov 7H €k TOO 
KEVT POU TAs opaipas, TO b€ eV VEY POpLLevov oxjjpa 
éAaccov Tou elpyevou Kavov 7 TeTpam dovov].* 
ovK dpa peilwv 7 TeTpamAacia % opaipa tod 
eipryievov. 

"Eorw, et Suvarov, éAdcowv q _TetpamAacia: 
wote éAdaowy eoTiv 7 odaipa too EH Kwvov. el- 
AjdOwoav 57 ai K, H edOciar, wore tHV K peilova 
elvat THs H Kat éAdocova Adyov eyxew mpos avTHy 
Tod, dv €xyet 0 & Kavos TPds THY adaipay, Kai at 
©, I éxxeicoPwoav, Kabws TporeEpoy, Kal €ts Tov 
ABTA KUKAOV voeiobw moAbywvov € EY VEY PAppevov 
Kat adXo TEpLyeypappevor, WOTE THV meupav Too 
TIEPLYEY PAP LEVOU pos THY meupav Tob ey Vey pap 
pevou éXdacova Adyov é exelv WTEp u] mpos I, Kat 
Ta adda KATETKEVAOILEVG Tov avTov Tpomrov Tots 
7 pOTE pov" efer a dpa Kal TO TEpLyey pappLevov OTEPEOV 
oxTpa pos TO eV VEY PapLevov TpurAactova Aoyov 
nTep  mAEvpa Too _TEpLYEypapLLevon TEpt tov 
ABTA Kutov mpos THY TOO éyyeypapj.evov. ui) de 
mAeupa mpos THv mAevpav eAdcoova Adyov éxet 
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fore the circumscribed figure has to the inscribed a 
ratio less than K: H. But K: H is a ratio less than 
that which the sphere has to the cone 3 [ex hypothes] ; 
[therefore the circumscribed figure has to the in- 
scribed a ratio less than that which the sphere has 
to the cone &]; and permutando, [the circumscribed 
figure has to the sphere a ratio less than that which 
the inscribed figure has to the cone]?; which is 
impossible ; for the circumscribed figure is greater 
than the sphere [Prop. 28], but the inscribed figure 
is less than the cone & [Prop. 27]. Therefore the 
sphere is not greater than four times the aforesaid 
cone. 

Let it be, if possible, less than four times, so that 
the sphere is less than the cone £. Let the straight 
lines K, H be so taken that K is greater than H 
and K : H is a ratio less than that which the cone 2 
has to the sphere [Prop. 2]; let the straight lines 
©, I be placed as before ; let there be imagined in 
the circle ABTA one polygon inscribed and another 
circumscribed, so that the side of the circumscribed 
figure has to the side of the inscribed a ratio less 
than K:I3 and let the other details in the con- 
struction be done as before. Then the circumscribed 
solid figure will have to the inscribed the triplicate 
ratio of that which the side of the figure circum- 
scribed about the circle ABI'A has to the side of the 
inscribed figure [Prop. 32]. But the ratio of the sides 


* A marginal note in one ms. gives these words, which 
Archimedes would not have omitted. 


1 roiro . . . Anupdrwy om. Heiberg, 
2 Siors . . . terpamAdowv om. Heiberg. 
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WTEp 7K mpos I Sel ovv 70 oXRLA TO TEptyeypajL- 
yévov m7pos TO EY EY POpLevov éAdogova Adyov 7 
TpiTtAdavov Tob, ov exee 7 K mpos thy I. 4 5é K 
mpos THY H peilova Adyov exer % TptmAdovov Tod, 
ov Exel 7 K Tpos thy I- Bore eAdoaova Aoyov € EXEL 


TO oxy. TO TEpLyeY PAppLevov mpos TO ev YEYPApL- 
pevov 7) 4 K apos trav H. 7 de K m™pos THY 
eAdaoova Adyov Exe 7} 0 EH KHvos Tpos THY odaipay: 
OTEp GOUVaTOV: TO [EV yap ey YEYpappevov éAacoov 
€oTt THS Gpaipas, TO Se TrEpryeypapyevov petlov 
Too & Kwvov. ovK apa ovde eAdcowv éotiv q 
TetpatAacia 7 ofaipa tod Kwvouv tot Bacw peév 
éyovros tony TH ABLA kikdw, tysos 5€ rHY tony 
Th €K TOU KévTpov THs odpaipas. EedetyOn dé, Gre 
ovoe preiCwy: teTpamrAacia apa. 


[II dpropa]* . 


Hpodederypevwy S€ rovtrwy davepov, ore mds 
KUAWOpos | Baow pev éxwv Tov peyLarov KUKAoV 
rov ev Th abaipa, vibos dé toov TH Seaper pep THS 
opaipas, Typrodvos EOTt Ths o aipas Kal 1 zt 
dveca avrob peta trav Pacewv utoria Tijs 
emupavetas Tijs opaipas. 

‘O pev yap KUAwopos 6 TPOELpn{LEVOS efamAdouds 
€oTt Tob K@VOV Tob Baow fev €xovTos THY adriy, 
trbos S€ tcov TH eK Tob Kévrpov, 7 Oe opaipa 
SéderKrar Tob avrob KWVOU TeTpaTAacia ovoa" 
O7jAov ovv, OTL Oo KUAwopos TpLoAvos €OTL THS 
opaipas. mar, émrel n emepavera Tod kuAivopou 
ywpis Tav Bacewv ion déderxrar KiKAW, OD 4 EK 


1 aépipa. The title is not found in some mss. 
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is less than K:I [ex hypothest]; therefore the cir- 
cumscribed figure has to the inscribed a ratio less 
than K?:I3, But K: H>K:1I3; and so the cir- 
cumscribed figure has to the inscribed a ratio less 
thanK:H. But K: His a ratio less than that which 
the cone & has to the sphere [ex Aypothesi] ; [there- 
fore the circumscribed figure has to the inscribed a 
ratio less than that which the cone & has to the 
sphere|]*; which is impossible ; for the inscribed 
figure is less than the sphere [Prop. 28], but the 
circumscribed figure is greater than the cone 3 
[Prop. 31, coroll.}. Therefore the sphere is not less 
than four times the cone having its base equal to 
the circle ABTA, and height equal to the radius of 
the sphere. But it was proved that it cannot be 
greater; therefore it is four times as great. 


[coroLLaRy | 


From what has been proved above it is clear that 
any cylinder having for its base the greatest of the circles 
in the sphere, and having its height equal to the diameter 
of the sphere, 1s one-and-a-half times the sphere, and tts 
surface including the bases is one-and-a-half times the 
surface of the sphere. 

For the aforesaid cylinder is six times the cone 
having the same basis and height equal to the radius 
[from Eucl. xii. 10], while the sphere was proved to 
be four times the same cone [Prop. 34]. It is obvious 
therefore that the cylinder is one-and-a-half times 
the sphere. Again, since the surface of the cylinder 
excluding the bases has been proved equal to a circle 


* These words, which Archimedes would not have omitted, 
are given in a marginal note to one ms, 
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Tou Keévtpou pean avadoydv core THS Tob KuAivSpou 
TAcupas Kal THs OvapeT pov Tijs Bacews, Tov de 
etpnyLevov Kvdiwdpou Tou Trepl THY opaipav 7 meupa 
ton EOTL TH dvapeTpw THs Bdcews [SHAov, ore 7 
péon avray avdaAovov ton yiverou TH SvapeTpep THs 
Bacews), 7 6 0€ KUKAos 6 THY é€k TOO KévTpOU exo 
lonv TH Siapéerpw tis Bacews TeTpaTrAdatds €oTt 
ts Bacews, Touréote Tod peyiotou KUKAOU TOV ev 
Th odaipa, e€orat apa Kal 7 emddvera Tob Ku- 
AivSpou ywpis TaYV Bdoewy TetparrAacto, Too pe 
yiotov KUKAov: oAn apa peta TOV Bacewv 7 
emupdvera Tod KvAWopov efamAacia €oTat Tou 
jeytorou KUKAov. éoTw b€ Kal 7 THs opaipas 
emipdvea TeTpamrAacia Tob pLeyiorou KUKhov. ody 
dpa 1 emupaverca tod KvdAivdpou nuwodia €or Tijs 
emigaveias THs opaipas. 


(c) SotuTion or a Cusic Equation 


Archim. De Sphaera et Cyl. ii., Prop. 4, Archim. ed. 
Heiberg i. 186. 15-192. 6 


Try do0cioav odaipay repeiv, wore TA TunpaTA 
Ths opaipas mpos aAAnda Adyov Exew Tov adrov 
7@ dSobévtt. 

1 SjAov . . « Bacews om. Heiberg. 


* As the geometrical form of proof is rather diffuse, and 
may conceal from the casual reader the underlying nature of 
the operation, it may be as well to state at the outset the 
various stages of the proof. The problem is to cut a given 
sphere by a plane so that the segments shall have a given 
ratio, and the stages are: 

(a) Analysis of this main problem in which it is reduced 
to a particular case of the general problem, “so to cut a 
given straight line AZ at X that XZ bears to the given 
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whose radius is a mean proportional between the side 
of the cylinder and the diameter of the base [Prop. 
13], and the side of the aforementioned cylinder 
circumscribing the sphere is equal to the diameter of 
the base, while the circle having its radius equal to 
the diameter of the base is four times the base [Eucl. 
xii. 2], that is to say, four times the greatest of the 
circles in the sphere, therefore the surface of the 
cylinder excluding the bases is four times the greatest 
circle ; therefore the whole surface of the cylinder, 
including the bases, is six times the greatest circle. 
But the surface of the sphere is four times the greatest 
circle. Therefore the whole surface of the cylinder 
is one-and-a-half times the surface of the sphere. 


(c) SoLuTion or a CusBic Equation 


Archimedes, On the Sphere and Cylinder ii., 
Prop. 4, Archim. ed. Heiberg i. 186. 15-192. 6 


To cut a given sphere, so that the segments of the sphere 
shall have, one towards the other, a given ratio.* 


straight line the same ratio as a given area bears to the 
square on AX ”’; in algebraical notation, to solve the equation 
se 2 
=o or x*(a - x) =bc?. 

(b) Analysis of this general problem, in which it is shown 
that the required point can be found as the intersection of a 
parabola [ax*=c*’y} and a hyperbola [(a-a)y=abd]. It is 
stated, for the time being without proof, that z?(a-—2) is 
greatest when %=%a; in other words, that for a real solution 
bc4 > 4 a’. 

(c) Synthesis of this general problem, according as be? is 
greater than, equal to, or less than ;4a*. If it be greater, 
there is no real solution ; if equal, there is one real solution ; 
if less, there are two real solutions. 

(d) Proof that z*(a- 2) is greatest when «= 3a, deferred 
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"Eotw 7 Sofeioa opaipa 7 7 ABDA: Sef 07) avrnv 
Tepelv emiTréow, dare TO. TpETpaTo Ths opaipas 
mpos dAAnAa Adyov yew Tov Sob€vra. 

TerpyncOw 81a tHe AL émimédw: Adyos dpa rot 
AAT’ tyjpatos THs ofaipas mpds TO ABT tyHpa 
Tijs opaipas Sobeis. retpno0w be  odaipa Oud 
Too KEVTpOD, Kal éoTw 1 TOU peyLoros KUKAOS 3 
ABTA, kévtpov 6€ 7d K Kai dudpetpos 4 AB, Kat 
menovhaben, Ws pev Guvauporepos 1 KAX apes 
AX, ovtws 7 PX apos XB, ws d€ cvvapddrepos 
7 KBX zpos BX, otrws 4 AX mpos XA, kai 
exelevyOwoav at AA, AT, AP, PI: toos dpa 
éorw 6 pev AAT xn&vos 7H AAT tyhpate rs 
ogaipas, 5 6€ APF 7H ABI Adyos dpa Kat rob 
AAT xdvouv mpds tov APT kdvov dofeis. as 
d€ 6 K@VOS pds TOV K@voV, oUTws 7 AX mpos 
XP [évetzep tHv adryv Baow €xovow Tov Tept 
dudetpov THY AT xvKXov}': Adyos dpa Kat Tis 
AX mpos XP SoBels. Kat dia radra rots mpo- 


1 éneimep . . . KUKAov om. Heiberg. 


in (6). This is done in two parts, by showing that (1) if z has 
any value less than 2a, (2) if # has any value greater than 3a, 
then 2*(a- 2) has a smaller value than when x= 32a. 

(e) Proof that, if bc?< 40%, there are always two real 
solutions. 

(f) Proof that, in the particular case of the general problem 
to which Archimedes has reduced his origina borapient there 
is always a real solution. 

(7) Synthesis of the original problem. 

Of these stages, (a) and (g) alone are found in our texts of 
Archimedes ; but Eutocius found stages (6)-(d) in an old 
book, which he took to be the work of Archimedes; and 
he added stages (e) and (f) himself. When it is considered 
that all these stages are traversed by rigorous geometrical 
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Let ABTA be the given sphere; it is required so 
to cut it by a plane that the segments of the sphere 
shall have, one towards the other, the given ratio. 

Let it be cut by the plane AI; then the ratio of 
the segment AAT’ of the sphere to the segment ABI’ 
of the sphere is given. Now let the sphere be cut 
through the centre [by a plane perpendicular to the 
plane through AT], and let the section be the great 
circle ABI'A of centre K and diameter AB, and let 
(A, P be taken on BA produced in either direction 
so that] 

KA +AX : AX=PX : XB, 


KB +BX ; BX=AX ;: XA, 


and let AA, AI, AP, PF be joined ; then the cone 
AAT is equal to the segment AAT of the sphere, and 





the cone API to the segment ABI [Prop. 2]; there- 
fore the ratio of the cone AAI to the cone API 
is given. But cone AAI’: cone API’=AX : XP.4 
Therefore the ratio AX: XP is given. And in the 


methods, the solution must be admitted a veritable tour de 
force. It is strictly analogous to the modern method of 
solving a cubic equation, but the concept of a cubic equation 
did not, of course, come within the purview of the ancient 
mathematicians. 

a Since they have the same base. 
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tepov dia THs KatacKevys, ws 7 AA mpos KA, 7 
KB zpos BP kai 7 AX wpos XB. kat eved eorw, 
ws % PB zpos BK, 7 KA zpos AA, ovvbévre, ws 
» PK zpos KB, rouréort mpds KA, ottws 7 KA 
apos AA: Kai 6An dpa 7 PA mpos oAnv rv KA 
€oTw, ws 7 KA apos AA. toov dpa to bm0 raév 
PAA 7G avo AK. as apa 7 PA zpos AA, 76 
amd KA mpos to amo AA. kai émet dotw, ws 
7 AA apos AK, otrws 7 AX apos XB, Eorat 
avamahu kat ouvlévtTr, ws 7 KA mpos AA, otrws 
7 E BA apos AX [kat ws apa to amo KA ampos ro 
amo AA, ovtws tro amo BA apos to amo AX. 
mar, émret €oTW, WS 7 AX apos AX, ouvayi- 
porepos 7 KB, BX T™pOs BX, dueAovtt, ws n AA 
apos AX, ovrws 7 KB zpos BX]. Kat KeicOw 
7H KB ton 7 BZ- 67t yap extos tot P meceitrat, 
SjAov [Kal é€orat, ws 7 AA mpos AX, ovrtws 7 
ZB apos BX: wore kat, ws 7 AA zpos AX, 7 
BZ mpos ZX]? émet 5€ Adyos €ati tHS AA mpos 
AX S06eis, kat r7s PA dpa mpos AX Adyos Eeari 


BOL <5 mpos BX. The words xai... dao AX are shown 
by Eutocius’s comment to be an interpolation. The words 
mdédwv ... mpos BX and cal... apos ZX must also beinter- . 


pee as, in order to prove that AA: AX is given, Eutocius 

rst proves that BZ: ZX=AA: AX, which he would hardly 

have done if Archimedes had himself provided the proof. 
xai... mpos ZX3 v. preceding note. 





* This is proved by Eutocius thus: 


Since KA + AX: AX=PX: XB, 
dirimendo, KA ;: AX=PB: BX, 
and permutando, KA: BP=AX: XB, 
4.6.5 KB : BP=AX: XB. 
Again, since KB+BX: XB=AX3 XA, 
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same way as in a previous proposition [Prop. 2], by 
construction, 
AA :KA=KB: BP=AX : XB.2 


And since PB: BK=KA: AA, [Eucl. v. 7, coroll. 


componendo, PK:KB=KA: AA, [Eucl. v. 18 
4.€., PK :KA=KA: AA. 

os PAs KA=KA 2 AA, [Eucl. v. 12 
ae PA, AA= AK?, [Eucl. vi. 17 
oe PA 2 AA=KA?? AAA, 


And since AA : AK =AX : XB, 


invertendo et A. AN BA: AX. {Eucl. v. 7 
componendo, coroll. and v. 18 


Let BZ be placed equal to KB. It is plain that [2] 
will fall beyond P.® Since the ratio AA: AX is 
given, therefore the ratio PA: AX is given. Then, 


dirimendo et permutando AX: XB=AA: AK. 
Now AX : XB=KB: BP. 
Therefore AA: AK=AX : XB=KB: BP. 


> Since XA: XB=KB: BP, and AX>XB, .°. KB>BP. 
«*. BZ> BP. 

¢ As Eutocius’s note shows, what Archimedes wrote was: 
‘* Since the ratio AA: AX is given, and the ratio PA: AX, 
therefore the ratio PA: AA is also given.” Eutocius’s 


proof is : 

Since KB+BX: BX=AX: XA, 
ona ZX: XB=AX: XA3 
oe XZ: ZB=XA: AA; 
oe BZ: ZX=AA: AX. 


But the ratio BZ: ZX is given because ZB is equal to the 
radius of the given sphere and BX is given. Therefore 

AA : AX is given. 
Again, since the ratio of the segments is given, the ratio of 
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dofeis. émet odv 6 THs PA mpds AX XAdyos ovv- 
fmra. ek Te TOU, ov exer 7 PA mpos AA, Kai 7 
AA apos AX, adr’ ds pév 7 PA apos AA, 70 
azo AB mpos TO amo AX, ws dé 7 AA ™pos LOS 
ovtws 7 BZ Tpos EXO apa Tis PA Tpos AX 
Adyos ouviyrra EK Te rob, ov exe. TO aro BA 
mpos 70 amo AX, kai 7» BZ apos ZX. rremroujo8w 
dé, ws 7 PA mpds AX, 7 BZ mpos ZO: Adyos Sé 
THs PA mpos AX dofeis: Adyos dpa Kat tHs ZB 
mpos ZO So00cis. So0cica 5é€ 7 BZ—ion ydp éort 
Th €K Tod Kévtpov’ Sofeica dpa Kai 7 ZO. Kai 
0 THs BZ dpa Adyos mpos ZO ovvijrra: Ex TE TOD, 
ov é€xec TO ato BA mpds ro amo AX, Kat 7 BZ 
apos ZX. add’ 6 BZ mpds ZO Adyos ovvarras 
Ex Te TOD THS BZ mpos LX Kal TOU THs LX TOs 
LZ) [Kowos apnpyoba 6 Tis BZ ™pos ZX} 
Aowmrov apa eorly, ws TO dimro BA, rovréort Sober, 
mpos TO amo AX, ovtws 7) XZ mpos ZO, tovréore 
mpos Sofév. Kai é€otw Sobeioa 7 ZA evdlecia: 
evfetav apa dobecioay tiv AZ repety Set Kata Td 
X Kal toeiv, ws THY XZ mpos do8ctoar [rHv ZO],* 
ovtws Td Sobév [7d azo BA} apdos to amo AX, 
rotTo ovTws admAds pév Aeydpevov exer Stoptopoy, 

1 xowds ... mpos ZX. Eutocius’s comment shows that 
these words are interpolated. 


2 sav ZO, 76 axe BA. Eutocius’s comments show these 
words to be glosses. 





the cones AAT, API is also given, and therefore the ratio 
AX:XP. Therefore the ratio PA: AX is given. Since 
the ratios PA: AX and AA: AX are given, it follows that 
the ratio PA; AA is given. 


132 


ARCHIMEDES 


since the ratio PA: AX is composed of the ratios 
Pike AA and AA 7 AX, 


and since PA : AA=AB? : AX?2, 
AA: AX=BZ: ZX, 


therefore the ratio PA : AX is composed of the ratios 
BA? : AX? and BZ: ZX. Let (0 be chosen so that] 


PA :AX=BZ: ZO. 


Now the ratio PA: AX is given; therefore the ratio 
ZB: ZO is given. Now BZ is given—for it is equal 
to the radius; therefore ZO is also given. There- 
fore ® the ratio BZ: ZO is composed of the ratios 
BA? : AX? and BZ:ZX. But the ratio BZ: ZO is 
composed of the ratios BZ : ZX and ZX : ZO. There- 
fore, the remainder © BA? : AX?= XZ ; ZO, in which 
BA? and ZO are given. And the straight line ZA is 
given ; therefore zt zs required so to cut the given straight 
line AZ at X that XZ bears to a given straight line the 
same ratio as a given area bears to the square on AX. 
When the problem is stated in this general form,? it 
is necessary to investigate the limits of possibility, 


* For PA; AA=AK?: AA® 

=: BA? ; AX.® 

> “ Therefore ”’ refers to the last equation. 

© 7.e. the remainder in the process given fully by Eutocius 
as follows: 

(BA? AX?) . (BZ: ZX)=BZ: OZ =(BZ: ZX) . (XZ: ZO). 
Removing the common element BZ: ZX from the extreme 
terms, we find that the remainder BA? : AX?=XZ: ZO. 

¢ In algebraic notation, if AX=z and AZ=a, while the 
given straight line is 6 and the given area is c*, then 

a-x_¢ 
b ” a 
or (a -— x)=bc%, 
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TpooTBewevoy dé TaY mpoBAnparwy TOV evdade 
UTrapxovTaV [rouréore Tov TE OumAaotay elvae THY 
AB tijs BL Kat rod peilova ths ZO rv ZB, ws 
Kara THY dvadvow]" odK exer Stoptopov’ Kal e€oTas 
TO mpoBAnpa TOLOUTOV: Ovo doferadv ev0edv Tév 
BA, BZ Kal dimrAacias ovans THs BA Ths BZ Kad 
onpetou ent THs BZ Tob so) TE[LELV THY AB KaTa 
70 X Kat Troveiy, ws TO a6 BA ™pos TO a0 AX, 
mv XZ mpos ZO- éxatepa Sé ratra én wéNet 
avadvOyoerai re Kal ovvTeOjoerat. 


Eutoc. Comm. tn Archim. De Sphaera et Cyl. ii., Archim. 
ed. Heiberg iii. 130. 17-150. 22 


"Ext réAeu pe TO mpopy bev emyyeiAaro deifat, 
év ovdevi Sé trav dvtiypadwr cdpeiv éveore 70 
emayyeAic.. 60ev Kal Avovvaddwpov prev evdpi- 
okopev py TOV abtav émutvyovta, aduvaTqoavra 
dé emBaneiv T@ Kkatadepbevre Ajppate, ep’ érépav 
d8év tod dAov mpoBAjparos eAbetv, qvrwa efijs 
yparopev: Avoxdijs [LevTou ea autos ev 7@ IIept 
Tupiwv aire ovyyeypappevep BuBAiw emnyyénbat 
vopilov TOV px4eH n, BN TETOUNKEVAL de TO 
eTayye Ha, avtos avamAnpoty émexeipnoer, Kat 
TO emixelpn ya E&fs ypdipopev: EoTW yap Kal avTo 
ovdeva prev eXOV m™pos Ta TrapaheAeypeva doyov, 
opoiws dé TH Atovycodaipyp bu’ érépas arodbeiEews 
Katackevdlov 76 mpoprnpa. ev rw pevrou mara@ 


1 rouréomt . . . advdAvow. Eutocius’s notes make it seem 
likely that these words are interpolated. 





* In the technical language of Greek mathematics, the 
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but under the conditions of the present case no such 
investigation is necessary. In the present case the 
problem will be of this nature: Given two straight 
lines BA, BZ, in which BA=2BZ, and a point O upon 
BZ, so to cut AB at X that 


BA? ; AX? = XZ : ZO ; 


and the analysis and synthesis of both problems will 
be given at the end.? 


Eutocius, Commentary on Archimedes’ Sphere and 
Cylinder ii., Archim. ed. Heiberg iii. 130. 17-150. 22 


He promised that he would give at the end a proof 
of what is stated, but the fulfilment of the promise 
cannot be found in any of his extant writings. 
Dionysodorus also failed to light on it, and, being 
unable to tackle the omitted lemma, he approached 
the whole problem in an altogether different way, 
which I shall describe in due course. Diocles, indeed, 
in his work On Burning Mirrors maintained that 
Archimedes made the promise but had not fulfilled 
it, and he undertook to supply the omission himself, 
which attempt I shall also describe in its turn; it 
bears, however, no relation to the missing discussion, 
but, like that of Dionysodorus, it solves the problem 
by a construction reached by a different proof. But 


general problem requires a diorismos, for which »v. vol. i. 
p. 151 n. h and p. 396 n. a. In algebraic notation, there 
must be limiting conditions if the equation 
x(a ~ x2) =be? 

is to have a real root lying between 0 and a. 

>’ Having made this promise, Archimedes proceeded to 
give the formal] synthesis of the problem which he had thus 
reduced. 
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BiBdiw—odde yap THs €is moAAd CnTjoews a améarn- 
pev—evTeTUXapEV Dewprpaot VEY Pappevous ovK 
ortyny oev TY €k THY TTatopdTwy Exovow 
dodpevay mEepi TE Tas Kataypapas moAvTpdomws 
7papTHLEvors, TOY pévTot CnToupeveny elyov THY 
bndoTacw, ev péper S€ THY “Apxynoes pidny 
Awpida yAdooay daméawlov kal Tots ouvn Gear T® 
dpxaie TOV TpayuaTwv ovo Lao eyéyparrro THS 
pev mapaBorjs oploywriov Kwvouv Tons dvopato- 
pens, Tis dé vmepBodjs duBAvywviov Ka@vou 
TOMAS, ws ef avTa@v diavoeioba, pn apa Kal adra 
ein Ta ev TH TéAEL exnyyehueva ypapecbar. obev 
omovdaidrepov evruyxdvovres avro fev TO pyTov, 
ws yéypanrat, dua Aq 00s, Ws elpnras, Tov WTO 
opdatwy dvoxepes evpovres Tas € evvoias KaTa pupov 
amoovAnoavres KowwoTépa Kal cadeotépa Kara TO 
duvatov AdEet ypdpoper. kaodrov d€ mpartov TO 
bewpnpa ypagncerat, t iva TO Aeyopevov ta avtob 
cadynvaly mrepi T&v Swoptopa@v: elra Kat Tots 
avadehupévois év TQ mpoPArjpat. mpocappooby- 
GETAL. 


2 Evdeias Sobeions THs AB xa érépas Tijs AL 
Kal xwpiou Tob A mpoxeiabw AaBetv emt Tis AB 
onpetov ws 0 EK, dove elvat, ws THY AE mpos 
AD, ovtw To A ywpiov T pos TO G70 EB. 

“ Deyovérw, Kal Kelobw 1 AT mpos opbas TH 
AB, kat emlevxOeioa. 7 7 TE "SufyOw e én To Z, kal 
Ay Bea dua rod VT rH AB mapadAnAos 7 PH, dua 
de rod B rH AT PANN 7 ZBH ovprinrovea 
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in a certain ancient book—for I pursued the inquiry 
thoroughly—I came upon some theorems which, 
though far from clear-owing to errors and to manifold 
faults in the diagrams, nevertheless gave the sub- 
stance of what I sought, and furthermore preserved 
in part the Doric dialect beloved by Archimedes, 
while they kept the names favoured by ancient 
custom, the parabola being called a section of a right- 
angled:cone and the hyperbola a section of an obtuse- 
angled cone; in short, I felt bound to consider 
whether these theorems might not be what he had 
promised to give at the end. For this reason I 
applied myself with closer attention, and, although it 
was difficult to get at the true text owing to the 
multitude of the mistakes already mentioned, gradu- 
ally I routed out the meaning and now set it out, so 
far as I can, in more familiar and clearer language. 
In the first place the theorem will be treated gener- 
ally, in order to make clear what he says about the 
limits of possibility ; then will follow the special form 
it takes under the conditions of his analysis of the 
’ problem. 


“ Given a straight line AB and another straight 
line AI and an area A, let it be required to find a 
point E on AB such that AE: AI'=A : EB?. 

‘‘ Suppose it found, and let AT be at right angles 
to AB, and let I'E be joined and produced to Z, and 
through TI let I'H be drawn parallel to AB, and 
through B let ZBH be drawn parallel to AI, meeting 
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éxatépa tav TE, (CH, Kat ovprenAnpdcbw 7d 
HO zaparAnAdypappov, cat, dua tod E dzorépa 
tav QO, HZ mapdAAnros 7x8w 7 KEA, kat r@ 
A isov éorw ro tro THM. 

“"Ezet odv €orw, ws 7 EA mpos AI, ovrws 70 
A apes 76 amo EB, ws 5¢ 4 EA apes AT, odrws 
7 TH zpos HZ, ds 5é 4 TH apds HZ, otrws 
to amd TH mpos ro tro THZ, ws dpa to amo 
YH apos ro bad THZ, otrws ro A pds 7d amo 
EB, rouréort mpos ro amd KZ: Kal évaddd€, ws 
to avo I'H zpos ro A, rovréott mpos to to 
PHM, otrws ro tro THZ apos to dao ZK. 
adn’ ws ro aad TH apds ro taro THM, otrws 
7 CH apds HM: kai ws dpa 7 TH apos HM, 
ourws To tro [HZ apes to ado ZK. GAN’ ws 
7 [CH apos HM, ris HZ Kxowod typous AapBavo- 
Levys ovtws to bro THZ ampos ro tro MHZ: 
ws apa To b7o THZ pds 7d txd MHZ, otrws 
To to THZ apos ro aad ZK: tcov dpa to va 
MHZ 7r@ avo ZK. é€av dpa wept dfova rv ZH 
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both TE and TH, and let the parallelogram HO be 
completed, and through E let KEA be drawn parallel 


® KK Z 


A B 


Tr A H 


M 


to either 'O or HZ, and let [M be taken so that] 


TH. HM=A. 
“ Then, since EA: AT =A:EB? [ex hyp. 
and EA: AL =1'H : HZ, 
and TH: HZ =I'H?:TH.HZ, 
oe TH? CH... H2ge#A: EB 
=A :KZ?; 
and, permutando, T'H?#:A [=DH HZ <ZKe,] 
t.€., TH? :TH.HM=CH . HZ: ZK. 
But PH?:TH.HM="H: HM; 


TH:HM 


=l'H. 


But, by taking a common altitude HZ, 
PH2nM=28.. HZ i...Z 

* FCH.HZ2 MH. Agee. AZ SZ; 

"0 MH . HZ=ZK?, 


HZ: ZK4, 
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~ A ~ / cd A 
ypabdy dia tod H mapaBoAyj, wore Tas Karayo- 
pévas Stvachar mapa tv HM, y&er da rod K, 

\ # 4 f \ A , 

Kat é€orar Acer Sedopevn dia Td Sedopevnv elvar 

A ~ , 4 \ ~ 
mv HM 7@ peyébe mepieyovoav peta tis HT 
SeSopevns Sofev to A: ro dpa K anrerar Oécer 
SeSopevns mapaPorjs. yeypadlw ovv, ws elpyrat, 
KQL EOTW WS 7, 

“ Tlddw, eed to OA ywplov taov €ort TH 
['B, rouréore 76 bd OKA 7H bro ABH, cov 
Sua rot B wept doupntwtovs ras OL, TH ypady 
brepBodyn, A&er dia ToH K Sia rHyv avriorpodyy 
zo0 1 Oewpypatos tot Sevrépov PiBAiov trav 
> / A , ‘ o» Hs) 
AnoAAwviov Kwvikadv orotxeiwv, Kal eorar Oéoer 
SeSopévyn Sia 70 Kal éxarépay tov OL, TH, ere 

\ \ \ ~ / 4 / e 
piv Kat To B rH Deca Seddc0a. yeypaddw, ws 
elpytar, Kat €orw ws 4 KB- 76 dpa K darerae 
Oécer SeSopevns vrepBodAjs. aArrero Sé Kat Oécer 
SeSouevns mapaBodjs: Séd0Tar dpa to K. Kat 
> eee) ? “~ / € 2 N / 4 
€otrw am abrod Kabetos 7 KE emi Oécer Sedopevny 
\ / id A ? \ Ss ? ¢ 
thv AB: déd0Ta. dpa ro EK. émet ovv eoTw, ws 
7 EA mpos riv dSofcicay thy AL, odrws do0ev ro 
A mpos 76 avo EB, dv0 orepedv, dv Bacets To 


d7o EB kat vo A, ton Sé ai EA, AT, avrererov- 





2 
* Let AB=a, AT =), and A=TH.HM=c, so that HM=~. 
Then if HT be taken as the axis of « and HZ as the axis of y, 
the equation of the parabola is 
c 
co al 
and the equation of the hyperbola is 
(a-2x)y=ab. 
Their points of intersection give solutions of the equation 
x*(a — x) =bc?," 
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If, therefore, a parabola be drawn through H about 
the axis ZH with the parameter HM, it will pass 
through K [Apoll. Con. i. 11, converse], and it will be 
given in position because HM is given in magnitude 
[Eucl. Data 57], comprehending with the given 
straight line HI’ the given area A; therefore K lies 
on a parabola given in position. Let it then be 
drawn, as described, and let it be HK. 


“ Again, since the area OA=TB [Euel. i. 43 
6.0%, OK .KA=AB. BH, 


if a hyperbola be drawn through B having OT, CH for 
asymptotes, it will pass through K by the converse 
to the eighth theorem of the second book of Apol- 
lonius’s Elements of Conics, and it will be given in 
position because both the straight lines Ol, 'H, and 
also the point B, are given in position. Let it be 
drawn, as described, and let it be KB; therefore 
K lies on a hyperbola given in position. But it lies 
also on a parabola given in position ; therefore K is 
given. And KE is the perpendicular drawn from it 
to the straight line AB given in position ; therefore 
EK is given. Now since the ratio of KA to the given 
straight line AI is equal to the ratio of the given area 
A to the square on EB, we have two solids, whose 
bases are the square on EB and A and whose alti- 
tudes are EA, AI’, and the bases are inversely pro- 


to which, as already noted, Archimedes had reduced his 
problem. (N.B.—The axis of x is for convenience taken in a 
direction contrary to that which is usual; with the usual 
conventions, we should get slightly different equations.) 
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Bacw ai Baces tots teow: Wwote ica éeort Ta 

4 A 4 3 A + an A ” > A ~ 
atepea' TO dpa avo EB em rHv KA toov eoti T@ 
Sobévre T@ A emi Sobcioav trav TA. aGAAad 70 azo 
BE ézt ry EA péyorov Cort mdvrwv T&Y dpows 
AapPavoperwy emi tis BA, orav 7 SimAacia 7 BE 
tis EA, ws SerxyOjcerau Se? dpa ro dobev emt rH 
dobeicay pi) peilov elvar Tod avo ths BE emt rhv 


 DuvreOnoerar S€ ottws: gorw 7 pev So0etoa 
ev0cia 7 AB, aAdn Sé tts S08cioa 4 AI’, ro Se 
Sobév ywptov ro A, kal ddov €oTw Tepetv tTHv AB, 
wate elvat, ws TO Ev TAWA TPOS THY Sobetoay THY 
AI’, ovtws 76 S00év to A mpds 76 and Tob Aowr0b 
TUNUQTOS. 

“EAiddw tis AB tpirov pépos 7 AE: ro dpa 
A émi tiv AT rou petlov éote Tob amo THs BE 
> \ ‘ “A “vWF 
ext THv KA 7 toov 7 €Aacoov. 

“Ee pev odv peilov eoriw, od ovytebyjoerat, ws 
> ~ > A 4 5 +) 5 > 5 \ eM 3 Ld A E 
ev tH avadtoe Sdédecxrar- et de tcov €orTt, TO 
onuetov Tounoee TO TpOBANnLA. towv yap ovTwY 
Tav oTepeiv avrimerovOacow at Paces ots 
id ? 3 e ¢€ EA A Ale 4 A 
inseow, Kal EoTW, WS 7 apos AI’, ovtTws ro 
A pos 76 avo BE. 

“Ri 6€ €Aacodv eort 76 A emi tiv AT 70d azo 
BE émi tiv EA, ovvteOjcera ottws: Keiobw 7 


AT xpos cp0as 77 AB, kai dia 706 I rH AB zap- 





¢ In our algebraical notation, x(a — x) is a maximum when 
@=%a. We can easily prove this by the calculus. For, by 
differentiating and equating to zero, we see that x*(a@ — x) has 
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portional to the altitudes ; therefore the solids are 
equal [{Eucl. xi. 34]; therefore 


EKB?,EA=A.TA, 


in which both A and TA are given. But, of all the 
figures similarly taken upon BA, BE?. BA is greatest 
es a BE=2EA,? as will be proved; it is therefore 
necessary that the product of the given area and the 
given straight line should not be greater than 


BE? EA? 


“ The synthesis is as follows: Let AB be the given 
straight line,° let AI‘ be any other given straight line, 
let A be the given area, and let it be required to cut 
AB so that the ratio of one segment to the given 
straight line AI‘ shall be equal to the ratio of the 
given area A to the square on the remaining segment. 

“Let AE be taken, the third part of AB; then 
A. AT is greater than, equal to or less than BE?. EA. 

“If it is greater, no synthesis is possible, as was 
shown in the analysis; if it is equal, the point E 
satisfies the conditions of the problem. For in equal 
solids the bases are inversely proportional to the 
altitudes, and EA ;: AJ‘=A: BE?. 

“If A. AT is less than BE?. EA, the synthesis is 
thus accomplished: let AI‘ be placed at right angles 
to AB, and through I" let I'Z be drawn parallel to 


a stationary value when 2ax — 3x?=0, i.¢., when 2 =0 (which 
ore a minimum value) or «= %a (which gives a maximum). 
o such easy course was open to Archimedes. 
® Sc. ‘* not greater than BE?, EA when BE=2EA.” 
¢ Figure on p. 146. 
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dAAnAos nyPw 47 VZ, da b€ rod B rH AT 
TapadAnros nyOw 7 BZ Kai ovpmmrérw rH TE 
exBAnbeion Kara to H, Kali ovpmremAnpwobw ro 
Z®© mapadAnrAcypappov, kat da rod BE rH ZH 
maparAAndAos nydw 7 KEA. eet otv to A emi 
mnv AY édacodv €ort tod amo BE émi ryv EA, 
€or, ws 7 EA apos AT, otrws ro A pos éAacadv 
Ti Tov amo THs BE, rouréort tod amo ths HK. 
éotw ovv, ws 7 KA ampos AI’, otrws to A mpos 
to amo HM, kai r@ A toov €orw ro tro TZN. 
eel ovv eotw, ws 7 EA zpos AI’, ovrws ro A, 
routéote To U0 T'ZN, zpos 76 avo HM, add’ ws 
7 EA apos AL, ovtws 7 TZ apos ZH, ods dé 7 
T'Z apos ZH, otrws ro ano TZ ampos to tao 
T'ZH, nai ws dpa to aro V'Z mpos ro tao ZH, 
ovrws 70 to I'YZN mpods 76 ao HM: kai evadddé, 
ws to amo V'Z mpds ro bro TZN, ovtws ro bro 
I'ZH apos 76 amo HM. ad’ ws 76 aad TZ 
apos To U0 ZN, 7 VZ apos ZN, ws dé y TZ 
mpos ZN, ris ZH Kowod tiovs AapBavopéevns 
ottws To v10 ZH mpos ro bro NZH: kat ws dpa 
to b70 T'ZH ampods 76 tro NZH, ovrws 76 bm 
I'ZH zpos 70 avo HM: ioov apa €ori ro amo HM 
t@ v1o HZN. 

“°Kav dpa da tot Z wept a€ova rav ZH yparw- 
prev mrapaBodyy, QOTE TAS Karayouevas dvvacbat 
Tapa THY ZN, 7€er Sua rob M. yeypapiw, Kat 
EOTW WS 7 | MBZ. kai émet toov éori 76 OA TO 


AZ, rouréort to UO OKA 7H tro ABZ, e€av Sic 
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AB, and through B let BZ be drawn parallel to AT’, 
and let it meet TE produced at H, and let the 
parallelogram ZO be completed, and through E let 
KEA be drawn parallel to ZH. Now 


since A.AT <BE?. EA, 

2" KA: AD =A:(the square of 
some quantity less 
than BE) 


=A:(the square of 
some quantity less 
than HK). 


Let EA: ATL =A:HM?, 

and let A =I'Z.ZN. 

Then EA: ATL =A:HM? 
=ITZ.ZN :HM?2, 

But EA: AT =TZ:ZH, 

ve TZ: ZH =[Z?:0Z. aun 


T['Z?:0Z.ZH=TZ.ZN: HN 
ae permutando, 1Z?:TZ.ZN=VZ. ZH HA. 


But T'Z2?2:0TZ.ZN=02Z: ZN, 

and TZ: ZN =TZ.ZH:NZ.ZH, 
by taking a common altitude ZH ; 

and.°. T[Z.ZH:NZ.ZH=Z.ZH:HM?; 

S. HM?=HZ. ZN. 


“ Therefore if we describe through Z a parabola 
about the axis ZH and with parameter ZN, it will 
pass through M. Let it be described, and let it be 
as MERZ. ‘Then since 

OA = AZ, [Eucl. i. 43 


te, OK .KA=AB. BZ, 
145 


GREEK MATHEMATICS 


tod B mepi dovupmtwrovs tas OL, TZ ypabwpev 
bmepBodAjv, n€ew Sia Tod K Sta ri avrivetpodyy 





TOU us Gewpiyatos Tay “ArroAAwviov Kaicdy 
ototyeiwy. yeypadly, Kat ecoTw ws 7 BK TEp 
vovoa, THY mapaBpoAny Kara. TO mH, Kal dro To & 
ETL THY AB kxddertos 70m 7 SOIL, Kat Sia TOU 
= 7H AB mapaddnios 71x9e0 7 PES. émrel ouv 
irrepBoXs} coTw 7 BEK, GOUPTTWTOL de at OF, 
TZ, kai wapddAdAnAor Hypévar eioty ai PHIL rats 
ABZ, icov eort To bo PHIL 7H dao ABZ: wore 
kat TO PO 7@ OZ. éav dpa amo tod I emi ro 
x emblevy0A edOeta, je dua Tod O. epxéobu, 
Kat €orw ws 7 VOX. énei odv eorw, ws 7 OA 
ampos AI’, otrws 7 OB apes BX, rouréorw 7 TZ 
mpos ZX, ws 6€ 7 TZ apos ZX, tis ZN Kowod 
tysous AapPavoperns ottws 76 bd V'ZN xpos 
TO v0 XZN, Kat ws apa 7 OA zpos AN, OUTWS 
70 v70 ‘ZN mT pos TO b70 LLN, Kae eo TO 
prev b70 DZN isov TO A Xuoptov, TO d€ UT0 ZZN 
igov TO aro Le, TOUTEOTL TO amo BO, dud. TH 
wapaBoAjv: ws dpa 7 OA apos AT, ot7vws ro A 
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if we describe through B a hyperbola in the asym- 
ptotes OI, PZ, it will pass through K by the converse 
of the eighth theorem [of the second book] of 
Apollonius’s Elements of Conics. Let it be described, 
and let it be as BK cutting the parabola in ©, and 
from © let ZOIL be drawn perpendicular to AB, and 
through & let PZ be drawn parallel to AB. Then 
since BZK is a hyperbola and OI’, I'Z are its asym- 
ptotes, while PX, HII are parallel to AB, BZ, 


Pa, BI =AB. BZ; [Apoll. ii. 12 
ee PO =0Z. 
Therefore if a straight line be drawn from I to & it 


will pass through O [Eucl. i. 43, converse]. Let it 
be drawn, and let it be as TO. Then since 


OA: Al'=OB: BS {Eucl. vi. 4 
=I'Z :Z2, 
and TZ: Zry=TZ.2ZN:2Z.2N, 


by taking a common altitude ZN, 

OAs AV =TZ. ZN: 2Z.. ZN. 
And VTZ.ZN=A, 2Z.ZN=25?=BO%, by the 
property of the parabola [Apoll. i. 11]. 


oe OA: AD =A: BO?; 
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‘4 4 ‘ > 4 ~ ” cd 4 
xwplov mpos TO amo THS BO. eciAnmTat apa ro O 
onpeiov Tovoty To mpdBAnpa. 


“"Ore d€ dumAacias ovons ths BE tijs EA ro 
amo Ths BE émi rHv EA peyeorov €OTL TAVTWY TOV 
opoiws AapBavopevay emt TAS BA, SerxDijoerau 
oUTWS. EOTW yap, ws €v TH dvaddoet, mah 
dofecioa evleta ampos oplas TH AB 4 AT, Kal emt- 
CeuxUeioa 7 TE exBeBAjobw Kal oupTimr eras TH 
Ova tod B mapadAjAw hypevn Th AY xara 70 Z, 
Kal dua TOY 1’, Z, mapaddnor Th AB mxX8woav at 
OZ, TH, xai éexPePAjoOw 7 TA emi ro O, Kat 
ravTy TapaAAndos dia tot E yy8w 4 KEA, Kat 
yeyoverw, ws 7) KA apdos AI’, ovrws to tro THM 
mpos To amo EB: ro dpa avo BE émt rhv EA toov 
éott T@ UO THM emi rv AT bta 76 Su0 orepedv 
avrimetrovOévat tas Bagets Tots vyseowv. Aéyw ovr, 
ore TO UTT0 a HM em TH AD péytordv ore 
mavTwv TOV opotes emt Tis BA AapBavopevay. 

" Deypadiw yap. dua toO H Trepl agova THY ZH 
TrapaBo 1, WOTE TAS KaTayopevas dvvacbat Tapa 
hv HM: ngeu 57 dua too K, ws ev TH avadvoer 
ddderKTat, kal oupmecetrat éxBaMopéry ™ or 
Tapahryrg ovo TH StapeTpy THs Tops dtd TO 
éBoopov Kal etkoorov Jewpnya Tob mposTou BiBAiov 
TOV ‘AtroAwviou Kavindv oroixelwy. éxBe- 
Ajo Kal oupmimreTay kata To N, Kat dta tod 
B wept LOUpTTUTOUS Tas NDH yeypagbe viep- 
Bodr): née apa dua Tob K, ws ev TH avadvoe 
elpyras. epxeodw ov WS 7 BK, Kat exBAnbeion 
7H ZH ton Keicdw 1 Hz, Kal ereledy bun yn aK 
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therefore the point O has been found satisfying the 
conditions of the problem. 


“That BE?. EA is the greatest of all the figures 
similarly taken upon. BA when BE=2EA will be thus 
proved. Let there again be, as in the analysis, a 
given straight line AI at right angles to AB,* and let 
IE be joined and let it, when produced, meet at Z 
the line through B drawn parallel to AI’, and through 
I’, Z let OZ, I'H be drawn parallel to AB, and let I'A 
be produced to 0, and through E let KEA be drawn 
parallel to it, and let 


EA: AD=IH. HM: EB?; 
then BE?. FA=('H . HM). AT, 


owing to the fact that in two [equal] solids the bases 
are inversely proportional to the altitudes. I assert, 
then, that (TH. HM). AI is the greatest of all the 
figures similarly taken upon BA. 

“ For let there be described through H a parabola 
about the axis ZH and with parameter HM ; it will 
pass through K, as was proved in the analysis, and, if 
produced, it will meet OI, being parallel to the axis? 
of the parabola, by the twenty-seventh theorem of 
the first book of Apollonius’s Elements of Conics.¢ 
Let it be produced, and let it meet at N, and through 
B let a hyperbola be drawn in the asymptotes NI’, 
I'H ; it will pass through K, as was shown in the 
analysis. Let it be described as BK, and let ZH be 
produced to & so that ZH = HZ, and let ZK be joined 


* Figure on p. 151. 
> Lit. “‘ diameter,” in accordance with Archimedes’ usage. 
¢ Apoll. i. 26 in our texts, 
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Kat éxBeBAjcOw emi ro O+ gavepov dpa, ott 
édamretar ths mwapaBoAjs Sa rHv avriotpodnyy 
Tob tTeTaptov Kal tpiaxooTot Oewprpatros Tob 
ampwrov BiBAtov tav *AmroAAwviou KwwKdyv orot- 
yelwy. emer odv durdAj eotw 4 BE ris EA— 


otTws yap vUmdKeitar—touvréeotw 4 ZK rhs KO, 





* Apoll. i. 33 in our texts. 
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and produced to O; it is clear that it will touch 
the parabola by the converse of the thirty-fourth 


— 


theorem of the first book of Apollonius’s Elements of 
Then since BE=2EA—for this hypothesis 


Conics.4 
has been made—therefore ZK = 2K0, and the triangle 
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Kat eoTw GjLotov TO OOK Tplywvov To &LK 
Tpryeaoven, dutAacia €ori Kal 7 HK Tijs KO. EOTW 
d€ Kal 7 EK 7hs KII Outhf dia TO Kal THY EZ 
Tis EH Kat TrapahhnAov elvau av ITH rH KZ: 
ion apa 7 OK 7H KI. a apa OKI pavovca THs 
drrepBolijs Kal petal ovca TOV GOVETTWTWY dixa 
TELVET AL" epanreTar apa THs varepBodfis dud THY 
dvTioT popiy Tov tpitov Jewprpuatos Tob SevTépov 
BiBrtov rav ‘AtroMaviov Kavndy oToLxetwy. 
efymteTo S€ Kal THS TrapaBoAjs Kata TO avto K: 
7 apa mapaPporn tis brepBorjs ébdmrerat Kata 
TO K. 

“ Nevonobw ov Kai UT] dzrepBoAy mpocexBaa- 
Aopevn ws emt 70 Pp; Kal etn gle emt THs AB 
TUXOV onpetov TO da, Kal dia Tod & 7H KA mapdaA- 
Anos 71x Geo n TZY Kat oup Barrer TH vaepPorAy 
KaTO. 70 T, Kat ud Tob TH CH mapaAdndos 
7ix8w 7 OTX. emrel obv bua. THY drrepBodny Kat 
Tas aoupmratous igov eoTl TO oY T@ PB, xowot 
ddatpebevros Tob Pet ioov yiverau TO ‘Ox 7@ XH, 
Kal dia TOUTO 4» amo Tob I’ emi 76 X émbevyvy- 
i evGeta mger Oud 700 a. epxeodu Kal coTw 

ny WX. Kal Emel TO ATO EX t igov €oTl T@ 


5710 HM Sua Tv mapaBoAiy, 7d dd TX a\acadv 


¢ In the same notation as before, the condition BE?. EA= 


(TH. HM). AL is 3a*=e?; and Archimedes has proved 


2 
that, when this condition holds, the parabola aay touches 


the hyperbola (a — a)y=ab at the point (5a, 3b) because they 


both touch at this point the same straight line, that is the — 
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OOK is similar to the triangle 2ZK, so that BK =2KO. 
But EK =2KII because 2Z=22H and IIH is parallel 
to KZ; therefore OK=KII. Therefore OKI], which 
meets the hyperbola and lies between the asymptotes, 
is bisected ; therefore, by the converse of the third 
theorem of the second book of Apollonius’s Elements 
of Contes, it is a tangent to the hyperbola. But it 
touches the parabola at the same point K. Therefore 

the parabola touches the hyperbola at K.¢ 
‘“ Let the hyperbola be therefore conceived as pro- 
duced to P, and upon AB let any point > be taken, 
and through > let TZY be drawn parallel to KA and 
let it meet the hyperbola at T, and through T let 
TX be drawn parallel to 'H. Now by virtue of the 
property of the hyperbola and its asymptotes, 
&Y=I'B, and, the common element I> being sub- 
tracted, 2=2H, and therefore the straight line 
drawn from I‘ to X will pass through 2 [Eucl. i. 43, 
conv.]. Let it be drawn, and let it be as TEX. 
Then since, in virtue of the property of the parabola, 
WX?=XH.HM, [Apoll. i. 11 


line 962 -ay ~-3ab=0, as may easily be shown. We may 
prove this fact in the following simple manner. Their points 
of intersection are given by the equation 

x(a — x) =bc?, 
which may be written 


4, 4, 
Sania ga nt He 
x - ax + on 97% bc?, 


Zs a 4, és 
or (2-50) (2+$) = 972 — be?, 
Therefore, when be = a? there are two coincident solu- 


tions, mon lying between 0 and a, and a third solution 


3 
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€oTt ToU bo XHM. yeyoverw odv 7H and TX 
taov to UO XHQ.  ezret odv eaotw, ws ) LA mpos 
AD, ovrws 7 TH apos HX, add’ as TH apos 
~ ~ it4 / zd 
HX, THs HQ Kowod vous AapBavoperns ovTws 
to UT0 LH mpos ro bd XHQ kal zpos 76 tov 

? ~ \ 3 A / 4 9 A A id 
avuT@ To amo XT, rouréaTt TO amd BX, TO dpa 
amo BX émi tHv UA toov €orl 7H bro THQ ent 
mv TA. 70 6€ tro THQ emi tiv TA Aaccdv 
eott Tod vTo THM eéxi rv TA: 70 dpa ano BY 
emt Thv LA éAarrdv €ott Tob ano BE emi ri EA. 
Gpoiws 67 SetyOyjoerat Kai emt mavTwy TOV 
onueiwy TOV pera€d AapBavopevwv trav E, B. 

"AMG 8 «tAnddw peragd trav E, A onpetov 

\ , 7 \ ” Ve Co 38 A ~ 9 A 
To 5. Ad€yw, Ott Kai ovTws TO amd THs BE ent 
Thv EA petldév eott rob dad Bs emi rip cA. 

“ Téav yap adbtav Kareckevacpevwy qybw 81a 
To0 S 7H KA mapaddAndos 7 SSP Kai cupBadrAérw 
TH vmepBodAj Kata 70 P+ cupPadrge? yap airh did 
To TapaAdAndos elvar TH aovpmTmtw: Kat Sia Tod 
P mwapadAnios axGeioa 77 AB 7 A’PB’ cupBadrrérw 
Th HZ éxPaddouevy Kata 76 B’. Kat eet mddAw 
dua THV dTEpBodny icov eari 76 IG 7H AH, % dro 

~ 8 A é 3 / 3 ; a“ ¢ A 
Tob I’ emi 70 B’ émlevyupdrn edbeia Aer Sid 

“A 3 / \ » e e f A 9 N 
ToD S. €pxécbw Kai éotw ws 4 TSB’. kal ézel 
maAw dia THY mwapaBoAny tcov att To dno A’B’ 
T® bro BHM, ro dpa azo PB’ édacadv eo rod 
imo B’HM. yeyovérw 76 azo PB’ tcov rH br0 
B’HQ.  ézet odv eotw, ds 4 SA mpds AT, obrws 
n TH apos HB’, ddd’ ds TH apos HB’, ris 








¢ Yigure on p. 156. 
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ri TX? <XH.HM. 

Let TX? =XH.H?. 

Then since 2A:AI =T'H: HX, 

while PH: HxX=0H .~HO: XH. wo, 

by taking a common altitude HQ, 
=IH .H2: XT? 
=H HO: bse, 

“3 B24. 2ZA=(TH . HQ). TA. 


But (TH.HQ).TA<(TH.HM).TA; 
BY?. SA <BE®. EA, 


This can be proved similarly for all points taken 
between EK, B. 

‘’ Now let there be taken a point $ between FE, A. 
T assert that in this case also BE?.. EA> Bs . A. 

‘““ With the same construction, let ¢>P be drawn 4 
through ¢ parallel to KA and let it meet the hyper- 
bola at P; it will meet the hyperbola because it is 
parallel to an asymptote [Apoll. ii. 13]; and through 
P let A’PB’ be drawn parallel to AB and let it meet 
HZ produced in B’. Since, in virtue of the property 
of the hyperbola, I’¢=AH, the straight line drawn 
from I to B’ will pass through ¢ [Eucl. i. 43, conv.]. 
Let it be drawn and let it be as SB’. Again, since, 
in virtue of the property of the parabola, 


A’B? «=B’H.HM, 


S PB”? <B’H . HM. 
Let Pp’? = B’H . HO, 
Then since sA:AI’ =H: HB’, 
while PH ABS PH SHO: Ba. Ho, 
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HQ kowot tious AapBavopevns ovtws to d70 
[THQ apos 76 tad B’HQ, tovréort mpos 76 and 


N 





PB’, rouréort mpos To amd Bs, 76 apa amo Bs 
émi tiv SA ltoov éort 7H trod THQ emi ryv TA. 
kat petlov ro bro THM od tao THQ: petlov 
dpa kat 76 am6 BE emi riv EA 70d ano Bs ent: 
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by taking a common altitude HQ, 
=H .HQ: PB’ 
=IH .H2 : Bs, 


eve Bs? .cA =(FH . HQ). TA. 
And PH.AM>S PH Ho: 
a BE? , KA > Bs? . SA. 


157 


GREEK MATHEMATICS 


‘\ e 4 \ f A es! s 
mhv SA. opotws 87 SetyOjoerar Kal emt mavrwv 
TOV onpetwy Tay petaly Tav E, A AapBavopevwv. 
bd 4 A Neo f ~ A ~ 
edceivOn d€ Kal emt mavTwy TV peTakd Tov E, B- 

, ” ~ b] \ ~ ¢ / , 
TavTwv apa Tay emt THs AB OpLotes AapBavopeven 
pe yiorov €or To ato THS BE emi tHv EA, orav 


7 SizAacta 7 BE ris EA.” 


“i ~ A \ \ a > r A ~ a 
moThoa d€ xp7 Kat Tots axoAovfodow Kara 
7H etpnevay Kataypapny. eet yap Sédexrar TO 
amo BX és TY A Kal TO amo Bs emt thy cA 
eAacoov Tot amo BE émi thy EA, duvarov eore 
‘ ~ 4 f > \ A A > / 
Kat Tob dobevros ywpiov emt tHv Sofeicav éAao- 
a” ~ 3 \ a > A ‘ A , 
govos ovtos Tob amo THs BE emt rnv EA xara dvo 
onpeta THY AB repvopévnv mrovetv TO €& apyis 
mpoPAnna. TobTo d€ yiverat, ef vonoaimev mept 
OudjreTpov THY XH ypapopevny mapaBodAry, dare 
Tas KATAYOMEVAS dvvacbar Tapa mv HQ- J yap 
TovavTn mapaPoAn mavrws epyerar Sta tod T. 
Kat eTreLon avayKn avTny ovutinrew 7H IN zrapadA- 
AjnAw ovon TH Siapétrpw, SHAov, OTe Témver THV 
e A \ ? ” a >? 4 ~ 
brrepBoAnv Kat Kat’ aGAAo aonpetov avwrépw Tod K, 
e J ~ A \ A > \ ~ > A A 
ws evrabba Kata TO P, Kat azo Tod P emt THY AB 
Kabetos ayopern, WS evraiba y) Pa, TEpvel THY 
AB xara 70 $, woTe TO S onpetov movetvy TO TpO- 





¢ There is some uncertainty where the quotation from 
Archimedes ends and Eutocius’s commeits are resumed. 
Heiberg, with some reason, makes Eutocius resume his 
comments at this point. 

® In the mss. the figures on pp. 150 and 156 are com- 
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This can be proved similarly for all points taken 
between E, A. And it was proved for all points 
between E, B; therefore for all figures similarly 
taken upon AB, BE?. EA is greatest when BE =2EA.” 


The following consequences ¢ should also be noticed 
in the aforementioned figure.’ Inasmuch as it has 
been proved that 

Ba? .. ZA <BE?., 
and Bs? ,.sA<BE?. KA, 


if the product of the given space and the given 
straight line is less than BE? . EA, it is possible to cut 
AB in two points satisfying the conditions of the 
original problem.* This comes about if we conceive 
a parabola described about the axis XH with para- 
meter H{2; for such a parabola will necessarily pass 
through T.4 And since it must necessarily meet 
I'N, being parallel to a diameter [Apoll. Con. i. 26], 
it is clear that it cuts the hyperbola in another point 
above K, as at P in this case, and a perpendicular 
drawn from P to AB, as Ps in this case, will cut AB 
in >, so that the point © satisfies the conditions of the 


bined ; in this edition it is convenient, for the sake of clarity, 
to give separate figures. 
* With the same notation as before this may be stated : 


when bot < stat, there are always two real solutions of the 


cubic equation x(a - x) =bc? lying between 0 and a. If the 
cubic has two real roots it must, of course, have a third real 
root as well, but the Greeks did not recognize negative 
solutions. 

* By Apoll. i. 11, since TX?=XH. HQ. 
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PAnya, Kal loov yivecBau 70 amo BX én thv ZA 
7@ amo Bs émt trav SA, ws Eo dua TOV Tpoewpy- 
peveoy amrodeiEewy eupaves. wate Suvatod ovros 
emt THS BA duo onpeta AapBavew TowwbdvTa TO 
CnTovpevov, efeoTw, omorepov Ts. BovdAoito, Aap. 
Bavew 7 7 TO peTago tov K, Bq To peTagd TOY E, 
A. ¢€ pev yap TO peragd tov Kh, B, ws eipnra, 
THs dua tov H, T onpretoy ypapoperns TrapaBolfs 
Karo, dvo onpeto, TEpLVOvENS THY brrepBodgy TO pev 
evyuTepov Tob H, rovréart rot a€ovos Ths Tmapa-~ 
Bodjs, evprcer TO peerage TOV EK, B, ws evravla 
to T evpioxet To &, TO dé dar é poo 70 peraév 
tov i, A, ws vrata To P edpicxe To S. 
Ka6drov jlev ovv ovTws dvadéhurat Kal ovvTe- 
Gevrar To mpoPAnpa: iva S€é Kai Tots “Apxipndetors 
pryaouy edapj.oaby, vevonabe ws ev QUTH TH Tob 
pyrod Karaypaph Oder pos pev Tijs opaipas 7) 
AB, n O€ ék Tob KEVT pov 7 BZ, Kat 2 Sedopery 
* ZO. KaTqVvTHoOpeV apa, dnoty, es to “ Thy 
AZ, Tepe KaTa To X, ware elvas, ws TH XZ 
mpos THY So0lcicav, odTws To Sobev mpos TO ATO 
ths AX. totro S€ dmA@s peév Aeyopevov exer 
dtopiopov.”” ef yap ro Sobev emi riv So0betoav 
pLetCov eTvyXavev TOU amo rijs AB emi rH BZ, 
advvarov nv TO mpoBAnpo., Ws Sedeuxrau, et 52 
igoVv, TO B onpetov émrotet TO mpoBAnp.a, Kal ovTWs 
dé bby 7 WV pos THY ef apxfs "A Apxynjdovs ™p0- 
Geow: 7 yap odaipa otk éréuvero eis Tov S00évTa 





* Archimedes’ figure is re-drawn (v. page 162) so that 
B, Z come on the left of the figure and A on the right, 
instead of B, Z on the right and A on the left. 

> v. supra, p. 133. 
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problem, and B2?. 2A=B¢s?. <A, as is clear from the 
above proof. Inasmuch as it is possible to take on 
BA two points satisfying what is sought, it is per- 
missible to take whichever one wills, either the point 
between I, B or that between EK, A. If we choose 
the point between I, B, the parabola described 
through the points H, 'T will, as stated, cut the hyper- 
bola in two points; of these the one nearer to H, 
that is to the axis of the parabola, will determine the 
point between K, B, as in this case ‘Il’ determines 2, 
while the point farther away will determine the point 
between KE, A, as in this case P determines S. 

The analysis and synthesis of the general problem 
have thus been completed ; but in order that it may 
be harmonized with Archimedes’ words, let there 
be conceived, as in Archimedes’ own figure, a dia- 
meter AB of the sphere, with radius [equal to] BZ, 
and a given straight line ZO. We are therefore faced 
with the problem, he says, “‘so to cut AZ at X 
that XZ bears to the given straight line the same 
ratio as the given area bears to the square on AX. 
When the problem is stated in this general form, it 
is necessary to investigate the limits of possibility.’’? 
If therefore the product of the given area and the 
given straight line chanced to be greater than 
AB? . BZ,° the problem would not admit a solution, 
as was proved, and if it were equal the point B would 
satisfy the conditions of the problem, which also 
would be of no avail for the purpose Archimedes set 
himself at the outset ; for the sphere would not be 


¢ For AB=%AZ [ex hyp.], and so AB in the figure on 
p. 162 corresponds with BE in the figure on p. 146, while 
BZ in the figure on p. 162 corresponds with EA in the figure 
on p. 146. 
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Aoyov. amdAds apa Aceyopevov elyerv mpood.opicpdv: 


“ gpooTepevwy S€ TOV mpoBAnudtwv trav évOdde 


N 
® 


UTapxovTwv,” Ttovréott TOO Te SurAaciav elvar Thy 
AB ris ZB kal rod peiLova elvar rhv BZ ris ZO, 
“otK €xer Sioptopdv.”” 7d yap amd AB 76 So6év 
ent thy ZO tiv Sobeicay edarrév éott Tob dz 
THs AB éni tiv BZ b1a ro tH BZ rhs ZO peilova 
elvar, otmep vmdpyovtos édei~apev Suvardv, Kat 


Omws mpoBaiver TO mpdBAnpa. 


° Eutocins proceeds to give solutions of the problem 
by Dionysodorus and Diocles, by whose time, as he has 
explained, Archimedes’ own solution had already dis- 
appeared. Dionysodorns solves the less general equation 
by means of the intersection of a parabola and a rectangular 
hyperbola ; Diocles solves the general problem by the inter- 
section of an ellipse with a rectangular hyperbola, and his 
proof is both ingenious and intricate. Details may be con- 
sulted in Heath, H.@.M. ii. 46-49 and more fully in Heath, 
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cut in the given ratio. Therefore when the problem 
was stated generally, an investigation of the limits 
of possibility was necessary as well; “but under the 
conditions of the present case,’’ that is, if AB =2ZB 
and BZ> ZO, “‘ no such investigation is necessary.” 
For the product of the given area AB? into the given 
straight line ZO is less than the product of AB? into 
BZ by reason of the fact that BZ is greater than ZO, 
and we have shown that in this case there is a solu- 
tion, and how it can be effected.¢ 


The Works of Archimedes, pp. cxxiii-cxli, which deals with 
the whole subject of cubic equations in Greek mathematical 
history. It is there pointed out that the problem of finding 
mean proportionals is equivalent to the solution of a pure 


3 
cubic equation, 3p and that Menaechmus'’s solution, by 


the intersection of two conic sections (v. vol. i. pp. 278-283), 
is the precursor of the method adopted by Archimedes, 
Dionysodorus and Diocles. The solution of cubic equations 
by means of conics was, no doubt, found easier than a solu- 
tion by the manipulation of parallelepipeds, which would 
have been analogous to the solution of quadratic equations 
by the application of areas (v. vol. i. pp. 186-215). No other 
examples of the solution of cubic equations have survived, 
but in his preface to the book On Conoids and Spheroids 
Archimedes says the results there obtained can be used to 
solve other problems, including the following, ‘* from a given 
spheroidal figure or conoid to cut off, by a plane drawn 
parallel to a given plane, a segment which shall be equal to a 
given cone or cylinder, or to a given sphere” (Archim. ed. 
Heiberg i. 258. 11-15); the case of the paraboloid of revolu- 
tion does not lead to a cubic equation, but those of the 
spheroid and hyperboloid of revolution do lead to cubics, 
which Archimedes may be presumed to have solved. The 
conclusion reached by Heath is that Archimedes solved com- 
pletely, so far as the real roots are concerned, a cubic 
equation in which the term in z is absent: and as all cubic 
equations can be reduced to this form, he may be regarded 
as having solved geometrically the general cubic. 
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(i.) Preface 


Archim. De Con. et Sphaer., Praef., Archim. ed. Heiberg 
a 246, 1-14 


"Apxynndyns Aooibéw ed apdarrecv. 

"AzooréAhw tot ypaibas ev THde TH BiBAiw Trav 
te Aoitdv Oewpnuatwv Tas amodei~tas, dv ovK 
elyes €v Tots mpdoTepov ameotadpevois, Kal adAAwY 
VaTepov moTefeupyuevwyv, G mpdTepov prev OH 
moAAaKis eyyeipyoas émoKkéenteabas SUVoKoAov ExELV 
7. davetoas prot Tas etpéowos adtdv damdpnoa- 
dud7rep otde auve€edd0ev Tots dAXois adta Ta Tpo- 
BeBAnpeva, VoTEpov de emipedeorepov tor’ avtois 
yevopevos e€eipov Ta amopybevra. Hv dé Ta pev 
Aowra TY Tpotépwv Oewpnudtrwv mept Tod opbo- 
yaviou Kwroeidéos mpoBeBAnpéva, Ta Sé viv evtt 
moTe€eupyueva mept te auPAvywviov Kwvoeidéos 
Kal mepl odaipoadéwy oxnuaTwv, wav Ta pev 
mapapaKkea, TA O€ emimAaréa Kaew. 


(ii.) Zo Lemmas 


Ibid., Lemma ad Prop. 1, Archim. ed. Heiberg 
i. 260. 17- 24 


Ei Ka €wyre peyelea orocaoty T@ tow addAdAwy 





*¢ In the books On the Sphere and Cylinder, On Spirals 
and on the Quadrature of a Parabola. 

> 4.¢., the paraboloid of revolution. 

¢ fen the hyperboloid of revolution. 

¢ An oblong spheroid is formed by the revolution of an 
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(2d) Conoips AND SPHEROIDS 


(i.) Preface 


Archimedes, On Conoids and Spheroids, Preface, 
Archim. ed. Heiberg i. 246. 1-14 


Archimedes to Dositheus greeting. 

I have written out and now send you in this book 
the proofs of the remaining theorems, which you did 
not have among those sent to you before,* and also 
of some others discovered later, which I had often 
tried to investigate previously but their discovery 
was attended with some difficulty and I was at a loss 
over them ; and for this reason not even the proposi- 
tions themselves were forwarded with the rest. But 
later, when I had studied them more carefully, I 
discovered what had left me at a loss before. Now 
the remainder of the earlier theorems were proposi- 
tions about the right-angled conoid»; but the dis- 
coveries now added relate to an obtuse-angled conoid ® 
‘and to spheroidal figures, of which I call some oblong 
and others flat.4 


(ii.) Zo Lemmas 


Ibid., Lemma to Prop. 1, Archim. ed. Heiberg 
1. 260. 17-24 


If there be a series of magnitudes, as many as you 
please, in which each term exceeds the previous term by an 


ellipse about its major axis, a flat spheroid by the revolution 
of an ellipse about its minor axis. 

In the remainder of our preface Archimedes gives a number 
of definitions connected with those solids. They are of 
importance in studying the development of Greek mathe- 
matical terminology. : 
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e ? eS \ € e A ww ~ > 4 

UmepéxovTa, 7) S€ a UmEpoxa toa TH EdayloTy, 
\ ¥ / ~ \ 4 w / ~ 

Kai dAAa peyeea 7H prev ANGE toa TovToIs, TO 
4 “A 

dé peyéler Exactov icov T@ peyloTw, TavTa Ta 

> ~ 

peylea, wv coTw ExaoTov icov TH peyloTw, 

TavTwY pev TOV TH tow UrepexdvTwy éAdocova 

€ocotvrar 7) SimAdowa, Ta&v 5é AowTav ywpis Tob 

/ , “ / ¢€ ‘ > id 
peytorov peilova 7» ditAdow. a Sé amdderkis 
ToUTou pavepa. 


Idid., Prop. 1, Archim. ed. Heiberg 1. 260. 26-261. 22 


Et xa peyélea orocaoty rH mAnGe dros peye- 
” ~ / 4 / ‘ | 4 
Geow toois TH 7rAjOet Kata Svo Tov avtov Adyov 
EXWVYTL TA Opolws TeTaypéva, A€ynrar S€ Ta TE 
~ / > a” 4 “ / M4 
ampara peyélea tor adda peyelea 7) mavTa 4 Tia 
avTtayv ev Adyots O7ovoLcoby, Kal TA VOTEpoY TOT 
wv / A e / 3 A > “~ 4 
dAAa peyélea ta cpodroya év Tois adtois Adyots, 
TavTa Ta Tmpw@Ta peyeélea moti mavra, & A€yovTat, 
‘ > A e ~ f “ ” / \ 
Tov avrov éfodvre Adyov, dv €xovTt mavra Ta 
votepov peyélea trott mavTa, ad A€yovTat. 
"Eorw tiva peyélea ra A, B, T, A, E, Z aAdous 
eveGecw tao TH ANGE Tots, H, ©, I, K, A, M 
ad cS ay 3 3 > 





° If h is the common difference, the first series is h, 2h, 
3h... nh, and the second series is nh, nh. . . ton terms, its 
sum obviously being 17h. The lemma asserts that 


Wh+2h+3h+ ... n-th) <n*h<Ah+Qh+3h+ ... nh). 


It is proved in the book On Spirals, Prop. 11. The proof is 
geometrical, lines being placed side by side to represent the 
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equal quantity, which common difference 1s equal to the 
least term, and if there be a second series of magnitudes, 
equal to the first in number, in which each term is equal 
to the greatest term {in the first series], the sum of the 
magnitudes in the series in which each term is equal to 
the greatest term is less than double of the sum of the 
magnitudes differing by an equal quantity, but greater 
than double of the sum of those magnitudes less the 
greatest term. The proof of this is clear.? 


Ibid., Prop. 1, Archim. ed. Heiberg i. 260. 26-261. 22 


If there be a series of magnitudes, as many as you 
please, and zt be equal in number to another series of 
magnitudes, and the terms have the same ratio two by two, 
and tf any or all of the first series of magnitudes form 
any proportion nith another series of magnitudes, and if 
the second series of magnitudes form the same proportion 
nith the corresponding terms of another series of magni- 
tudes, the sum of the first series of magnitudes bears to 
the sum of those with which they are in proportion the 
same ratio as the sum of the second series of magnitudes 
bears to the sums of the terms with which they are in 
proportion. 

Let the series of magnitudes A, B, I’, A, KE, Z be 
equal in number to the series of magnitudes H, 9, I, 


terms of the arithmetical progression and produced until each 
is equal to the greatest term. It is equivalent to this alge- 
braical proof : 


Let Sn=h+2h+3h+... +nh. 

Then Sn=nh+(n-1)h+(n-2)h+ oo th. 
Adding, 2Sn=n(n +1)h, 

and so QS n-y=(" — 1)nh. 

Therefore 2S n-,<n*h <2Sn. 
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Kata Svo Tov adrov éyovta Adyov, Kal exérw Td 
pev A moti to B tov adrov Adyov, é6v to H mori 
to ©, vo 5€ B wort to ‘VY, 6v ro © wort ro I, Kat 
Ta dAAa dpoiws Tovros, Aeyeobw dé Ta pev A, B, 
lr, A, E, Z peyé0ea wor’ adda peyélea ta N, &, 
O, Il, P, & ev Adyots drrovocobv, ra OE H, ©, I, 
K, A, M aor’ dAda ra T, Y, ®, X, VY, Q, ra 
Oporoya €v Tots avrtots Adyous, Kal dv pev Exel 
Adyov ro A moti 76 N, to H €xérw mori 70 T, ov 
5é Adyov eyes ro B worl ro BH, ro © exXérw mori 
ro Y, Kat ta GAAa cpoiws tovrois: Sevkréov, OTL 
mavra ta A, B, VT, A, E, Z wort wavra ra N, &, 
O, II, P, & tov adrov éexovre Adyov, é6v marta Ta 


H, ©, 1, K, A, M wort ravra ra T, Y, P, X, VQ. 





@ Since N:A=1:H,A?:B=H: 6, [ea hyp. 
w*. 6X AQUe N: B=T: 0. [Eucl. v. 22 
But B:2=0:Y; [ex hyp. 
.*. e& Gequo N:S=T: Pf [Eucl. v. 22 
Similarly 

=:O0=Y:0,0:0=0:X,I:P=X:¥,P:2=":0. 
Now since A:B=H: 9, [ex hyp. 
.. componendo A+B: A=H+0:H, {Eucl. v. 18 
i.e. permutando A+B:H+0O=A:H. [Eucl. v. 16 
But since N:A=T:H, [ex hyp. 
ee A:H=N:T (Eucl. v. 16 
=2:1 [ibid. 
=O:0 [ibid. 
=]. [ibid. 
ee A+B: H+0=P:1, 
oe A+B+T:H+O0+I=P:1 {Eucl. v. 18 
=O: {Eucl. v. 16 
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K, A, M, and let them have the same ratio two by 
two, so that 
A:B=H:0,B:r=60:], 


and so on, and let the series of magnitudes A, B, I, 

A, E, Z form any proportion with another series of 

magnitudes N, &, O, II, P, 2, and let H, 0,1, K, A, M 

form the same proportion with the corresponding 

terms of another series, T, Y, , X, WY, 2 so that 
A:N=H:T,B:2=0:Y, 

and so on ; it is required to prove that 


A+B4+T+A+EH4+Z_ H+O0+1+K+A4M - 
Nee POSITS Pa OTe VY ea Nes 0 








=II:X [ibid. 
=A:K. {ibid. 
By pursuing this method it may be proved that 
A+B+P+A+E4+Z:H+0+I1+K+A+M=A: H, 
or, permutando, 
A+B+D4+A+E+Z:A=H+O0414+K+A+M:H. (1) 


Now Le=T2r; 
.°. componendo et permutando, 
N+2:T+Y=8:Y [Eucl. v. 18, v. 16 
=O:0; [Eucl. v. 16 
whence N+2+0:T+Y+4+0=0: O, [Eucl. v. 18 


and so on until we obtain 
N+24+04¢04+P4+20:T+YV4+O04+X+P+4Q=N:T. . (2) 
But A:N=H:T; [ex hyp. 
. by (1) and (2), 
A+B+P+A+E+Z H+O+I+K+A4M 
N+2+04¢1+P+a T+Y+O+XST40" 


Q.E.D. 
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Revolution 
Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20 
~ a > / 4 > 

Ilav tyaGua dpboywviov Kwvoeidéos amoreTpa- 

/ b / > ~ ‘ \ ” ¢ / 4 3 
pévov éemimédw op0@ moti tov afova yytodvov €ore 
Tob Kwvov Tod Baow Exovtos Tav adrav TH THapaTe 
Kal afova. 





“Eorw yap Tapa opBoywviov KWVOELOEOS aTTO~ 
TET [LOJLEVOV oph@ emimédm moti Tov dfova, Kal 
Tpabevros avToo enumedep daddy dia Tov a€ovos 
Tas poev emupavetas TOULG E€OTW a ABY dpfoywviou 
KaVvou ToLa, Tod dé émumédov TOO amore LvoVvTOs 
TO TpGpLo, a TA evGeta, ag wv dé € éoTw Tod Tpa- 
pearos a BA, éorw be Kal K@vos Tav avrav Baow 
exe TO THapaTe Kad dfova TOV abrdv, ov Kopuda. 
To B. Seuxréov, OTL TO THE pa Tou KWwvoELd€os 
Tpprodvov EOTL Tob KWVOU TOUTOV. 

"Exetobw yap K@vos oe TypuoAvos ewv Too 
Kwvou, ov Baous O mrepl dudeTpov Tay AY, av 
dé a BA, €orw 8€ Kat KvdAwdpos Baow péev exwv 
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(iii.) Volume of a Segment of a Paraboloid of 


Revolution 
Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20 
Any segment of a right-angled conoid cut off by a plane 


perpendicular to the axis is one-and-a-half times the cone 
having the same base as the segment and the same axis. 


For let there be a segment of a right-angled conoid 
cut off by a plane perpendicular to the axis, and let 
it be cut by another plane through the axis, and 
let the section be the section of a right-angled cone 
ABI,? and let T'A be a straight line in the plane 
cutting off the segment, and let BA be the axis of the 
segment, and let there be a cone, with vertex B, 
having the same base and the same axis as the 
segment. Itis required to prove that the segment of 
the conoid is one-and-a-half times this cone. 

For let there be set out a cone V one-and-a-half 
times as great as the cone with base about the 
diameter AI’ and with axis BA, and let there be a 


* It is proved in Prop. 11 that the section will be a parabola. 
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Tov KUKAov TOV TreEpt dudyeTpov Trav AI, d&ova dé 
trav BA: eocetrar otv 6 VY Kavos Hpiceos tod 
, 2 7 € fy 4. > é A a 
KuAwdpou [ereitrep HuiddAuds €or 6 VY Kavos Tod 
avrobd kwvov]." Aéyw, Ste TO THGpLA TOD KwroELdéos 
ioov eott TH VY xoovy. | 
Ki yap ph €orw icov, jrow peildv evte 7 

” ” A 4 > , a 
éXacoov. éoTtw d7 mpoTepov, ef dSuvardv, peilov. 
eyyeypapiw 57 oxijpa orepedv eis TO TuGpua, Kal 
adXo rrepryeypadbw é€x Kvijivdpwr tibos iaov éydv- 
TWV OVYKEULEVOY, WOTE TO TEpLypadey aya TOO 

> 4 e 4 > , “A ey ¢€ 4 
eyypadevros umepéxew €Adcoon, 7 aAdikw tbrepéyet 
TO TOU Kwvoeidéos TuGpHa TOO ‘VY Kwvov, Kal €oTrw 
~ / > . 4 4 A 
Tav KudAwdpwr, €€ dv ovyKertar TO TEprypadev 
oxX}pa, péytoros pev 6 Baow exwv Tov KvUKAOV TOV 
mept Sudpetpov tav AI’, dfova dé trav EA, édd- 
4 ¢€ 4 A ” 4 4 4 a 
xtoros b€ 6 Baow pev exwv Tov KUKAov Tov TeEpt 
dudperpov trav UT, afova dé trav BI, trav Sé 
/ ? v , ‘ 3 \ a! 
KvAWwopwv, e€ dv avyKetat TO eyypadev oyxjua, 
péyvotos pev €otw 6 Bdow éxwy tov KiKAov Tov 
mept Oiduetpov tav KA, afova S€ trav AE, édAdye- 
A e , ‘ »” 4 C4 4 A 
otros dé 6 Baow pev éexwv tov KiKAov Tov mept 
Oudpetpov Trav UT, afova dé trav OI, éxBeBAjobw 
dé Ta emimeda mdvrwy tdv Kurivdpwv mori tay 


1 eneimep . . . Kévov om. Heiberg. 





* For the cylinder is three times, and the cone YY one-and-a- 
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cylinder having for its base the circle about the 
diameter AT and for its axis BA; then the cone W is 
one-half of the cylinder?; I say that the segment of 
the conoid is equal to the cone WV. 

If it be not equal, it is either greater or less. Let 
it first be, if possible, greater. Then let there be 
inscribed in the segment a solid figure and let there 
be circumscribed another solid figure made up of 
cylinders having an equal altitude,? in such a way that 
the circumscribed figure exceeds the inscribed figure 
by a quantity less than that by which the segment 
of the conoid exceeds the cone VY [Prop. 19]; and let 
the greatest of the cylinders composing the circum- 
scribed figure be that having for its base the circle 
about the diameter AI and for axis EA, and let the 
least be that having for its base the circle about 
the diameter =T and for axis BI ; and let the greatest 
of the cylinders composing the inscribed figure be 
that having for its base the circle about the diameter 
KA and for axis AK, and let the least be that having 
for its base the circle about the diameter 2T and for 
axis 01; and let the planes of all the cylinders be 


half times, as great as the same cone; but because rod atrot 
xwvov is obscure and ezefzep often introduces an interpola- 
tion, Heiberg rejects the explanation to this effect in the text. 
> Archimedes has used those inscribed and circumscribed 
figures in previous propositions. The paraboloid is gener- 
ated by the revolution of the parabola ABT about its axis BA. 
Chords KA. . . XT are drawn in the parabola at right angles 
to the axis and at equal intervals from each other. From 
the points where they meet the parabola, perpendiculars are 
drawn to the next chords. In this way there are built up 
inside and outside the parabola ‘ staggered ” figures con- 
sisting of decreasing rectangles. When the parabola re- 
volves, the rectangles become cylinders, and the segment of 
the paraboloid lies between the inscribed set of cylinders and 

the circumscribed set of cylinders. 
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9 4 ~ , ~ 4 ” 4 
émddverav Tod KvAtvdpov tot Baow exovros Tov 
/ \ A / BS} ” A 4 
KUKAov Tov TeEpl Sudpetpov trav AI’, afova dé trav 
BA: éocetrar 8) 6 GAos KUAWdpos Sinpnevos ets 
~ 4 ~ 
KvAivSpous TH pev mAnVer icovs Tots KvAtvdpots 
Tots €v TH TeEpryeypappevw oxypatt, TH dé pe- 
yéler tcovs TO peyioTw atdrav. Kat émet 70 
Tepuyeypappevov oxnua mept TO THGpa, eAdaoove 
~~ Sa 4 ~ 
Urepéxet TOD eyyeypappevov oxnaTos 7] TO TLGpa. 
~ ~ 4 
rob Kwvouv, SHAov, OTe Kal TO éeyyeypappévov 
oyjpa év T@ Tpdpare peilov eore rod ‘VY Kwivov. 
6 §1) mp@ros KvAwdpos Ta&v ev TH GAw KvAivdpw 
eo” ” 4 ‘ Q ~*~ , 
6 éywv dfova tav AE mori tov mparov KvAwédpov 
~ ~ 4 
Tov €v TH eyyeypappevw oxynpaTt Tov €xovrTa 
” 4A A ON ” 4 “a € A 
dfova trav AE rov adrov éxer Adyov, dv a AA rote 
‘ x i“ e 4 3 ¢€ 3 A ~ “a ¥ 
Trav KE duvdaper: otros 5€ €orw 6 avTos TA, Ov ExEL 
dé BA ort trav BE, kal 7, 6v exer a AA roti 
4 = ¢ / 4 / A € , 
Trav EX. opoiws S€ derxPjoerar Kat 6 devrepos 
4, ~ 3 ~ 4 4 e 60” SY 2 
KUAwdpos TOV ev TH GAw KvAWdpw 6 Exwv afova 
4 A \ 4 / ~ > ~ 
zvov EZ moti tov devtepov KvdAwdpov Tov Ev TH 
eyyeypappevy oxnpat. Tov adrov éxew Adyov, ov 
a IIE, rovréorw a AA, zorit rav ZO, Kal tov 
wv , e ~ > ] ~ 6 , 
dAAwv KvAivdpwr ExaoTos TOV ev TO OAw KvdAvdpw 
dfova éydvrwy tcoov 7@ AE ott exacrov trav 
KUAWSpwr TOV ev TO eyyeypappevw axjpatt afova. 
éydvrwy tov avrov e€er Tobrov Tov Adyov, Gv a 
Hptoea Tas Siapérpov Tas Bdovos abrob moti Tav 
azroAeAappevay am advras petagy trav AB, BA 
ev0erav: Kal mavres odv ot KvAivdpor of ev TH 
, se Ll 4 3 € f € A 
KuAivdpw, ob Bdows pév eotiv 6 KUKAOS oO TeEpt 
Sudperpov trav AT, d&wv dé [€orw] a AT evbeia, 
moTl mavras Tous KvAivdpous tTovs ev TH ey- 
yeypaplpevw axnpat. Tov adtov éfobvTt Adyov, av 
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produced to the surface of the cylinder having for its 
base the circle about the diameter AI and for axis 
BA ; then the whole cylinder is divided into cylinders 
equal in number to the cylinders in the circumscribed 
figure and in magnitude equal to the greatest of 
them. And since the figure circumscribed about the 
segment exceeds the inscribed figure by a quantity 
less than that by which the segment exceeds the 
cone, it is clear that the figure inscribed in the seg- 
ment is greater than the cone ¥.* Now the first 
cylinder of those in the whole cylinder, that having 
AE for its axis, bears to the first cylinder in the 
inscribed figure, which also has AK for its axis, the 
ratio AA?: KE? [Eucl. xii. 11 and xii. 2]; but 
AA?: KE?=BA:BE°=AA:EZ. Similarly it may 
be proved that the second cylinder of those in the 
whole cylinder, that having EZ for its axis, bears to 
the second cylinder in the inscribed figure the ratio 
IIE : ZO, that is, AA: ZO, and each of the other 
cylinders in the whole cylinder, having its axis equal 
to AE, bears to each of the cylinders in the inscribed 
figure, having the same axis in order, the same ratio 
as half the diameter of the base bears to the part cut 
off between the straight lines AB, BA ; and therefore 
the sum of the cylinders in the cylinder having for its 
base the circle about the diameter AI’ and for axis 
the straight line AI bears to the sum of the cylinders 
in the inscribed figure the same ratio as the sum of 


* Because the circumscribed figure is greater than the 
segment. 
> By the property of the parabola; v. Quadr. parab. 3. 


2 €orw om. Heiberg. 
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macau at evbeiar ai ex THY KévTpwv TOV KUKAWY, 
ot evrt Baoves THV cipnudvwy Kudr(Wdpwr, Tori 
macas Tas ed0cias Tas amoAcAappeévas an’ adbrav 
perago Tay AB, BA. at d€ elpnyévat evbetat 
TOV etpnLeveny Xwpis Tas AA jreiCoves evTt y) 
dumAdouae: wore Kab of KvAtvdpou Tavres ol Ev TH 
KvAivopyy, ob dav o 0 Al, preiCoves evre 7 SumAdovor 
Tob eyyeypappevov oxnuatos’ ToAA@ dpa Kal 6 
oAos KUAWOpos, od afwy a AB, peilwy evri 7 
SuTAaciov Tob eyyeypappevou OXHpaATOs. Tov dé 
VY xabvov iy SumAacioy: eAagoov 4. dpa To eyyeypap- 
pievov axjua Tod VY Kavou- omep advvatov: dex On 
yap petlov. ovK dpa eoriv peilov to Kwvoedes 
rod ‘VY Kxavou. 
‘Opoiws 8€ odd€ EAacoov. wdAw yap eyye- 
poius yap éeyye 
ypapien TO oxXHpa Kal Trepryeypagius, dare 
drrepexew [exacrov]" eAdaaou, 7 aie direpexet 
6 WY Kavos tod Kwvoeddos, kal ra dANa Ta adTa 
Tots TpOoTEpov Kkareokevdobw. Emel ov éAacoov 
€or TO EY YEY POLpLEvoV axa Tod Tydpatos, Kal 
TO eyypagev ae)D) TrEpLypapevTos eAdocout Actrerae 
uP To THGpa ToD \Y Kwvou, Ofrov, ws eAagaov € eore 
TO mepiypadev ayfjua trod ‘YY Kxwvov. madw b€é 6 


1 €xaorov om. Heiberg, €xaorov éxaorou Torelli (for éxarepov 
ExaTEpov). 








ae First cylinder in whole cylinder — AA 
"* First cylinder in inscribed figure ~ E&’ 


Second cylinder in whole cylinder _ EI 
Second cylinder in inscribed figure” ZO 
and so on, 





. Whole cylinder_AA+EN+... 


Inscribed figure B&+ZO+ .6- 
176 





ARCHIMEDES 


the radii of the circles, which are the bases of the 
aforesaid cylinders, bears to the sum of the straight 
lines cut off from them between AB, BA.4 But the 
sum of the aforesaid straight lines is greater than 
double of the aforesaid straight lines without AA® ; 
so that the sum of the cylinders in the cylinder whose 
axis is AI is greater than double of the inscribed 
figure; therefore the whole cylinder, whose axis is 
AB, is greater by far than double of the inscribed 
figure. But it was double of the cone WV; there- 
fore the inscribed figure is less than the cone WV; 
which is impossible, for it was proved to be greater. 
Therefore the conoid is not greater than the cone ¥. 

Similarly [it can be shown] not to be less ; for let 
the figure be again inscribed and another circum- 
scribed so that the excess is less than that by which 
the cone W exceeds the conoid, and let the rest of 
the construction be as before. Then because the 
inscribed figure is less than the segment, and the in- 
scribed figure is less than the circumscribed by some 
quantity less than the difference between the seg- 
ment and the cone Y,, it is clear that the circumscribed 
figure is less than the cone VW, Again, the first 


This follows from Prop. 1, for 


First cylinder in whole cylinder | AA 
Second cylinder in whole cylinder EI’ 





and so on, and thus the other condition of the theorem is 
satisfied. 

*’ For AA, EZ, ZO... is a series diminishing in arith- 
metical progression, and AA, EII.. . is a series, equal in 
number, in which each term is equal to the greatest in the - 
arithmetical progression. Therefore, by the Lemma _ to 
Prop. 1, 

AA+EII +... .>2BE+ZO+.. .). 
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~ , “~ > ~ & } ¢ 
mp@tos KvAwdpos TV ev TH Aw KvAWSpw 6 Exwv 
wv ‘ i .’ A ~ A ~ bd 
afova tav AE ori tov mpdrov KvdAwSpov ra&v év 
a 4 
T@ Teptyeypappevy oxypate Tov TOV avTov éxovTa 
afova tav EA tov adrov éyer Adyov, dv TO dad 
lan , \ A ? , e A 4 
Tas AA tetpaywvov moti 76 atré, 6 S€é Sevrepos 
, “~ > ~ ¢ Ul e¢ om” ” 
KUAwdpos TOV ev TH OAw KvAivdpw 6 exwv d£ova 
tav EZ mort tov dedtepov KvAWwSpov Trav év TO 
, 
TEpltyeypappevw oxnuat. tov éxovra afova Tay 
‘ 3 A ” 4 a € \ A 
Tov attov exer Adyov, dv a AA wort trav KE 
/ c ee e > \ “~ a ” ¢ 
duvdper* odtos 5é eotw 6 abtos 7H, dv exer a BA 
mote Tav BE, cat 7H, dv éyer ad AA wort trav ES: 
\ “~ wv , Ld “~ > ~ @ 
Kat TOV aAAwy KvAWdpwr ExacTos TOV ev TH CAW 
4 ” > 4 ¥ ~ \ @ ‘ - 
KvAwdpw dfova éxdvtwy taov 74 AE moti éxacrov 
“~ ~ A a 
TaV KvAWopwv TOY ev TH TEpryeypappevw oynpare 
afova €xovTwy tov abrdv, e€eu TotTov tdav Adyov, 
Ov ad Hpiceva Tas Siapetpov Tas Bdactos atros zoTi 
4 > 4 3 > 7 A A “~ 
Tay amoAcAappévay am advtds petagd rév AB, 
BA edQevav: Kai mdvres obv ot KvAWSpot of ev TH 
OAw Kvdrivdpw, ob d&wy éativ a BA edbeia, mori 
mavrTas Tovs KvAivdpous Tos ev TH TEpryeypap- 
ev axjpate tov adrov éLoivt. Adyov, 6v maar 
a ¢ A 
at e0eiar mori mdcas Tas edOelas. at 5é edOeta 
mGoat au ek TOV KévTpwv TaV KiKAWY, of Baatés 
evTt TOV KuAivdpwrv, Tav edOeLav macdv Tav adro- 
~ > 3 , oA A “~ 9, 7 a > 
Acdappevar an’ atrav atv 7a AA édAdoooves evr 





* As before, 


First cylinder in whole cylinder Bey. 
First cylinder in circumscribed figure AA 
Second cylinder in whole cylinder _AA_EII 
Second cylinder in circumscribed figure E= ES’ 
and so on, 
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cylinder of those in the whole cylinder, having AEF for 
its axis, bears to the first cylinder of those in the 
circumscribed figure, having the same axis EA, the 
ratio AA?: AA?; the second cylinder in the whole 
cylinder, having EZ for its axis, bears to the second 
cylinder in the circumscribed figure, having KZ also 
for its axis, the ratio AA?: KE?; this is the same as 
BA: BE, and this is the same as AA: EZ; and each 
of the other cylinders in the whole cylinder, having 
its axis equal to AE, will bear to the corresponding 
cylinder in the circumscribed figure, having the same 
axis, the same ratio as half the diameter of the base 
bears to the portion cut off from it between the 
straight lines AB, BA; and therefore the sum of 
the cylinders in the whole cylinder, whose axis is the 
straight line BA, bears to the sum of the cylinders in 
the circumscribed figure the same ratio as the sum 
of the one set of straight lines bears to the sum of the 
other set of straight lines.* But the sum of the radii 
of the circles which are the bases of the cylinders is 
less than double of the sum of the straight lines cut 
off from them together with AA ?® ; it is therefore clear 





And 
First cylinder in whole cylinder _ — ,— 4A, 
Second cylinder in whole cylinder maaan 0) 8 
and so on. 
Therefore the conditions of Prop. 1 are satisfied and 
Whole cylinder _AA+EII+... 


Circumscribed figure AA+EZ +... 
> As before, AA, EE. . . is a series diminishing in arith- 
metical progression, and AA, EII.. . is a series, equal in 
number, in which each term is equal to the greatest in the 
arithmetical progression. 
Therefore, by the Lemma to Prop. 1, 


AA+EM+... <2AA+EE+...). 
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" Zz x 
7 SumAdovat: SHAov odv, Ore Kal of KvAWSpoL TravTES 
¢ 9 a 
ot ev TH OAw Kvijivdpw eAdccoves évte 7 SumrAdovor 
~ 4 wa > A / 4 
Tov KvAivdpwv Ta év TH Teptyeypappévw oay7- 
€ 4 , ¢ f 4 A , 
pare’ 6 dpa KvAwdpos 6 Bdow éxwv tov KUKAov 
Tov mept Sudpuetpov tav AI’, dfova dé trav BA, 
2 7 ? \ Av 4 ~ , 
eAdcowv eotiv 7 dimAaciwy Tod mepryeypapypevov 
oxnpatos. ovK €oT. dé, GAAA peilwy 7 diAdotos: 
~ A iA 4 > / A A 
Tob yap ‘VY Kxwvou di7Aaciwv éoti, TO 5€ qeptye- 
, ~ ” > i ~ f 
Vpappevov oyna eAatrov ebelyOn trot VY Kwvov. 
b) ¥ > \ 99 \ +w\° A ~ la 
ovK apa €otiv ovdé eAacaov TO TOO KwvoEd€os 
tTpGpa ToD ‘VY Kubvov. eédelyOy 5é, ore oddE petlor: 
¢ g M” > \ ~ f ~ A ” 
nproAcov dpa €orivy Tot Kwvov tot Baow E€xovtos 


\ > A “w £ A M A ? 4 
Tav avTay TH TuGpaTt Kal afova Tov adrov. 


¢ Archimedes’ proof may be shown to be equivalent to an 
integration, as Heath has done (The Works of Archimedes, 
ex|vii-cxl viii). 

For, if n be the number of cylinders in the whole cylinder, 
and AA=nh, Archimedes has shown that 





Whole cylinder_ _ wh 
Inscribed figure ~ht+2h+3h+...(n-Dh 
2, {Lemma to Prop. 1 
and 
Whole cylinder _ nh 
Cireumscribed figure ~ n+2h+3h+...+mh 
2; [ibid. 


In Props. 19 and 20 he has meanwhile shown that, by 
increasing 7 sufficiently, the inscribed and circumscribed 
figures can be made to differ by less than any assigned 
volume. 
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that the sum of all the cylinders in the whole cylinder 
is less than double of the cylinders in the circum- 
scribed figure ; therefore the cylinder having for its 
base the circle about the diameter AT and for axis 
BA is less than double of the circumscribed figure. 
But it is not, for it is greater than double ; for it is 
double of the cone Y, and the circumscribed figure 
was proved to be less than the cone Y. Therefore 
the segment of the conoid is not less than the cone W. 
But it was proved not to be greater ; therefore it is 
one-and-a-half times the cone having the same base 
as the segment and the same axis.* 


When n is increased, h is diminished, but their product 
remains constant ; let nh=c. 

Then the proof is equivalent to an assertion that, when a is 
indefinitely increased, 


limit of hWh+2h+3h+.. +(a—1)h]=3e?, 
which, in the notation of the integral calculus reads, 


c 
ede ic. 
oO 


If the paraboloid is formed by the revolution of the para- 
bola y?=az about its axis, we should express the volume of 


a segment as 
i; ny*dx, 
0 


c 
or md. | edz. 
Oo 


The constant does not appear in Archimedes’ proof because 
he merely compares the volume of the segment with the cone, ” 
and does not give its absolute value. But his method is seen 
to be equivalent to a genuine integration. 

As in other cases, Archimedes refrains from the final step 
of making the divisions in his circumscribed and inscribed 
figures’ indefinitely large; he proceeds by the orthodox 
method of reductio ad absurdum, 
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(e) Tue Sprrat or ARCHIMEDES 


(i.) Definitions 


Archim. De Lin. Spir., Deff., Archim. ed. Heiberg 4 
44, 17-46, 21 


a”. Ei Ka ev0eta embevx Of ypappa ev émumédw 
Kal LévovTos Tob éTEpov mépatos abtas icorayéws 
meprevexJeioa coaxtooiv _droxaracrab 7 maAw, 
olev wppacer, cya dé 7a Ypappyd TrEpLayoueve 
pépyrat Tt capetov icoraxéws avro eauT@ KaTa 
Tas edletas ap£dpevov c.mr0 tov pévovTos mépatos, 
TO capetov edtKa yparper € ev TO emimeow. 

B. KadAcic8w oby 70 pev Tmépas Tas ev0eias TO 
_ Tepiayouevas avtds d.pxe. Tas EAuKos. 

. “A dé Oéous Tas ypappas, ad’ ds adpfaro a 
ebbeta mrepupepecbar, d.pxa. Tis mepipopas. 

Of EvGeia, av pev ev 7G mpg mepipopa Sdia- 
qopevO7 TO gapeiov To Kata Tas evletas depd- 
pLevov, mpurra Kadciaben, av 0 ev r@ Sevrépa 
Tmepipopd TO avro captetov dvavon, Seurépa,, Kat 
ai dAdo spoiws tavrais cuwvipws rats mept- 
popais kaheiobwoar, 

e’. To de xwpiov 70 meptladbev td TE Tas 
EXtkos Tas ev Ta mpwTE mrepupopG ypadeioas Kal 
Tas eddeias, a éorw mpara, TT p@Tov Kareicbu, 
TO O€ mepiAadlév ind te Tas eAukos Tas ev TE 
devrépa mepihopa ypadelaas Kal Tas evetas Tas 
Seurépas devtepov Kadciobw, Kal ta dAda é€fs 
ouTw Kaheicbw. 

&”. Kat et xa amo tot capetou, o €oTW dipxa. Tas 
eAtkos, 4x87 tis edOcia ypaypd, Tas edbelas Tavras 
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(e) THE SprrAL oF ARCHIMEDES 


(i.) Definitions 


Archimedes, On Spirals, Definitions, Archim. ed. 
Heiberg ii. 44. 17-46. 21 


1. If a straight line drawn in a plane revolve uni- 
formly any number of times about a fixed extremity 
until it return to its original position, and if, at the 
same time as the line revolves, a point move uni- 
formly along the straight line, beginning at the 
fixed extremity, the point will describe a spiral in 
the plane. 

2. Let the extremity of the straight line which 
remains fixed while the straight line revolves be 
called the origin of the spiral. 

3. Let the position of the line, from which the 
straight line began to revolve, be called the znztial line 
of the revolution. 

4, Let the distance along the straight line which 
the point moving along the straight line traverses in 
the first turn be called the first distance, let the distance 
which the same point traverses in the second turn be 
called the second distance, and in the same way let 
the other distances be called according to the number 
of turns. 

5. Let the area comprised between the first turn 
of the spiral and the first distance be called the jirst 
area, let the area comprised between the second turn 
of the spiral and the second distance be called the 
second area, and let the remaining areas be so called 
in order. 

6. And if any straight line be drawn from the 
origin, let [points] on the side of this straight line in 
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Ta ET 7a. atta, ep a Ka a. TEpupopa, yevyra., 
mpoayoupeva KaAdciobw, Ta b€ € emt Oarepa € ETOHEVO., 

C’. °O re ypadeis Kukdos Kévtpw ev TH oapein, 
Oo €oTW apya Tas EAtKos, dtaoTHpari S€é TE evOeia, 
ad éoTw mpwrTa, mpa@tos Kadcicbw, 6 5é ypadeis 
KevTpw prev TH avT@, dvaorypate S€ 7a OtzrAaoia 
evleta dSevTepos Kareicbw, Kai ot aAdou b€é EfAs 
TOUTOLS TOV QUTOV TPOTFOV. 


(ii.) Fundamental Property 
Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 18 


Ei xa oti trav eAvKa Tav év 7G wpwTa Twepipopa 
yeypapypevay moTimec@vTt OVo evOeiat amd Tov 
capeiou, O eat apxa Tas EAtKos, Kai éxBAnBéwvre 
moTt Tav Tov mpwrov KUKAov Trepidbépetav, TOV 
avtov éfotvTe Adyov ai moti Tav EXtka ToTUTIT- 
rovaat ToT aAAdAas, ov ai Tepidéperar Tod KUKAOU 
at petagd Tov wépatos Tas EAuKos Kal TOV TEpaTwv 
Tav exBrAnOevody ev0erdv tv emt Tas Trepidepetas 
ywopevwy, emt Ta mpoayovpeva AapPavopevay 
Tay Trepupeperay amo TOU méparos Tas eAtKos. 

"EKorw eng G a ABL AEO év Ta mura mrepupope 
VEY PApLpLeve., apxya dé Tas pev Eixos gorw 76 
capetov, a b€ OA evOeta a apxa Tas mepipopas éorTw, 
Kal thos 6 6 OKH é EOTW © mparos, TOTUTUTTOVTUMY 
d€ azo Tot A capetouv moti Tav éXtxa at AE, AA 
KQL EKTLMTOVTWY TOT’ TaV TOU KUKAOU TrEpLdépeLay 
emt Ta LZ, H. Oeuxréov, ort tov adrov éxovre 
Adyov 4 ALL mori trav AA, év a OKZ repidbepeca 
moti Trav OKH wepidédpecav. 

Ileprayopévas yap Tas AO ypapypdas d7Aov, ws 
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the direction of the revolution be called forward, and 
let those on the other side be called rearward. 

7. Let the circle described with the origin as centre 
and the first distance as radius be called the first circle, 
let the circle described with the same centre and 
double of the radius of the first circle * be called the 
second circle, and let the remaining circles in order 
be called after the same manner. 


(ii.) Fundamental Property 
Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 18 


If, from the origin of the spiral, two straight lines be 
drawn to meet the first turn of the spiral and produced to 
meet the circumference of the first circle, the lines drawn 
to the spiral will have the same ratio one to the other as 
the arcs of the circle between the extremity of the spiral 
and the extremities of the straight lines produced to meet 
the circumference, the arcs being measured in a forward 
direction from the extremity of the spiral. 

Let ABIAKO be the first turn of a spiral, let 
the point A be the origin of the spiral, let OA 
be the initial line, let OKH be the first circle, and 
from the point A let AE, AA be drawn to meet the 
spiral and be produced to meet the circumference of 
the circle at Z, H. It is required to prove that 
AE: AA=arce OKZ : arc OKH. 

When the line AO revolves it is clear that the point 


* i.e., with radius equal to the sum of the radii of the first 
and second circles, 
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To pev ® oapeiov xara tas Tod OKH xvdrov 
TrEpipepetas evyveypévov éotiv tootayéws, TO S€ 





A Kara Tas evbetas Pepopevov Tay AO Ypopyudy 
TopeveTat, Kal TO © capetov Kata Tas TOU KuKdov 
Trepipepetas pepdopevov tav OKZ mepipeperav, 7d 
b€ A trav AE evOciar, Kal maw To te A capetov 
TaV AA Ypappay Kat TO © trav OKH zepiddpeacay, 
exATEpOV tooraxews avro EauT@ PEepopevov" OfjAov 
ovv, OTL TOV adToVv ExoVTt Adyov a AE aori ray 
AA, é6v a OKZ aepidépera moti trav OKH zepi- 
pépevav [Sédeux7a yap TotTo €€w ev Tots mpwro.s|. 

‘Opoiws dé SeryOjoerat, Kal et Ka a eTépa Tav 

poiws xOjoerat, p 

ToTimunTovody emi TO mépas Tas EAtKOS TOTLTINTH, 
OTt TO aVTO oupPaiver. 


(iii.) A Verging 
Ibid., Prop. 7, Archim. ed. Heiberg ii. 22. 14-24. 7 


Tév adtdv Sedopevwy Kat tds ev 7H KUKAW 
9 , > , 4 ? 3 4 ~ 
evdeias eéexBeBAnuevas Suvardv éorw amd Tot 
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© moves uniformly round the circumference OKH of 
the circle while the point A, which moves along the 
straight line, traverses the line AO; the point 0 
which moves round the circumference of the circle 
traverses the arc OKZ while A traverses the straight 
line AE ; and furthermore the point A traverses the 
line AA in the same time as 0 traverses the are OKH, 
each moving uniformly ; it is clear, therefore, that 
AE : AA=arc OKZ: are OKH [Prop. 2]. 

Similarly it may be shown that if one of the straight 
lines be drawn to the extremity of the spiral the 
same conclusion follows.? 


(iii.) A Verging > 
Ibid., Prop. 7, Archim. ed. Heiberg ii. 22. 14-24. 7 


With the same data and the chord in the circle pro- 
duced,‘ it is possible to draw a line from the centre to meet 


* In Prop. 15 Archimedes shows (using different letters, 
however) that if AE, AA are drawn to meet the second turn 
of the spiral, while AZ, AH are drawn, as before, to meet the 
circumference of the first circle, then 


AE: AA=are ©KZ+circumference of first circle: are 
©KH +circumference of first circle, 


and so on for higher turns. 
In general, if E, A lie on the nth turn of the spiral, and the 
circumference of the first circle is ¢, then 


AE: AA=arc OKZ +n -1¢e: arc OKH +n — le. 


These theorems correspond to the equation of the curve 
+ =a0 in polar co-ordinates. 
® This theorem is essential to the one that follows. 
* See n. @ on this page. 
eras SSS SS 
? SeSenrar. . . mpwros om. Heiberg. 
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, “ ‘ ‘ > , @ 
Kévtpov moTiPpadeiy arott tav exBeBAnyuevav, wore 
Tav peTakd Tas trepipepetas Kal Tas éexBeBAnpévas 
moTt tav emlevxyleicay amo tot mépatos Tas 
b] , \ A f “A >] , 
evarroAadbetoas moti To mépas Tas éxBeBAnpévas 
tov taxlevTa Adyov Exew, et ka 6 Soleis Adyos 
peilwv 7 Tod, ov exer a Huioea Tas ev TO KUKAW 
Sedopuevas mote Tav amo Tod Kévtpov Kaberov én’ 
avTav aypEevay. 

Acdd08w ra atta, Kat €oTw a ev TO KUKAW 

1 2 ! e oy \ , “y a 
ypappa exBeBAnpeva, o de dofeis Adyos éorw, Sv 
v ¢ ‘ 4 / “~ “ w” e 
exe. a Z mort trav H, peclwy rod, ov éyee a TO 
mott Tav OK: petlwv odv €ocetrar Kai Tob, dv exe 
a KT wort PA. ov 87 Adyov ever ad Z mori H 

~ 7 e ‘ > / “~ > ld 
tobrov e€e. a KI’ wort eAdcoova tas TA. eyéra 
mott IN vevovoay emt to [T—duvarov 8€ éorw 
oUTWws Téuvew—Kat TreceiTat evros Tas TA, erred? 
> / > \ ~ > A Ss \ > ‘ ” 
eddoowv €ott Tas TA. emet obv tov adrov eye 
Aoyov & KL wort IN, 6v a Z wort H, wat & EI 

\ \ BeerN ¢ 4 “a e ‘ ‘ 
mort IT rov adrov e€er Adyov, 6v a Z moti rav H. 





¢ AT is a chord in a circle of centre K, and BN is the 
diameter drawn parallel to AI and produced. From K, 
K® is drawn perpendicular to AI, and TA is drawn per- 
pendicular to KT so as to meet the diameter in A. Archimedes 
asserts that it is possible to draw KE to meet the circle in I 
and AI produced in E so that EJ: IT=Z: H, an assigned 
ratio, provided that Z: H>IT@: OK. The straight line Tl 
meets BAin N. In Prop. 5 Archimedes has proved a similar 
proposition when AT is a tangent, and in Prop. 6 he has 
proved the proposition for the case where the positions of I, 
I’ are reversed. 7 

» For triangle IIE is similar to triangle KIN, and therefore 
KI: IN=EI: IT [Eucl. vi. 4]; and KI=KT. . & 

° The type of problem known as vevoets, vergings, has 
already been encountered (vol. i. p. 244 n. a). In this pro- 
positiongas in Props. 5 and 6, Archimedes gives no hint how 
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the produced chord so that the distance betsween the circum- 
ference and the produced chord shall bear to the distance 
between the extremity of the line intercepted [by the cercle] 
and the extremity of the produced chord an assigned 
ratio, provided that the given ratio is greater than that 
which half of the given chord in the circle bears to the 
perpendicular drawn to tt from the centre. 





Let the same things be given,* and let the chord 
in the circle be produced, and let the given ratio 
be Z: H, and let it be greater than TO: OK ; there- 
fore it will be greater than KI':T'A [Eucl. vi. 4]. 
Then Z:H is equal to the ratio of KI’ to some line 
less than T'A [Eucl. v. 10]. Let it be to IN verging 
upon I’—for it is possible to make such an intercept— 
and IN will fall within TA, since it is less than PA. 
Then since KT: IN=Z:H, 
therefore ® El: Il =Z:H- 
the construction is to be accomplished, though he was pre- 


sumably familiar with a solution. 
In the figure of the text, let T be the foot of the perpen- 
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(iv.) Property of the Subtangent 


Ibid., Prop. 20, Archim. ed. Heiberg ii. 72. 4-74, 26 


Kit Ka tas €dukos Tas ev 7G mpoita mepibopa 
yeypappevas ed0eia ypappa exupatn pr) Kata TO 
mépas Tas EAtKos, amd 5€é Tas adds emt Tay apyav 
Tas EAukos edOeia emilevy0A, Kal Kévtpw pev Th 
apxd tas Edtkos, Siaotipate Sé Ta emilevybeioa 
KuKNos ypady, amo 5€ Tas apyds Tas EAiKos axOF7 
Tis tot Oplas TE amd Tas adds emi Tay apyday Tas 
eXukos emlevyleiog, oupteceira: atta moTt Tav 
enupavovoay, Kal éooeirar & petatd ed0eia tas 
TE GULTTWMGLOS Kal Tas apxds Tas eAiKos toa TE 
mepipepeia Tod ypadhévtos KUKAOU 7a petatd Tas 
adds Kat Tas Topas, nal? dv réuver 6 ypadels 
KUKAos Tav apxav Tas Tepipopas, emi Ta Tpoayov- 
peva AapPavopevas ths mepibepeias amd Tod 
Gapeiou Tov ev Ta apyd Tas wepidhopas. 

"Eorw €A€, ef ds ad ABI'A, &v 7@ apadra 
Tepipopa yeypappeva, Kal éemupavérw tis adras 
ev0eia a EZ xara ro A, amo S€ rod ‘A mort rav 





dicular from I’ to BA, and let A be the other extremity of the 
diameter through B. Let the unknown length KN=g, let 
Il'T=a, KT=b, BA=2c, and let IN=k, a given length. 


Then NI. ND =NA. NB, 


1.¢., ka/a? + (a — byp?=(ax ~ e)(x +0), 
which, after rationalization, is an equation of the fourth 
degree in x. 
Alternatively, if we denote NI by y, we can determine 
x and y by the two equations 
y2 =a? +(a— b)', 
ky= x? — c’, 
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(iv.) Property of the Subtangent 
Ibid., Prop. 20, Archim. ed. Heiberg ii. 72. 4-74. 26 


If a straight line touch the first turn of the pale other 
than at the extremity of the spiral, and from the point of 
contact a straight line be drawn to the origin, and mith 
the origin as centre and this connecting line as radius a 
circle be drawn, and from the origin a straight line be 
drawn at right angles to the straight line joining the point 
of contact to the origin, tt will meet the tangent, and the 
straight line between the point of meeting and the origin 
will be equal to the arc of the circle between the point of 
contact and the point in which the circle cuts the initial 
line, the arc beng measured in the forward direction from 
the potnt on the enitial line. 

Let ABI‘A lie on the first turn of a spiral, and let 





the straight line EZ touch it at A, and from A let AA 


so that values of w and y satisfying the conditions of the 
problem are given by the points of intersection of a certain 
parabola and a certain hyperbola. 

The whole question of vergings, including this problem, is 
admirably discussed by Heath, The Works of Archimedes, 
c-cxxii. 
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apxay Tas €AtKos emelevx0w a AA, kal Kévtpw 
pee T@ A, Siaornpare d€ TO AA xdxXos yeypaphu» 
O AMN, TELVETW O° obTos TQ apxav Tas Tepe opas 
Kara To K, ax Gu d€ a. ZA ott Tay AA o pod. 
ort bev ovv avTa oupmimres, djAov? OTe b€ Kai toa 
€oTWW a. ZA ed0eta TG KMNA Trepupepeia, Geuxréov. 
Et yap p71, "TOU pete é cot y eAdoowy. éoTw, 
et Suvardv, mpdorepov peilwv, Acdagdw d€ Tis a 
AA rds pev ZA edfelas éAdcowv, tas 6¢é KMNA 
/ é , ‘ , > 4 e 
Trepipepeias pretCwv. madAw 67 KUKAos éoTiv 6 
Kal €v T@ Kvichop Ypappd eAdcowy Tas 
Stapérpov & AN Kat Adyos,. év exer a AA mori 
AA, petlov Tov, ov eye a Tpigeva, Tas AN zozi 
Trav avo Tob A Kdderov én’ adray aypevay: Suvarov 
> 3 > 4 ~ wn ‘ \ A 
ovyv cot amo Tou A nottBaheiv TOV AE Tore Tay 
NA exBeBAnyievar, WOTE Tay EP Tort Tay AP 
TOV avTov exe Adyov, ov a AA ToTt Tav AA: 
dédeuxTat yap TodTO Suvatov ed: e€et ovv Kal a 
EP zori tav AP tov adrov Aoyov, é6v a AP zorti 
Tay AA, a de AP ToT Tav AA eAdagova Adyov 
éxyes 7) a AP mepupépera qoTt Tay KMA TE pt- 
dépevav, evel a pev AP éAdoowv éott tas AP 
mepipepeias, a 6€ AA peilwy tas KMA zepi- 
/ 3 , > ‘4 ¥ ¢ 9 ~ 
epeias’ eAdacova ody Adyov exer a EP edeia 
moTt PA 4 a AP zepiddpeta wort trav KMA zrepi- 
/ a A € A > U 4 
dépecav' wote kat a AE mort AP éAdoaova Adyov 


eyes 7 & KMP mepiddpera moti trav KMA repi- 





¢ For in Prop. 16 the angle AAZ was shown to be acute. 

» For AN touches the spiral and so can have no part 
within the spiral, and therefore cannot pass through A; 
therefore it is a chord of the circle and less than the diameter. 

¢ For, if a perpendicular bedrawn from A to AN, it bisects 
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be drawn to the origin, and with centre A and radius 
AA let the circle AMN be described, and let this 
circle cut the initial line at K, and let ZA be drawn at 
right angles to AA. That it will meet [ZA] is clear 4; 
it is required to prove that the straight line ZA is 
equal to the are KMNA. 

If not, it is either greater or less. Let it first be, 
if possible, greater, and let AA be taken less than the 
straight line ZA, but greater than the are KMNA 
[Prop. 4]. Again, KMN is a circle, and in this circle 
AN is a line less than the diameter,® and the ratio 
AA: AA is greater than the ratio of half AN to the 
perpendicular drawn to it from A®; it is therefore 
possible to draw from A a straight line AE meeting 
NA produced in such a way that 


EP: AP=AA:AA3 

for this has been proved possible [Prop. 7]; therefore 
EP: AP=AP: AA. 

But AP: AA <arc AP: are KMA, 


since AP is less than the arc AP, and AA is greater 
than the arc KMA; 


*s EP ; PA <are AP: arc KMA; 
AE: AP <are KMP: are KMA. 
{Eucl. v. 18 


AN {Eucl. iii. 3] and divides triangle AAZ into two triangles 
of which one is similar to triangle AAZ [Eucl. vi. 8]; therefore 


AA: AZ=3NA: (perpendicular from A to NA). 


[Eucl. vi. 4 
But AZ>AA; 
AA: AA>4NA: (perpendicular from A to NA). 


4 For AA=AP, being a radius of the same circle; and 
the proportion follows permutando, 
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dépecav. dv dé Adyov éyee & KMP ori rap 
KMA wepiddpecav, rodrov éyee ad XA ori AA: 
€Adooova dpa Adyov éyer ad HA zott AP 9 a AX 
mott AA: omep éotiv ddvvatov. ovK dpa peilwv 
a ZA ras KMA aepidepeias. spoiws S€ Tots 
amporepov SeryOycerat, ott ovde éAdoowv éoTiv: 
td ” 

toa apa. 


(f) Semr-Recutar Sorips 
Papp. Coll. v. 19, ed. Hultsch i. 352. 7-354. 10 


IIoAAa yap émwofjoat dSuvarov oteped oyypara 
qavTotas emdaveias exovTa, paAdov 8 av tis 
a€wioere Adyou Ta TeTAyOat SoKoivrTa [Kat TovTwY 
mold mAgov Tovs Te KwWVOUS Kal KUAWSpoUs Kal Ta 

/ / 1 o~ > 3 \ b] / 
Kadovpeva mroAvedpal.' tadra 8 éoriv od pdvov 
Ta Tapa T® Oevcordrw WAdrwvw wévte cyjparta, 
ToUTéoTW TETpadEdpov TE Kai EEdEdpoV, OKTAdEdPOV 

A / 4 > ? / > A 
TE Kal SwoeKdedpov, TéTTOV O° eikocdedpov, GAG 
Kal ta b7o “Apyyndovs edpePévta tproKxaidexa 
Tov apiOucy to icomAcvpwyv péev Kal looywriwy 

4 
ovx Opoiwy dé TroAvywvwy TEpLexopeva. 


1 kal... modAvedpa om. Hultsch. 


¢ This part of the proof involves a verging assumed in 
Prop. 8, just as the earlier part assumed the verging of Prop. 
7. The verging of Prop. 8 has already been described 
(vol. i. p. 350 n. 6) in connexion with Pappus’s comments 
on it. 

» Archimedes goes on to show that the theorem is true 
even if the tangent touches the spiral in its second or some 
higher turn, not at the extremity of the turn; and in Props. 
18 and 19 he has shown that the theorem is true if the tangent 
should touch at an extremity of a turn. 
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Now arc KMP:arc KMA=XA: AA; [Prop. 14 
et EA:AP<AX:AA; 


which is impossible. Therefore ZA is not greater 
than the are KMA. In the same way as above it 
may be shown to be not less; therefore it is equal.? 


(Ff) SemMI-REGULAR SOLIDS 
Pappus, Collection v. 19, ed. Hultsch i. 352. 7-354. 10 


Although many solid figures having all kinds of 
surfaces can be conceived, those which appear to be 
regularly formed are most deserving of attention. 
Those include not only the five figures found in 
the godlike Plato, that is, the tetrahedron and the 
cube, the octahedron and the dodecahedron, and 
fifthly the icosahedron,’ but also the solids, thirteen 
in number, which were discovered by Archimedes 4 
and are contained by equilateral and equiangular, but 
not similar, polygons. 


As Pappus (ed. Hultsch 302. 14-18) notes, the theorem can 
be established without recourse to propositions involving 
solid loci (for the meaning of which see vol. i. pp. 348-349), 
and proofs involving only ‘‘ plane’? methods have been 
developed by Tannery, Mémoires scientifiques, i., 1912, 
pp. 300-316 and Heath, H.G@.M. ii. 556-561. It must remain 
a puzzle why Archimedes chose his particular method of 
proof, especially as Heath’s proof is suggested by the figures 
of Props. 6 and 9; Heath (loc. cit., p. 557) says “* it is scarcely 
possible to assign any reason except his definite predilection 
for the form of proof by reductio ad absurdum based ulti- 
mately on his famous ‘ Lemma’ or Axiom.”’ 

¢ For the five regular solids, see vol. i. pp. 216-225. 

4 Heron (Definitions 104, ed. Heiberg 66. 1-9) asserts that 
two were known to Plato. One is that described as P, 
below, but the other, said to be bounded by eight squares 
and six triangles, is wrongly given. 
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To pev yap mp&rov oxrdedpdv éotw mepiexd- 
fevov uT0 Tptywvwv 0 Kal éEaywvwy 6. ty 
pia d€ pera tobTO TecoapeckaideKdedpa, dv 

4 \ “~ 4 , ~ 4 
TO fev Mp@Tov mEptexeTar Tprywvois H Kal TeTpa~ 
ywvots ©, TO de devTEpov TeTpaywrois F Kal é€a- 
ywvots 7,70 d€ TpiTrov TpLywvols H Kal OKTaywrots =. 

Mera d€ Tatra Exkatetxoodedpa earw Svo, dv 
TO fev Tp@Tov TEepexeTar Tplywvots 7 Kal TEeTpA- 
ywvots in, To de devTEpov TeTpaydvos tB, é€a- 
yuwvots 7 Kal oKTaywvots $. 

Mera 6€ tadra dvoKaitpiakovrdedpad eo tpia, 
Ov TO fev MpOTov epiéxerar Tprywvois K Kal 
mevraywvots u8, To de devTepov mevTaywvors 1B 
Kat é€aywvous K, TO d5€ TolTov Tpiywvois K Kal 
dexayuwvois uf. 

Mera d€ raira &v éorw dKTwKatTpiaKovTdedpov 
TEPLEXOLEVOY VITO Tprywrwy AB Kal TeTpaywvwy $F. 

Mera d€ roiro dvoKxareEnkovrdedpa éate Svo, 
@v TO pev TpO@Tov TEprexeTaL Tprywvois K Kal 
retpaydvois A kal mevtaywvois o8, 7d Sé SedTEpor 
retpayuvors X kal éEaydvors K Kal Sexaydvors if. 

Mera d€ ratra redevratdv é€oTw dvoxatevern- 
Kovrdedpov, 6 TepléxeTaL Tptywvois T Kal TeVTA- 
yuvos up. 





* For the purposes of n. 6, the thirteen polyhedra will be 
agesignated-as: Fede sas Lye 

® Kepler, in his Harmonice mundi (Opera, 1864, v. 123- 
126), appears to have been the first to examine these figures 
systematically, though a method of obtaining some is given 
in a scholium to the Vatican ms. of Pappus. If a solid angle 
of a regular solid be cut by a plane so that the same length 
is cut off from each of the edges meeting at the solid angle, 
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The first is a figure of eight bases, being contained 
by four triangles and four hexagons [P,].* 

After this come three figures of fourteen bases, the 

first contained by eight triangles and six squares py 
the second by six squares and eight hexagons [P,], 
and the third by eight triangles and six octagons 
Bale 
ee these come two figures of twenty-six bases, 
the first contained by eight triangles and eighteen 
squares [P,], the second by twelve squares, eight 
hexagons and six octagons [P,]. 

After these come three figures of thirty-two bases, 
the first contained by twenty triangles and twelve 
pentagons [P,], the second by twelve pentagons and 
twenty hexagons [P,|, and the third by twenty 
triangles and twelve decagons [P5]. 

After these comes one figure of thirty-eight bases, 
being contained by thirty-two triangles and six 
squares [P49]. 

After this come two figures of sixty-two bases, 
the first contained by twenty triangles, thirty squares 
and twelve pentagons [P,,], the second by thirty 
squares, twenty hexagons and twelve decagons [P},]. 

After these there comes lastly a figure of ninety- 
two bases, which is contained by eighty triangles 
and twelve pentagons [P,,].° 
the section is a regular polygon which is a triangle, square or 
pentagon according as the solid angle is composed of three, 
four or five plane angles. If certain equal lengths be cut off 
in this way from all the solid angles, regular polygons will 
also be left in the faces of the solid. This happens (i) 
obviously when the cutting planes bisect the edges of the 
solid, and (ii) when the cutting planes cut off a smaller length 
from each edge in such a way that a regular polygon is 
left in each face with double the number of sides. This 
method gives (1) from the tetrahedron, P,; (2) from the 
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(g) System or expressina Lance NumMBERS 
Archim. Aren. 3, Archim. ed. Heiberg ii. 236. 17-240. 1 


“A pev odv drroT Gepat, Tatra: XpHouov dé 
elev drrohapBaven TOV Karovopagw TOV dpiidiv 
pnonpev, Omrws Kal Tov aAAwy ot TH BuBAigs fu 
TEpUTETEVXOTES TO mort Levfirmov VEY PapyLeveyp 
ph mravevrar Sid TO pndev eluev darep adras ev 
THE TO BuBricp TpOELpyLLEvor. oupBatver 67) Ta 
ovopara TOV apiluay €s TO pev Tay pupiav 
drdpxew aty Tmapadedopeve., Kal vTep TO TOV 
peupiwy [wer] a amoxpedvTws yeyvwoxopes pupiddwy 
d.prO ov A€yovres eave mort Tas peupias pupiadas. 
coTwy ody apiv ot pev viv etpnuéevor aprOpol € es Tas 
pupias pupiddas mpaTot Kadoupevot, TOV d€ T™pw- 
Tw apiuady at puprae pLupidoes povas Kadeioba 
devTéepwv dprbpar, Kal aptOpuetcbwy ra&v Sevrépwv 
pLovades Kal ex Tav povaduy dexddes kal exa- 
Tovrddes Kal xytAuddes Kal pupiddes es Tas pupias 
pupiadas. madAw dé Kat at pupiat pupiddes TOV 
SevTépw apiOuav povas kaheiobw TpiTwy appa, 
Kal dp OperoPurv TOV Tpitwy d.prbdry provades Kal 
amo Tav povadwy Sexddes Kal exatovrdses Kat 
xthiddes Kal pupiddes es Tas pupias pupiddas. 
TOV aprov dé TpoTov Kat Tay Tpitwy apiouav 
pvptat pupiddes peas Kareicbw Tetaptwv apiudr, 

1 péev om. Heiberg. 
cube, P, and P,; (8) from the octahedron, P, and Ps; (4) 
from the icosahedron, P, and P,; (5) from the dodecahedron, 
P,and P,. It was probably the method used by Plato. 
Four more of the semi-regular solids are obtained by first 


cutting all the edges symmetrically and equally by planes 
parallel to the edges, and then cutting off angles. This 
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(g) System or ExpREssING Lance Numbers 


Archimedes, Sand-Reckoner 3, Archim. ed. 
Heiberg ii. 236. 17-240. 1 

Such are then the assumptions I make; but I 
think it would be useful to explain the naming of 
the numbers, in order that, as in other matters, 
those who have not come across the book sent to 
Zeuxippus may not find themselves in difficulty 
through the fact that there had been no preliminary 
discussion of it in this book. Now we already have 
names for the numbers up to a myriad [10*], and 
beyond a myriad we can count in myriads up to a 
myriad myriads [10°]. Therefore, let the aforesaid 
numbers up to a myriad myriads be called numbers 
of the first order [numbers from 1 to 10%], and let a 
myriad myriads of numbers of the first order be called 
a unit of numbers of the second order [numbers from 
108 to 101], and let units of the numbers of the second 
order be enumerable, and out of the units let there 
be formed tens and hundreds and thousands and 
myriads up to a myriad myriads. Again, let a myriad 
myriads of numbers of the second order be called a 
unit of numbers of the third order [numbers from 10’° 
to 104], and let units of numbers of the third order 
be enumerable, and from the units let there be formed 
tens and hundreds and thousands and myriads up 
to a myriad myriads. In the same manner, let a 
myriad myriads of numbers of the third order be 


e 


give (1) from the cube, P, and P, ; (2) from the icosahedron, 
113 (3) from the dodecahedron, P,,. 

The two -remaining solids are more difficult to obtain ; 
Py is the snub cube in which each solid angle is formed by 
the angles of four equilateral triangles and one square; 
P13 is the snub dodecahedron in which each solid angle is 
formed by the angles of four equilateral triangles and one 
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Kal ae Tav TeTdprwv d.pOudy pdprar Hupiddes 
povas Kaheioben MELT TOV appar, wal ael ovTws 
Mmpoayovrres ob aprBp.ot TO. ovdpara EXOVTWY ES TAS 
pupiaxtopupiooT ay apibcy pupias _pupiddas. 
‘Amroxpéovte prev odv Kal em tocobrov ot dpBpot 
yryvwcKopervor, efeort de Kal emi mA€ov mpodiyeu. 
cOTwWY yap ob pev viv _eipnpevor apOpot mporTas 
mepiddov Kadoupevor, 6 dé eoxatos apiOucs ras 
™pwras Trepiodou provas Kadcicbw Seurépas TE pt- 
ddov mpurev apiOudyv. amddAw Sé Kal af pdprac 
pupiddes Tas Seurépas mepiodov TpwTwY apioudr 
jrovas Kkaheiobu Tas Seurépas mrepLodov Sevrépwv 
apiudv. opotws d€ Kal TOUTWY 0 EnyaTos povas 
Kkadeiobu SevTépas Tepiooov TpiTwy dpibucy, Kal 
det ovTws ot apibpol mpodyovres TAQ ovopara 
exovtwy Tas Sevtrépas Tmeptodov es Tas puplaKio- 
puptooTa@v dpbuay _pupias pupiddas. 
dAw oe Kal 6 €oxaTros apiOuos Tas Seurépas 
mep.ooou jrovas Kadeiobe Tpiras mepLodou TPWTWY 
apiuadyv, Kat det ovtTws mpoaydvTwy és Tas pupta- 
Kuopupiooras TEpiodov pupiaKktopupiooTa@y apOpav 


HUpeS piupidoas. 





* Expressed in full, the last number would be 1 followed 
by 80,000 million millions of ciphers. Archimedes uses this 
system to show that it is more than sufficient to express the 
number of grains of sand which it would take to fill the 
universe, basing his argument on estimates by astronomers 
of the sizes and distances of the sun and moon and their 
relation to the size of the universe and allowing a wide margin 
for safety. Assuming thata poppy-head (for so pajewy is here 
to be un erstood, not “‘ poppy-seed,”’ v. D’Arcy \ ha loaee ea 
The Classical Review, Ivi. (1942), p. 75) would contain not 
more than 10,000 grains of sand, and that its diameter is 
not less than a finger’s breadth, and having proved that the 
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called a unit of numbers of the fourth order [numbers 
from 10% to 10%], and let a myriad myriads of 
numbers of the fourth order be called a unit of 
numbers of the fifth order [numbers from 10% to 10%}, 
and let the process continue in this way until the 
designations reach a myriad myriads taken a myriad 
myriad times [108 - 10°]. 

It is sufficient to know the numbers up to this point, 
but we may go beyond it. For let the numbers now 
mentioned be called numbers of the first period [1 to 


108 - 10°) , and let the last number of the first period be 
called a unit of numbers of the first order of the second 
period [108- °° to 108: 10°. 108], And again, let a 
myriad myriads of numbers of the first order of the 
second period be called a unit of numbers of the second 


order of the second period {108 - 10°, 108 to 108-108, 1016], 
Similarly let the last of these numbers be called a 
unit of numbers of the third order of the second period 


[108 - 10° 1016 to 108: 10°, 1024], and let the process 
continue in this way until the designations of numbers 
in the second period reach a myriad myriads taken a 
myriad myriad times [108 - 10°, 108 - 10°, or (108- 10°)?) 

Again, let the last number of the second period 
be called a unit of numbers of the first order of the 


third period [(108 - 1°)” to (108- 10°)”, 108], and let the 
process continue in this way up to a myriad myriad 
units of numbers of the myriad myriadth order of the 


myriad myriadth period [ (108 - 10°10" or 108: 10'°],4 


sphere of the fixed stars is less than 10? times the sphere in 
which the sun’s orbit is a great circle, Archimedes shows that 
the number of graius of sand which would fill the universe is 
less than ‘ 10,000,000 units of the eighth order of numbers,” 
or 10°, The work contains several references important for 
the history of astronomy. 
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(A) INDETERMINATE ANaLysis: THE CaTTLE 
PROBLEM 


Archim. (?) Prob. Bov., Archim. ed. Heiberg 
ii. 528, 1-532. 9 


Il poBAnpa 
O7rEp “Apxeyenoys | ev eT LY Papacy edpav Tois év 
“Arefavdpeig mrept Taira T pay LATEvOMEVOLS Enretv 
améotelev ev tH mpos "Eparocbévnv tov Kupy- 
vatov emoToXy. 


TTAn dv " HeAioto Body, a feive, pLéeTpyGov 
ppovrio EMLOTHOGS, El plerexers oodins, 
moaon ap’ ev medio. LuKeAts tor’ éBdoKero vycou 
Opiwakins tetpayh otidea Saccapevyn 
xpounv aAAdooovta* To ev AcuKoto ydAaKTos, 
KUGVvEW O° ETEPOV xpwpare Aapmopevor, 
ado ye pee favbov, TO de TouKidov. ev de ExadoT@ 
oripe: é€cav Tavpot TA Gear BprBopevor 
oupipLerpins Tounade TETEVYXOTES* dpyorpixas peev 
Kvavewy Tavpuy jpioer Oe TpiTw 
Kai EavOois ovumacw icous, w €elve, vdnaov, 
avTap KUaveoUS TH TETPATW TE jLEpEt 
puKToxpowy Kal méurtw, ett EavOoioi re maow. 
tovs 6° broXeitopévous Troikiddypwras dOpet 
dpyevvOv tavpwv ext péper éBdop.dTw TE 
kai £avOois adtodvs maow icalopevous. 
Onhetarar d€ Bovot Tad” €mAero: AcuvKdtpiyes pev 
joav ovpmdons kvavens ayéeAns 
TD Tprary TE jéper Kal TeTparw atpexés loau: 
avrap Kudveat TH TeTpdTw Te mdaAW 
PLKTOXpOwY Kal méuTTW Oo pLéper tadlovTo 
\ > A > & 
avv Tavpols Tacats Els VOjLOV Epyopevats. 
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(hk) InpeTERMINATE ANALysIs: THE CaTTLE 
PROBLEM 


Archimedes (?), Cattle Problem,* Archim. ed. Heiberg 
ii. 528. 1-532. 9 


A ProsieM 


which Archimedes solved in epigrams, and which he 
communicated to students of such matters at Alex- 
andria in a letter to Eratosthenes of Cyrene. 


If thou art diligent and wise, O stranger, compute 
the number of cattle of the Sun, who once upon a time 
grazed on the fields of the Thrinacian isle of Sicily, 
divided into four herds of different colours, one milk 
white, another a glossy black, the third yellow and 
the last dappled. In each herd were bulls, mighty 
in number according to these proportions : Under- 
stand, stranger, that the white bulls were equal to a 
half and a third of the black together with the whole 
of the yellow, while the black were equal to the fourth 
part of the dappled and a fifth, together with, once 
more, the whole of the yellow. Observe further that 
the remaining bulls, the dappled, were equal to a 
sixth part of the white and a seventh, together with 
all the yellow. These were the proportions of the 
cows: The white were precisely equal to the third 
part and a fourth of the whole herd of the black ; 
while the black were equal to the fourth part once 
more of the dappled and with it a fifth part, when 
all, including the bulls, went to pasture together. Now 

* It is unlikely that the epigram itself, first edited by 
G. E. Lessing in 1773, is the work of Archimedes, but there 
is ample evidence from antiquity that he studied the actual 
problem. The most important papers bearing on the subject 


have already been mentioned (vol. i. p. 16 n. c), and further 
references to the literature are given by Heiberg ad loc. 
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t > 3 , , I ? \ \ @ 
EavOorpixwy 8° ayéAns méurTm wéper NOE Kal EKTW 
mroukiAat igapiOpov trARVos Exov TEeTpAXy. 
EavOai 8 jpiOpedvro pépous Tpirov npioe loae 
dpyevvis ayéAns éBdopaTw te pépet. 
~ A > > 4 4 , > A ? , 
Ecive, od 0, "HeAtoto Boes roca, arpeKes eEt7rwr, 
ywpis pev tavpwv Carpedéwv apiluov, 
ywpis & ad, OnAeat doar Kata xpowdy ExacTat, 
3 wy” / 4 > o- > a] ~ LO ? 
ovK didpis Ke A€yot odd apiudy adans, 
> f 4 a > , > > , 
od pny mw ye aodhois evapiOpos. GAN’ ihe dpalev 
Kal rade mavtra Bodv *Herioto maby. ’ 
~ ; , 
dpyorptyes Tabpot pev eet pkaiaro mAnOov 
Kvavéois, loravT’ éumedov toduerpot 
3 / 3 ie meee A > om , 4 
eis Babos eis edpds Te, TA O AU TEpyLNKEa TAaVTY 
mipmAavro 7AnOouvs’ Opwakins media. 
\ > > 3 ? a ‘ , > 3 
EavOoi 8 abr’ eis Ev Kat trouxtAoe abpotabévres 
> 3 , > Cek > , 
ioravt apPodrAddnv e€ Evds apyopevor 
oyyjpa TeAetoivres TO TpLKpadoTrEedoV OUTE TPOGOVTWY 
dAAoypowy tatpwv ovr’ émtdetropévwv. ‘ 
tatra cuve€eupwv Kal evi mpamidecow abpoicas 
Kal 7Anbéwy amodovs, E<ive, TA TavTa péTpa 
Epyeo Kvdiudwy viKnddpos ioft re mavTws 
KEKPYLEVOS TAUTH y’ OpTrVLos Ev codin. 


1 adjPovs Krumbiegel, aAivov cod. 





¢ i.e, a fifth and a sixth both of the males and of the females. 

» Ata first glance this would appear to mean that the sum 
of the number of white and black bulls is a square, but this 
makes the solution of the problem intolerably difficult. There 
is, however, an easier interpretation. Ifthe bulls are packed 
together so as to form a square figure, their number need not 
be a square, since each bull is longer than it is broad. The 
simplified condition is that the sum of the number of white 
and black bulls shall be a rectangle. 
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the dappled in four parts? were equal in number toa 
fifth part and a sixth of the yellow herd. Finally the 
yellow were in number equal to a sixth part and a 
seventh of the white herd. If thou canst accurately 
tell, O stranger, the number of cattle of the Sun, giving 
separately the number of well-fed bulls and again 
the number of females according to each colour, thou 
wouldst not be called unskilled or ignorant of num- 
bers, but not yet shalt thou be numbered among the 
wise. But come, understand also all these conditions 
regarding the cows of the Sun. When the white 
bulls mingled their number with the black, they stood 
firm, equal in depth and breadth,® and the plains of 
Thrinacia, stretching far in all ways, were filled with 
their multitude. Again, when the yellow and the 
dappled bulls were gathered into one herd they stood 
in such a manner that their number, beginning from 
one, grew slowly greater till it completed a triangular 
figure, there being no bulls of other colours in their 
midst nor none of them lacking. If thou art able, 
O stranger, to find out all these things and gather 
them together in your mind, giving all the relations, 
thou shalt depart crowned with glory and knowing 
that thou hast been adjudged perfect in this species 
of wisdom.° 


¢ If 
X, x are the numbers of white bulls and cows respectively, 
er " », black 9 93 .° 
Z, 2 3 5 » yellow 9 ” ” 
W, Ww 99 i) 99 dappled 99 39 ” 
the first part of the epigram states that 
(a) X=($4+))V4+Z eS. Se  :  * tee AGT) 


VYeGspWtZ . «1 « « (9) 
W=(h4)X4+Z . 2. 2. G3) 
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(t) Mecuanics: CENTRES OF GRAVITY 


(i.) Postulates 


Archim. De Plan. Aequil., Deff., Archim. ed. 
Heiberg ii. 124. 3-126. 3 


a’. Atrovpeba ta toa Bdpea amd iowv paréwv 
isoppoveiv, Ta Se toa Bdpea amd TeV dvicwv 
pakéwy py taopporeiv, adda pézew emi to Bapos 
TO amo TOD peilovos paKeos. 


(b) e=(4+))(Y+y) « ec -« <a 
y=(4+iKW+w) 2. «© « « (85) 
w=() + g\(Z +2) e e e e (6) 
z=(S+i(X+e) © «© © «© (7) 


The second part of the epigram states that 


X + Y=a rectangular number o -« ff) 
Z+We=atriangular number. . . (9) 


This was solved by J. F. Wurm, and the solution is given by 
A. Amthor, Zeitschrift fiir Math. u. Physik, (Llist.-litt. 
Abtheilung), xxv. (1880), pp. 153-171, and by Heath, The 
Works of Archimedes, pp. 319-326. For reasons of space, 
only the results can be noted here. 

Equations (1) to (7) give the following as the values of 
the unknowns in terms of an unknown integer 23 


X =10366482n x = 7206360 
Y= 7460514n y =439324612 
Z= 4149387n z=5439213n 
W= 7358060n w =3515820n, 


We have now to find a value of m such that equation (9) 
is also satisfied—equation (8) will then be simultaneously 
satisfied. Equation (9) means that 


Z+Ww= Prt, 
where p is some positive integer, or 
l 
(4149387 +7358060)n =! pes: uy 
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(:) Mecuanics: CenTrREeS oF GRAVITY 
(i.) Postulates 


Archimedes, On Plane Equilibriums,* Definitions, 
Archim. ed. Heiberg ii. 124, 3-126. 3 


1. I postulate that equal weights at equal distances 
balance, and equal weights at unequal distances do 
not balance, but incline towards the weight which is 
at the greater distance. 


1 
ine, Q471 . s65tn = Pt), 
This is found to be satisfied by 
2 —3°. 4349, 
and the final solution is 
X = 1217263415886 2 = 846192410280 
Y= 876035935422 y = 574579625058 
Z= 487233469701 z= 638688708099 
W= 864005479380 w = 412838131860 


and the total is 5916837175686. 

If equation (8) is taken to be that X + Y=a square number, 
the solution is much more arduous; Amthor found that in 
this case, 


W=1598 (206541), 
where (206541) means that there are 206541 more digits to 
follow, and the whole number of cattle=7766 (206541). 


Merely to write out the eight numbers, Amthor calculates, 
would require a volume of 660 pages, so we may reasonably 
doubt whether the problem was really framed in this more 
difficult form, or, if it were, whether Archimedes solved it. 

6 This is the earliest surviving treatise on mechanics ; 
it presumably had predecessors, but we may doubt whether 
mechanics had previously been developed by rigorous geo- 
metrical principles from a small number of assumptions. 
References to the principle of the lever and the parallelogram 
of velocities in the Aristotelian Mechanics have already been 
given (vol. i. pp. 430-433). 
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B’. et Ka Bapéwy looppoTredvTwy amr6 TLD 
jraxéoy TOTL TO eTEpOV Tov Bapéwy moire h, va) 
toopporreiv, GAAa pérew emt to Bapos éxelvo, @ 
eae 

‘Opoiws d€ Kat, et Ka dio Tob étépov Trav 
Bapéen aparpeDh Thy BH isoppotreitv, GANG pézeww 
em TO Bapos, ap’ ob ovK adn pen. 

6°. Tév towv Kad Opotwy oynpdtwy émurédwv 
edappolopevwy én’ daha Kat Ta KeVTpA TOV 
Bapéwy epappuoler én dAdada. 

en Tav be dviowy, _Opotwy dé, Ta KevT pa TOV 
Bapéwy opotws EGOELTAL KElfLeva.. opoiws dé 
Aéyopes capeta KéeoDar mort TA Ofola oxnpara, 
ap’ wv emi Tas ioas yeovias ayopevar evbetar 
ToveovTe ywvias toas mort Tas opodAdyous mA€eupas. 

s’, Ee Ka jeyeBea amo Twa pakewy tooppo- 
TEwvTe, Kat Ta toa avTois amo THY altadyv paKkewy 
tooppomjcet. 

o. [avros OXNPATOS, ov Ka a TEpteT pos em 
Ta avTa Kotha 7 , TO KevTpov TOU Bdpeos évros elev 
def TOD oXHpaTOS. 


(ii.) Principle of the Lever 
Ibid., Props. 6 et 7, Archim. ed. Heiberg ii. 132. 13-138. 8 
o 

Ta ovppetpa peyelea icopporéovrt amo paKkewv 
avrimettovOdtws tov attov Adyov éydvTwy Tots 
Bapeow. 

"Eorw CULLLET pa. peyeea 70. A, B, av KevTpa 
7a, A; B, Kal paKos EOTW TL TO EA, Kal EoTw, ws 


to A mott To B, ovtws to AT paxos mori ro TE 
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2. If weights at certain distances balance, and 
something is added to one of the weights, they will 
not remain in equilibrium, but will incline towards 
that weight to which the addition was made. 

3. Similarly, if anything be taken away from one 
of the weights, they will not remain in equilibrium, 
but will incline towards the weight from which 
nothing was subtracted. 

4. When equal and similar plane figures are ap- 
plied one to the other, their centres of gravity also 
coincide. 

5. In unequal but similar figures, the centres of 
gravity will be similarly situated. By points similarly 
situated in relation to similar figures, I mean points 
such that, if straight lines be drawn from them to 
the equal angles, they make equal angles with the 
corresponding sides. 

6. If magnitudes at certain distances balance, 
magnitudes equal to them will also balance at the 
same distances. 

7. In any figure whose perimeter is concave in the 
same direction, the centre of gravity must be within 
the figure. 


(ii.) Principle of the Lever 
Ibid., Props. 6 and 7, Archim. ed. Heiberg 
ii. 132. 13-138. 8 
Prop. 6 


Commensurable magnitudes balance at distances re- 
ciprocally proportional to their weights. 

Let A, B be commensurable magnitudes with 
centres [of gravity] A, B, and let KA be any distance, 


and let A:B=Ar:TE;: 
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~ a ¢ ~ > > Fd “~ 
padxos: Seuxtéov, ore Tot €€ audorépwv trav A, B 
ouyKeyevou peyébeos Kévtpov eott tod Badpeos 
TOL 

oh \ , > e ‘ A A A B, NA \ 

met yap €oTv, ws TO A mot 70 B, odtws To 

Al mott To TE, ro be A 7d B CUppLETpOV, KQL 
vo LA cpa TO TE OULLETPOV, TouTéoTW evdeta 
7a ev0cia: wote TOV EV, PA éore xowdv pértpov. 
wv ‘ : \ \ / ~ A ” © id 
éotw 07) TON, kat Keicbw 7& pév EV toa exarépa 


vav AH, AK, 7a d€ AV toa ad EA. kai ézei toa 
A 


NY 


a AH 7@ DE, toa cal d AT 74 EH: wore Kai a 
AK toa 7G EH. OimAacia dpa a pev AH és 
AY, a 6€ HK rés TE: adore ro N rai éxarépav 
~ A > / \ ‘ ec , 

Trav AH, HK perpet, eeudijmep nai Ta yioea 
auTayv. Kal evel €oTw, ws To A zori Td B, ovtTws 
a Al’ mori TE, &s b€ a AT azorit TE, otrws a 
AH ao7vt HK—éirAacta yap éxarépa éxarépas 

\ e ” \ ‘ A ¢ e . 
—Kat ws apa to A woti to B, ottws & AH mori 
HK. ocazdAaciwy 6é éorw a AH tas N, tocav- 
210 





ARCHIMEDES 
it is required to prove that the centre of gravity of 
the magnitude composed of both A, B is I. 
Since A:B=AIr:TE, 
and A is commensurate with B, thercfore 'A is com- 
mensurate with IE, that is, a straight line with a 
straight line [Eucl. x. 11]; so that ET, TA have a 
common measure. Let it be N, and let AH, AK be 
each equal to ET, and let EA be equal to AT. Then 
since AH=I'E, it follows that AT =EH; so that 
AEE=H. Therefore AH=2AT and HK=2TE;3 so 
that N measures both AH and HK, since it measures 


their halves [Eucl. x. 12]. And since 
A:B=AYr:TE, 
while AY: TE=AH : HK— 
for each fs double of the other— 
therefore A:B=AH:HK, 


Now let Z be the same part of A as N is of AH; 
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tatAaciwy €otw Kat To A tod Z: éorw apa, ws 
a AH aort N, ovrws to A mort Z. éore dé kal, 
ws a@ KH wort AH, otrws 76 B wort A: 80? toov 
dpa éotiv, ws a KH aori N, ovrws 76 B zorti Z: 
ladkis dpa moAAaTAaciwy €otiv a KH tas N xat 
70 B rot Z. édeixyOn 5€ rod Z Kat to A zoAAa- 
mAdcuv édv: wote To Z tav A, B Kowov é€ort 
pétpov. Statipefetcas odv tas pev AH els ras 7G 
N loas, tot b€ A eis Ta TH Z toa, ra ev Ta AH 
THGpaTa toopeyeDea 7a Neg toa. eooetrat TO mArjfet 
Tots ev To A _ THapaTecow toous éodow TO Z. 
ote, av ef? Exactov tev T Hoa wv TOV ev 7a 
AH emereDh béyeDos t ioov TO Z To KEVT POV rod 
Pdpeos € eXov emt pécou TOU THAaMATOS, Th TE TAVTO 
peyebea t toa evrt tH A, Kal Tod ex mara ovyKel- 
pévov KEVT pov eocetras TOU Bapeos 70 E: dprud 
TE yap €oTt Ta TAaVTA TO mrAn Get, Kal Ta Ep exdrepa 
rob E toa 7 wANOe Sta 7O icay eluev tav AE 
7a HE. 

‘Opotws b€ SetxOyoerar, ore Kav, «b Ka ep 
EKAOTOV TOV ev 7a KH T Loar Oy emteO7 peyefos 
icov TO Z KEVT pov TOU Bapeos € EXOV Em Too pécou 
Tou Tpdparos, 7d Te mavrTa peyelea t toa ECoeiTat 
7@ B, Kal TOU €K mavToV OvyKEYLevou KeVTpov 708 
Pdpeos é eooeirat 70 A: €oceirat ouv TO pay A ém- 
KELLEVOV Kara to 1h, To de B Kara 70 A. ecoetran 
oF peyelea t ica adAdous én" ev0elas Kelpeva, av 
7a Kévtpa Tob Bapeos toa am’ adAadwv dtéoTaKey, 
[ovyxe‘peva |’ GpTia. TH ANGE: OfjAov ouy, ore TOU 
eK TaVT OV OUYKELLEVOU peyebeos KeVT pov eoTt Tob 
Pdpeos 4 _Sixoropia Tas €d0elas Tas exovoas | 7a 
Kévtpa TOV péowy peyeDéwv. ere 8’ toate evri 
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then AH sN=A.:Z. (Eucl. v., Def. 5 
And KH:AH=B:A;3 _ [Eucl. v. 7, coroll. 
therefore, ex aequo, 

KH N=Bad: [Eucl. v. 22 


therefore Z is the same part of B as Nis of KH. Now 
A was proved to be a multiple of Z; therefore Z is 
a common measure of A, B. Therefore, if AH is 
divided into segments equal to N and A into seg- 
ments equal to Z, the segments in AH equal in magni- 
tude to N will be equal in number to the segments of 
A equal to Z. It follows that, if there be placed on 
each of the segments in AH a magnitude equal tu Z, 
having its centre of gravity at the middle of the 
segment, the sum of the magnitudes will be equal 
to A, and the centre of gravity of the figure com- 
pounded of them all will be KE; for they are even in 
number, and the numbers on either side of E will be 
equal because AE=HE, [Prop. 5, coroll. 2.] 
Similarly it may be proved that, if a magnitude 
equal to Z be placed on each of the segments [equal 
to N] in KH, having its centre of gravity at the middle 
of the segment, the sum of the magnitudes will be 
equal to B, and the centre of gravity of the figure 
compounded of them all will be 4 [Prop. 5, coroll. 2]. 
Therefore A may be regarded as placed at K, and B 
at A. But they will be a set of magnitudes lying on a 
straight line, equal one to another, with their centres 
of gravity at equal intervals, and even in number ; 
it is therefore clear that the centre of gravity of the 
magnitude compounded of them all is the point of 
bisection of the line containing the centres [of gravity] 
of the middle magnitudes [from Prop. 5, coroll. 2]. 


1 ovyxe(ueva om. Heiberg. 
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a pev AK 7a TA, a dé EL 7G AK, Kai OAa apa 


a KT toa-7a-L K: wore Tob €K mavTWY peyeeos 
KeVTpov TOU Bdpeos To T’ capetov. toi pév dpa 

Keyevov Kata TO EK, rod S5€ B xara 7d A, 
icoppomnootvre Kata To I". 


C 

Kat TOUWDY, el Ka dovppeTpa éEwvTt Ta peyebea, 
6potws tooppomnaobyre amo pakéwy avriTreTrov0o- 
TwWs TOV abrov Aoyov éxovTwr Tots peyeDcouw. 

"Kora dovppeTpa peyebea va AB, I, pdKea 
dé Ta. AE, EZ, eXeTW dé TO AB mort 7o I’ tov 
avtov Adyor, ov kat 76 EA ort ro EZ pakos: 
dey, Ort Tob e€ dpporépav tov AB, [ Kévrpov 
TOU Bapeds € EoTt vo EK. 

Ei yap py tooppomjaet TO AB TeOev emt TP Z 
7a T rere emi rH A, Frou pettdv eorr 7d AB 


A E Zz 
| 


A 


roo I 7 wore tooppomretv [7S Ty} 7 ov. €oTw 
petlov, Kal _adnpyodw amo tot AB éAaccov Jas 
UTEpoxas, d peilov corte TO AB rod T fH WOTE 
tooppotetv, wote [ro]* Aowrov ro A avpperpov 
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And since AE=TA and EI’ =AK, therefore AT =TK; 
so that the centre of gravity of the magnitude com- 
pounded of them allis the point. Therefore if A is 
placed at E and B at A, they will balance about I’. 


Prop. 7 


And non, tf the magnitudes be incommensurable, they 
nill likenise balance at distances reciprocally proportional 
to the magnitudes. 

Let (A+B), I’ be incommensurable magnitudes,@ 
and let AK, EZ be distances, and let 


(A+B):D=EA:EZ; 


I say that the centre of gravity of the magnitude 
composed of both (A + B), I’ is E. 

For if (A + B) placed at Z do not balance I placed 
at A, either (A+B) is too much greater than I’ to 
balance or less. Let it [first] be too much greater, 
and let there be subtracted from (A + B) a magnitude 
less than the excess by which (A+B) is too much 
greater than I’ to balance, so that the remainder A is 


* As becomes clear later in the proof, the first magnitude 
is regarded as made up of two parts—A, which is commen- 
surate with T and B, which is not commensurate ; if (A +B) 
is too big for equilibrium with I, then B is so chosen that, 
when it is taken away, the remainder A is still too big for 
equilibrium with I. Similarly if (A+B) is too small for 
equilibrium. 


1+ T om. Eutocius. 
2 +6 om. Eutocius. 


215 


GREEK MATHEMATICS 


euev TH I’. eet odv otppetpa dort va A, T 
/ Y 39y 7 / ” \ % ‘ 
peyelea, Kat eAacoova Adyov exes TO A moti TO 
[7 a AE wort KZ, odk tcoppornaobvr 7a A, T 
amo tov Al, EZ pakéwv, tefévros rod péev A 
emi ta Z, rot be T emi tH A. bea tadra 8’, odd” 
3 \ ay # 3 bal <4 3 “A ~ 
el vo T’ petlov €orw 7 wore tcopporety 7H AB. 


(iii.) Centre of Gravity of a Parallelogram 


Ibid., Props. 9 et 10, Archim. ed. Heiberg ii. 140. 16-144. 4 
Q’ 

Ilavros mapadAndroypappov 76 Kévtpov tot 
Bapeds eatw emi tas ebOelas tas éemlevyvuovcas 
Tas StyoTopias Tav Kat’ evavriov Tob tapad\n- 
Aoypapyov mAevpav. 

"Eatw trapaddAnAdypappov to ABTA, emi 68é 
trav dixyoTopiay tav AB, TA a EZ: dap dy, dre 
sob ABTA zapadAndoypappov 7rd Kévtpov Tob 
Bapeos éacetrat emt tas EZ. 

M7) yap, add’, et duvardv, €orw 7d O, Kai dybw 
mapa Trav AB a OF. és [Sef 84 EB dtyoropov- 
pévas alel €ooeitat moka a KaTaAetTopéva eAdoowv 


1 $¢ om. Heiberg. 


* The proek is incomplete and obscure; it may be thus 
completed. 
Since A: T<AE: EZ, 


A will be depressed, which is impossible, since there has been 
taken away from (A+B) a magnitude less than the deduc- 
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commensurate with I. Then, since A, I' are com- 
mensurable magnitudes, and 


A:T <AE : EZ, 


A,T will not balance at the distances AE, EZ, A being 
placed at ZandT at A. By the same reasoning, they 
will not do so if I’ is greater than the magnitude 
necessary to balance (A + B).¢ 


(iii.) Centre of Gravity of a Parallelogram ® 


Ibid., Props. 9 and 10, Archim. ed. Heiberg 
li. 140. 16-144, 4 


Prop. 9 


The centre of gravity of any parallelogram is on the 
straight line joining the points of bisection of opposite 
sides of the parallelogram. 

Let ABI'A be a parallelogram, and let EZ be the 
straight line joining the mid-points of AB, TA; then 
I say that the centre of gravity of the parallelogram 
ABI'A will be on EZ. 

For if it be not, let it, if possible, be 0, and let OI be 
drawn parallel to AB. Now if EB be bisected, and 
the half be bisected, and so on continually, there will 
be left some line less than IO; [let EK be less than 


tion necessary to produce equilibrium, so that Z remains 
depressed. ‘Therefore (A+B) is not greater than the magni- 
tude necessary to produce equilibrium ; in the same way it 
can be proved not to be less ; therefore it is equal. 

> The centres of gravity of a triangle and a trapezium are 
also found by Archimedes in the first book ; the second book 
is wholly devoted to finding the centres of gravity of a para- 
bolic segment and of a portion of it cut off by a parallel 
to the base. 
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Tas IQ: Kat denpjodw éexatépa Trav AE, EB els 


A ~ Ww 4 > A ~ A A , 
tas TG EK toas, kat amo trav Kata Tas diatpéotas 


q 


capetwv axyOwoav mapa Tav EZ. StatpeOnoerat 57) 
TO dAov mapadAnrdoy payp.ov els TrapadAnAcypapipa 
Ta loa Kal _opoia TO K. . T@v ovv tapadAndo- 
Ypappeoy: TaV towv Kal Opotwv 7@ KZ epappolo- 
every em’ dAAada Kat Ta. KevTpa tot Bapeos adrov 
em” aAAada mecobvTat. eooobvTat 87 peyeDed, TWO, 
TapadAnrdypaypa t ica TH KZ, apria TO mAnbes, 
Kal Ta KEVT pa Tod Bdpeos adra&v én’ evdeias 
KeiLeve., Kal Ta, péoo ica, Kat mavra TA ep 
exdrepa TOV péowy aird Te tga evr Kal at perago 
Tav Kévtpwr ev0etat ioat: Tod ex TavTwY avTaov 
dpa ovykeyévov peyéfeos tO Kévtpov éooeirat 
Tob Bapeos emt TAS eveias Tas emCevyvuovaas TO 
KEVT pa Tob Bapeos Tov pow Xwpieov. ovK €oTt 
S€- 70 yap © éxrds eore Tov _ Héowy TrapaAAnro- 
ypappwv. davepov otv, ore emt tas EZ edbelas 
TO KévTpov eott Tob Bapeos rod ABTA zrapadAndo- 
ypdppov. 


A 


, 
b 


Ilavres TrapahAndoypappou TO KévTpov Tob 
Bapeds €oTt TO Gapetov, Kal’ 6 at diapéerpor ovp- 
TWiMTOVTL. 
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I0,] and let each of AE, EB be divided into parts 
equal to EK, and from the points of division let 
straight lines be drawn parallel to EZ; then the 
whole parallelogram will be divided into parallelo- 
grams equal and similar to KZ. Therefore, if these 
parallelograms equal and similar to KZ be applied to 
each other, their centres of gravity will also coincide 
[Post. 4]. Thus there will be a set of magnitudes, 
being parallelograms equal to KZ, which are even in 
number and whose centres of gravity lie on a straight 
line, and the middle magnitudes will be equal, and 
the magnitudes on either side of the middle magni- 
tudes will also be equal, and the straight lines between 
their centres [of gravity] will be equal ; therefore the 
centre of gravity of the magnitude compounded of 
them al] will be on the straight line joining the centres 
of gravity of the middle areas [Prop. 5, coroll. 2]. 
But it is not ; for 0 lies without the middle parallelo- 
grams. It is therefore manifest that the centre of 
gravity of the parallelogram ABTA will be on the 
straight line EZ. 


Prop. 10 


The centre of gravity of any parallelogram ts the point 


in which the diagonals meet. 
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"EoTrw mapadAnAdypayyprov to ABTA kai év 
atta a EZ diya réuvovea tas AB, TA, a 5é KA 


A E B 
a A 
Tr Z A 


ras AI, BA: éorw 57 rod ABTA mapaddndo- 
ypdjytov TO KevTpov Tod Bdpeos emt tas EZ: 
dé5exrar yap TodTo. dia tavTa Sé Kal emi Tas 
KA- 76 © dpa oapetov Kévrpov Tob Bapeos. Kara 
Sé ro © ati Stapérpor rob mapadAndroypdppov 


, @ / \ / 
oupminrovTe: woTe Séderxrat TO mpoTebev. 


(7) MecuanicaL Metuop In GEOMETRY 


Archim. Meth., Praef., Archim. ed. Heiberg 
li. 426. 3-430. 22 


’"Apxinons *Eparoobdve: ed mparrew . . « 


€ ~ f / a \ 
Opav Sé ce, Kabarep A€yw, orovdaiov Kat 
dirocodias mpocoT@ta aftoddyws Kat THY év Tots 





« According to Heath (H.G.M. ii. 21), Wallis has observed 
that Archimedes might seem, “‘ as it were of set purpose to 
have covered up the traces of his investigation, as if he had 
grudged posterity the secret of his method of inquiry, while 
he aiaied to extort from them assent to his results.” A 
comparison of the Method with other treatises now reveals to 
us how Archimedes found the areas and volumes of certain 
figures. His method was to balance elements of the figure 
against elements of another figure whose mensuration was 
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For let ABTA be a parallelogram, and in it let EZ 
bisect AB, TA and let KA bisect AI, BA; now the 
centre of gravity of the parallelogram ABI'A is on 
EZ—for this has been proved. By the same reason- 
ing it lies on KA ; therefore the point 0 is the centre 
of gravity. And the diagonals of the parallelogram 
meet at 0; so that the proposition has been proved. 


(7) Mecuanica Metuop 1n GEoMETRY®% 


Archimedes, The Method,’ Preface, Archim. ed. Heiberg 
ll. 426. 3-430. 22 


Archimedes to Eratosthenes ° greeting .. . 
Moreover, seeing in you, as I say, a zealous student 
and a man of considerable eminence in philosophy, 


known. This gave him the result, and then he proved it 
by rigorous geometrical methods based on the principle of 
reductio ad absurdum. 

The case of the parabola is particularly instructive. In 
the Method, Prop. 1, Archimedes conceives a segment of a 
parabola as made up of straight lines, and by his mechanical 
method he proves that the segment is four-thirds of the 
triangle having the same base and equal height. In his Quad- 
rature of a Parabola, Prop. 14, he conceives the parabola as 
made up of a large number of trapezia, and by mechanical 
methods again reaches the same result. This is more satis- 
factory, but still not completely rigorous, so in Prop. 24 he 
proves the theorem without any help from mechanics by 
reductio ad absurdum. 

> The Method had to be classed among the lost works of 
Archimedes until 1906, when it was discovered at Con- 
stantinople by Heiberg in the ms. which he has termed C. 
Unfortunately the ms. is often difficult to decipher, and 
students of the text should consult Heiberg’s edition. More- 
over, the diagrams have to be supplied as they are un- 
decipherable in the ms. 

¢ For Eratosthenes, v. infra, pp. 260-273 and vol. i. pp. 
100-103, 256-261, and 290-299. 
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uaOnpaow Kata TO brominTov Gewpiay TeTYULNKOTA 
edoxiaca ypaisar oot Kal els TO avTo BiBAlov 
eopicat tpdomov twos ldidTyTa, Kal’ Gv aot 
Tapexopevov e€otat AapPavew adoppas els To 
dtvacbal twa THv ev Tots pabypac Oewpetv dia 
TOY pnyavKav. TovTo oe TéTTELOMAL ypHoLpoV 
elvat obdev Hocov Kal ets THY dmodefw adr dy TOV 
dewpnudtwv. Kal yap Tia TOY TpOT pov pou 
pavevrwy pnxavinds VOTEPOV YewpeTpiKars am- 
edelxyOn Sia TO ywpis amodeiEews elvar thy dia 
Tovrouv Tob Tpomov Oewpiay: EToimdTEpov ydp EoTt 
mporaBévTa dia Tod TpoTrov yoow Ttwwva Tay 
Cn7natay Tropiaacbau THY wipes 6 p-Gdov a 
pndevos eyvwopevov Cnreiv. . . « ypadopev ovv 
™ p@Tov TO Kal mp@Tov pavev Sige oe bnyavikdy, 
ort Tév THApa oployaviou KU)VOU Tops emir puTov 
€oTw Tprywvov Tod Baow ExovTos THY avTHV Kal 
vysos toov. 


Ibid., Prop. 1, Archim. ed. Heiberg ii. 434. 14-438, 21 


"EKoTw THe ro ABI TrEpLeXOpeEVoV dro edletas 
Tis AI xai dpBoywriov KWVOU Tops 7s ABI, 
Kat TeTpHoCOw dixa. n AT TO A, Kat mapa rhv 
Sudpetpov nyOw 7 ABE, Kat émelevyPwoarv at 
AB, BI. 

Aéyw, étu énitpirov e€orw to ABT tpFHya rob 
ABD TpLywvov. 

“Hx Owoav TO Tov A, TI onpeiwv 7 pev AZ 
mapa Tv ABE, 7 dé PZ erupavovoa Tijs Tous, 
Kal abe RAKobus TB emi to K, kat xeicbw rH 
TK ton 7 KO. voeicOw Cvyos 6 TO kat péoov 
ane 
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who gives due honour to mathematical inquiries 
when they arise, I have thought fit to write out for 
you and explain in detail in the same book the 
peculiarity of a certain method, with which furnished 
you will be able to make a beginning in the investiga- 
tion by mechanics of some of the problems in mathe- 
matics. I am persuaded that this method is no less 
useful even for the proof of the theorems themselves. 
For some things first became clear to me by 
mechanics, though they had later to be proved geo- 
metrically owing to the fact that investigation by this 
method does not amount to actual proof; but it is, 
of course, easier to provide the proof when some 
knowledge of the things sought has been acquired by 
this method rather than to seek it with no prior 
knowledge. . . . At the outset therefore I will write 
out the very first theorem that became clear to me 
through mechanics, that any segment of a section of 
a right-angled cone is four-thirds of the triangle having 
the same base and equal height. 


Ibid., Prop. 1, Archim. ed. Heiberg fi. 434. 14-438. 91 


Let ABI be a segment bounded by the straight 
line AP and the section ABI’ of a right-angled cone, 
and let AI be bisected at A, and let ABE be drawn 
parallel to the axis, and let AB, BI be joined. 

I say that the segment ABI is four-thirds of the 
triangle ABYL. 

From the points A, I‘ let AZ be drawn parallel to 
ABE, and let I'Z be drawn to touch the section, 
and let I'B be produced to K, and let KO be placed 
equal to I'K. Let IO be imagined to be a balance 

223 


GREEK MATHEMATICS 


avroé to K kai rH EA mapdaddndos tvyoica % 
M=. 


*"Ezet ody mapaBoAy éorw 7 IBA, Kai éfamrerat 





9 UZ, Kat reraypévws 4 TA, ton éoriv 4 EB 
BA: roéro yap év tots arorxeiots SeixvuTar Sia 
TovTo, Kat dudtTt TrapdAAnAoi elow ai ZA, ME 73 
EA, ton €orly Kai 7 pev MN rH NE, 4 5¢ ZK 77 
KA. kat évei eorw, ws 4 TA mpos AE, ottws 
7 M& mpds EO [rodr0 yap év Ajppare Setevurat],* 
ws d€ 7 TA apos AZ, ottws 7 CK pos KN, xai 
ton €or » CK rq KO, ws dpa % OK apes KN, 
ovrws 4 ME mpos BO. Kat eet ro N onpeiov 
Kévrpov Tob Bdpovus tis ME eddeias cariv, éreimep 
ton eoriv 7 MN 77} N&, eav dpa rH HO tony Odpev 
mv TH nai xévrpov rob Bdapous adris 76 O, S7rws 
ion 7 TO rH OH, tooppomyce 4 TOH 7H ME 
avtov pevovan dia TO avTimevovOdTws TeTURGOaL 
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with mid-point K, and let MS be drawn parallel 
to EA. 

Then since BA is a parabola,* and I'Z touches it, 
and I’A is a semi-ordinate, EB = BA—for this is proved 
in the elements 8; for this reason, and because ZA, 
M# are parallel to EA, MN=N& and ZK=KA [Eucl. 
vi. 4, v. 9]. And since 


TA:AR=M2:20, ([Quad. parab. 5, 
KEucl. v. 18 
and TAs ABS=TKCKN,. (Ruel, viz 2;-v. 18 
while IK = K0, 
therefore OK :KN=ME: 20. 


And since the point N is the centre of gravity of 
the straight line MZ, inasmuch as MN=NZE [Lemma 
4}, if we place TH=ZO, with 0 for its centre of 
gravity, so that TO=OH [Lemma 4], then TOH will 
balance M3 in its present position, because ON is cut 


* Archimedes would have said “ section of a right-angled 
cone ’’—<dpfoywriov Kavov ropud. 

> The reference will be to the Elements of Conics by Euclid 
and Aristaeus for which v. vol. i. pp. 486-491 and infra, 
p. 280 n. a; cf. similar expressions in On Conoids and 
Spheroids, Prop. 3 and Quadrature of a Parabola, Prop. 3 ; 
the theorem is Quadrature of a Parabola, Prop. 2. 

1 roito . . . defxvurac om. Heiberg. It is probably an 
interpolator’s reference to a marginal lemma. 
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riv ON rois TH, ME Bapeow, nai ws riv OK 


mpos KN, odtws tiv ME apos trav HT: wore rob 
é& dpdorépwv Bdpouvs Kévtpov eotiv tod Bapous 
To K. c6poiws S€ Kal, doar av ax8dow &v TH 
ZA rpiyave mapddnro. 7H EA, icoppomjcovow 
adrod pévovoa Tals atoAapBavopevats am adta@v 
Ud THS Tons perevexOeioas emi tO O, WorTe 
om » > / , “ , 4 
elvat tod e& audotépwr Kévtpov tot Bdpous ro K. 
\ 3 1‘ 3 A “~ “ , A} 
Kat émet ex pev TOV ev TH TZA tprywvw ro ZA 
tplywvov auvéaTnker, ex dé TOV Ev TH TOUT Opoiws 
a = ; , A ~ 
7H =O AapBavopevwv avvéornke TO ABT tp AhyAa, 
isoppommoe dpa to ZA tpiywvov adrod pévov 
T@ Tpnpate THs Tophs TeOvTe mept KEevTpov Tov 
Bapovs 76 © xara to K onpeiov, wore rob 
audorépwv Kévtpov elvat Tob Bdpous to K.  te- 
a \ ¢€ “~ @ , 
tpynodw 87) 7 VK 7@ X, dore tpirdaciav elvas 
A “A wv ¥ 4 “ / 
mv TK ris KX: éorat apa ro X onpetov Kévtpov 
Ul “~ ‘ / b > “~ 
Bapovs tod AZT tpeysvov: dédecxrar yap ev Tots 
?T ~ > A y ? / 4 ZAI 4 
GoppoTKots. e€mel odv LodppomToV TO Tpt- 
b) “~ é “a / s b 
ywvov adtod pévov T@ BAT tyjpare xara to K 
reOévte Tept TO © Kévtpov Tod Bdpous, Kat éoTw 
“~ f é 4 \ ¥ 
tod ZAI tpiydvov Kévtrpov Bapovs to X, eotww 
” ¢ A / 4 4 “~ 
dpa, ws To AZI’ tptywvov mpos to ABI tTpH pa 
Keievov Trept TO © Kevtpov, odtws 4 OK apos 
XK. tpumracia 5é éorw 4 OK ris KX: cpi- 
mAdovov dpa Kat to AZI' zpiywvov rot ABI 
, a } s A 4 TAL f rv / 
TUNLATOS. EOTL O€ KAL TO Tplywvov TeTpamtAd- 
“~ , A \ ow 4 8 
otov Tod ABI’ tprydvou 81a 70 tonv elvac THY pev 
ZK 7H KA, rv 6€ AA 7H AT: exitpitov apa éoriv 
to ABIL tyhpa rob ABI tprydvov. [roiro ody 
dhavepov eoti].* 
1 roiro . . . eorw om. Heiberg. 
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in the inverse proportion of the weights TH, M3, 
and OK :KN=ME:HT; 


therefore the centre of gravity of both [TH, M3] 
taken together is K. In the same way, as often as 
parallels to KA are drawn in the triangle ZAT, 
these parallels, remaining in the same position, 
will bales the parts cut off from them by the 
section and transferred to 9, so that the centre 
of gravity of both together is K. And since the 
triangle [ZA is composed of the [straight lines 
drawn] in I'ZA, and the segment ABI is composed 
of the lines in the section formed in the same way 
as HO, therefore the triangle ZAI’ in its present 
position will be balanced about K by the segment 
of the section placed with O for its centre of gravity, 
so that the centre of gravity of both combined 
is K. Now let IK be cut at X so that T[K=3KX; 
then the point X will be the centre of gravity of the 
triangle AZI'; for this has been proved in the books 
On Equlbriums.* Then since the triangle ZAT in its 
present position is balanced about K by the segment 
BAT placed so as to have O for its centre of gravity, 
and since the centre of gravity of the triangle ZAT is 
X, therefore the ratio of the triangle AZI’ to the 
segment ABI placed about 0 as its centre [of gravity] 
is equal to OK: XK. But OK =3KX ; therefore 


triangle AZI‘=3 . segment ABI. 
And triangle ZAT' =4. triangle ABI, 
because ZK=KA and AA=AT; 
therefore segment ABI’=4 triangle ABT, 


© Cf. De Plan. Equil. i. 15. 
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*Totro 81) dua prev TOv viv cipnuevwy odk dm0d€- 
dextar, eudacw S¢ twa mem0lnKke TO cvpTépacpta 
aAnbés elvat- Sudmep Huets Op@vrTes péev OK arode- 
devypevov, birovoobvres 5é TO cupTépacpa aAnbes 
elvat, TAEOpEV THY yewpeTpovpEevyY amddeEw efev- 
povres adrot tTHv exdobcicay mpdrepov.' 


Archim. Quadr. Parab., Praef., Archim. ed. Heiberg ii. 
262. 2-266. 4 


"Apxyndns Aoodéw ed mparreuw. 

"Axovoas Korwva pév teredcurnkévat, os hv 
ovdev emidcinwy apiv ev didia, tiv 8é Kévewvos 
yvwMpiyLov yeyevjo@ar Kat yewpertpias olxetov elwev 
Tob pev teteAcuTHKOTOS elvekev eAUTHO LES ds 
Kat didov tod avdpos yevapevov Kai év Tois pabn- 
patecot Yavpaorotd twos, émpoxeipilducba Se 
amootetAat tor ypaipavres, ws Kévww ypddew 
EYVWKOTES HUES, yewpeTpiKav Oewpnudrwv, 6 
mpoTepov pev ovdk Tv TeDewpynpevov, viv dé bd’ 
ap@v telewpntar, mpdtepov pev did pnyaviKdy 
edpeJev, emetra dé Kal dia TOY yewperpiKa@y eru- 
deiyPev. tev pev ovdv TMpoTEpov TEpit yewpeTpiay 
mpayparevlevtwy emexeipnody tives ypddew ds 
duvatov €ov KUKAW T@ Sobevrs Kal KUKAOV TudpaTE 
TH Sobévre ywptov etpety edOdypappov taov, Kat 
peta Tatra TO mepieyopevoy ywpiov bd TE Tas 

1 rotro . . . mpdrepove In the ms. the whole paragraph 


from toiro to mporepov comes at the beginning of Prop. 2; 
it is more appropriate at the end of Prop. 1. 
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This, indeed, has not been actually demonstrated by 
the arguments now used, but they have given some 
indication that the conclusion is true ; seeing, there- 
fore, that the theorem is not demonstrated, but 
suspecting that the conclusion is true, we shall have 
recourse * to the geometrical proof which I myself 
discovered and have already published.? 


Archimedes, Quadrature of a Parabola, Preface, Archim. 
ed. Heiberg ii. 262. 2-266. 4 

Archimedes to Dositheus greeting. 

On hearing that Conon, who fulfilled in the highest 
degree the obligations of friendship, was dead, but 
that you were an acquaintance of Conon and also 
versed in geometry, while I grieved for the death of 
a friend and an excellent mathematician, I set myself 
the task of communicating to you, as I had deter- 
mined to communicate to Conon, a certain geo- 
metrical theorem, which had not been investigated 
before, but has now been investigated by me, and 
which I first discovered by means of mechanics and 
later proved by means of geometry. Now some of 
those who in former times engaged in mathematics 
tried to find a rectilineal area equal to a given circle ° 
and to a given segment of a circle, and afterwards 
they tried to square the area bounded by the section 


* 1 have followed Heath’s rendering of ragopev, which 
seems more probable than Heiberg’s “‘ suo loco proponemus,” 
though it is a difficult meaning to extract from rdafopev. 

» Presumably Quadr. Parad. 24, the second of the proofs 
now to be given. The theorem has not been demonstrated, 
of course, because the triangle and the segment may not be 
supposed to be composed of straight lines. 

¢ This seems to indicate that Archimedes had not at this 
time written his own book On the Measurement of a Circle. 
For attempts to square the circle, v. vol. i. pp. 308-347. 
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dAov Tot Kwvov Touds Kal ed0eias reTpaywrilew 
eeip@vTo AapBdavovres ovK evTTapaywpynTa Arp- 
para, dudmep adrots bro tTav mAclioTwy ovK cdpt- 
oxdpeva tadra Kateyvwobev. To dé Um edfeias 
Te Kat OpJoywriov Kuvov Toads TuGya meptexd- 
pevov ovdéva THY mpoTépwv eyyeipjoavtTa TeTpa- 
ywrilew émordpcba, 6 8) viv vd’ apadv evpynrat: 
detkvuTas yap, oT. may TuGua Tepeydpevov dao 
evdeias Kal oploywviou Kapvov TOLLS em itpuTov 
€or Tob Tpeyedvou Tob Bdaow éxovros trav avray 
Kat vibos toov TO TyAdpaTe AapBavopevov Tobbe 
Tob Anppatos és Trav anddsew adrod: Tav dviowy 
Xwplwv Tav virepoxav, A Urrepéxer TO peilov Tod 
eAdooovos, Suvarov elev adrav é€avTa avvTile- 
pévav mavros vmepéxew Tod mpotelévros meTEpa- 
apévov ywpiov.* Kéxpnvrar b€ Kal ot mpdoTepov 
yewpeTpar THOE TH Ajppare’ Tovs TE yap KUKAOUS 
dutAaciova Adyov éxew mor adAAdAous trav d:a- 
pétpwv amodcdeixaow atT@ TovTw TH Arjppate 
Xpwpevor, Kal tas odaipas ote TpitrAaciova Adyow 
EXOVTL ToT ddAdras ray Sidperpwr, ért 5€ Kal 
OTe aoa Tupapis TpiTov Hépos- EoTl TOD mplopatos 
Tob TOV auray Baow é ExovTos 74 mupapid. Kal vipos 
igov: Kat d.dTt mas Kavos Tpirov pépos eort Tob 
KuAwopov Tob TAY aUTaV _Bdow € éxovTos TH KWV@ 
Kat vyos icov, opotov TH Tpoerpn evap Afppd te 
AapBavovres eypadov. ovpBaiver d€ TOV TpoEpn- 
peeve Dewpnparwy EKaOTOV pNndEVvOS Nacov TOV 
avev Tovtov Tod Anupatos amrodederypEevwv TeET- 
oTevkévar: apxel S€ és Tav opolay mioTw TovTots 
dvaypevwy Tov vd audv exdidopevwrv. ava- 
ypaibavres ody attod tas dmrobeiftas amoareAAopes 
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of the whole cone and a straight line,* assuming 
lemmas far from obvious, so that it was recognized by 
most people that the problem had not been solved. 
But I do not know that any of my predecessors has 
attempted to square the area bounded by a straight 
line and a section of a right-angled cone, the solution 
of which problem I have now discovered ; for it is 
shown that any segment bounded by a straight line and 
a section of a right-angled cone is four-thirds of the 
triangle which has the same base and height equal to the 
segment, and for the proof this lemma is assumed : 
given [two] unequal areas, the excess by which the greater 
exceeds the less can, by being added to itself, be made to 
exceed any given finite area. LEarlier geometers have 
also used this lemma : for, by using this same lemma, 
they proved that circles are to one another in the 
duplicate ratio of their diameters, and that spheres 
are to one another in the triplicate ratio of their 
diameters, and also that any pyramid is a third part 
of the prism having the same base as the pyramid and 
equal height ; and, further, by assuming a lemma 
similar to that aforesaid, they proved that any cone 
is a third part of the cylinder having the same base 
as the cone and equal height.’ In the event, each 
of the aforesaid theorems has been acceptcd, no less 
than those proved without this lemma ; and it will 
satisfy me if the theorems now published by me 
obtain the same degree of acceptance. I have there- 
fore written out the proofs, and now send them, first 


* A “section of the whole cone” is probably a section 
cutting right through it, 7.e., an ellipse, but the expression is 
odd. 

» For this lemma, v. supra, p. 46 n. a 


231 


GREEK MATHEMATICS 


mparov pev, ws dia ToY pynyarkdy eewpyOn, 
peta Tadra dé Kal, ws dia THY yewperpoupévwy 
GTOdELKVUTAL. mpoypaperas Sé Kal oToLXYEia KW- 
Vika xXpeltav exovTa és Tas amddeEw. €ppwoo. 


Itid., Prop. 14, Archim. ed. Heiberg ii. 284, 24-290. 17 


"EoTw tpapa To BOL meptexdpevov var evbeias 
kat opJoywviov Kwvov Topds. éoTw 51 mparov 


A B> E27. Th ae a 





« 2 3$ 8 ~ 4 ww» > 4 4 
ad BY wor’ opfas 7G dtapérpw, Kat dyOw a6 pev 
tod B capetov a BA mapa rav didperpov, amo Se 
rod I’ a TA eérufbavovoa tas rob Kuvov topas 
A a ? a 4 4 / > 
kata 76 I’: €ooetrat 67) To BI'A zplywvov édpbo- 
ywvov. dunpjycfw 67 a BI és toa tydpara 
o7ooaotv Ta BE, EZ, ZH, HI, IT, wai azo rap 
~ wv A \ 4 e 
royav axybwoay mapa tav didperpov ai EX, ZT, 
HY, 18, azo d€ t&v capeiwy, caf? a réuvovre 
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as they were investigated by means of mechanics, 
and also as they may be proved by means of geometry. 
By way of preface are included the elements of conics 


which are needed in the demonstration. Farewell. 


Ibid., Prop. 14, Archim. ed. Heiberg ii. 284. 24-290. 17 


Let BOL be a segment bounded by a straight line 
and a section of a right-angled cone. First let BI 
be at right angles to the axis, and from B let BA 
be drawn parallel to the axis, and from I let TA be 
drawn touching the section of the cone at I; then 
the triangle BIA will be right-angled [Eucl. i. 29}. 
Let BI’ be divided into any number of. equal seg- 
ments BE, EZ, ZH, HI, II, and from the points of 
section let EZ, ZT, HY, IZ be drawn parallel to the 


axis, and from the points in which these cut the 
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adrat Tay To0 KwVvouv Toudr, erreLevyOwoay emt 
TO T Kat exBeBAjodwoar. pot 51) TO Tplywvov 
TO BAP TOV Lev Tpatre Liv TOV KE, AZ, MH, 
NI xat rod SIT tpeyavouv éXaccov efuev } TpuTAd- 
atov, THY O€ Tpameliwy TOV ZY, HO, [II nat rod 
lor Tpuywvou petlov [eorw]" n ‘rpun\davoy. 
ArdyBo yap evdeta a ABD, xa dmoheAdgben 3 
AB ica TE BI, kai voetoGu idyrov TO AT: jécov 
d€ adTod eocetrau TO B: Kat Kpepaobu eK Tob B, 
Kpepdobo de kat to BAT ex Too Cuyob KaTa Ta 
Bor, ex dé Tod Oarépov Hépeos Too Cuyob Kpe~ 
pdio Ben Ta. r X, ¥, Q, A xwpia Kata To A, Kal 
igoppoTeiTw TO Bev P xewpiov TO AK rparreliey 
ovTws EXOVTL, To be X TO Zd tparrelion, TO b€ 
TO TH, 70 de TP YL, vo 6€ Ar SIT Tpuyevep 
looppomncet 87 Kal ro 6dov TH Aw: Sate TpI- 
m\davov av ein TO BAL Tplywvov Tob PXYPOA 
Xwpiov. Kal ered eoTw Tpapa TO Bro, 6 meptexe- 
TOL vm0 te evleias Kal opPoywviov KQ)VOU (Topas, 
Kal dro bev tod B Tapa Tav OidjeTpov aKTat & 
BA, amo 8é€ rob T a PA emupavovaa Tas Tob 
Kedvou Tomas Kara ro I’, aera be Ts Kat adda 
Tra.pa TaV Suderpov d EE, TOV avrov EXEL Aoyov 
a Br Trott Tay BE, 6v a SE mort Tay EO. ware 
kat a BA oti trav BE tov avrov exel Adyov, dv 
To AE Tpameliov mort TO KE. pois dé deryO7- 
gear a AB ori tav BZ TOV avTov Exovoa Aoyov, 
év TO pays TpaméCuov TOT TO AZ, mori de Tay BH, 
ov To TH wort ro MH, zori dé trav BI, 6v ro YI 


mott To NI. ézel ody eort tparéliov ro AE tas 


1 gorw om. Heiberg. 
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section of the cone let straight lines be drawn to T 
and produced. Then I say that the triangle BAT is 
less than three times the trapezia KE, AZ, MH, NI 
and the triangle II", but greater than three times 
the trapezia ZP, HO, TI and the triangle IOL. 

For let the straight line ABI be drawn, and let 
AB be cut off equal to BI’, and let AI’ be imagined 
to be a balance ; its middle point will be B; let it 
be suspended from B, and let the triangle BAI" be 
suspended from the balance at B, I’, and from the 
other part of the balance let the areas P, X, ¥, 0,4 
be suspended at A, and let the area P balance the 
trapezium AE in this position, let X balance the 
trapezium Zz, let VY balance TH, let 2 balance YI, 
and let 4 balance the triangle SIT : then the whole 
will balance the whole ; so that the triangle BAT will 
be three times the area P +X + +2+A [Prop. 6]. 
And since BIO is a segment bounded by a straight 
line and a section of a right-angled cone, and BA has 
been drawn from B parallel to the axis, and I'A has 
been drawn from I" touching the section of a cone 
at I’, and another straight line 2E has been drawn 
parallel to the axis, 


BI: BE=2E: E®; (Prop. 5 
therefore BA: BE=trapezium AE : trapezium KE.¢@ 
Similarly it may be proved that 

AB: BZ =2Z: AZ, 

AB:BH=TH : MH, 

AB:BI =YI: NI. 

Therefore, since AE is a trapezium with right angles 


*¢ For BA=BI and AE: KE=ZE: EQ®. 
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pev moti trois B, i capelous ywvias plas € eXov, 
Tas O¢€ Acupas emt ro T vevovoas, toopporet dd 
Tt xwpiov abr 70 P KpeedjLevov eK TOO Luyot 
Kata TO A ovTws éyovtos Tot tpameliov, ws viv 
Ketrat, Kal €OTW, WS a BA TOTL TAY BE, ouTWs 
TO AE Tparreciov Trott TO KE, petlov dpa éoriv 
To KE Xwpiov Tob P ywpiov- SESeucras yap ToGTO. 
madw dé Kal to ZY Tpameliov Tas ev TOTL Tots 
Z, i ywvias dpbas éyov, trav 5€ XT vevovcay emi 
To I", tooppozret b€ adt@ ywpiov 76 X ex Tob Cuyod 
Kpepapevov Kata TO A ovTws €xovTos Tod TpameE- 
Ciov, ws viv Keira, Kal €oTw, wes pev a AB mort 
TOV BE, ovTWs TO Ld Tpamreliov Trott To ZOD, wes 
dé a AB mort Tov BZ, obrus to LE parreliov 
mott TO AZ: ein obv ka TO X ywptov tod pev AZ 
tpamreliov éAacaor, Tod dé Z® petlov: dedeuxrae 
yap Kal tovTo. dua Ta ada 67 Kai To ‘VY ywpiov 
Tob pev MH Tpametiou Dace rod O€ OH peilov, 
Kat TO Q ywpiov Tob pe NOIH Tparreliou eAacoor, 
Tob de III peilov, 0 Opotws dé Kal To A ywplov Tob 
pev aIP Tpuyesvou éAacoov, Tod dé TIO peilov. 
EEL OUV 70 pev KE Tparreliov petlov dort Tob P 
xXwpiov, TO de AZ Tov X, 70 de MH rot W, ro 
be NI Too Os TO O€ air Tplywvov roo A, gavepsy, 
OTL Kal TaVTO. Ta. ctpnieva. Xwpto, pellave e €o7e Tob 
PXFQA xwpiov. eoT dé TO PX¥FOA Tpitov 
H4€pos ros BIA Tprywvov: Sirov a. dpa, ér. ro BTA 
Tptywvov éAacodyv é€oTw 7 TpimrAdovov tav KE, 
ND, MH, NI T pamretiov Kat Tod EIT TpLY@VOd. 
nd hy, émrel TO pev ZO Tparreluov éXacody €orTe 
Tob XxX Xwpiou, To 6€ OH rot VP, ro dé III Tob ©, 
vo d€ IOT tplywvov rod A, davepdv, 8 Ort Kal TavTa, 
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at the points B, E and with sides converging on I, 
and it balances the area P suspended from the 
balance at A, if the trapezium be in its present posi- 
tion, while 


BA : BE=AE: KE, 
therefore KE>P; 


for this has been proved [Prop. 10]. Again, since Z> 
is a trapezium with right angles at the points Z, E 
and with 2T converging on I’, and it balances the 
area X suspended from the balance at A, if the 
trapezium be in its present position, while 


AB: BE=Z> : 20, 
AB: BZ=Z>: AZ, 
therefore AZ>X>Z® ; 
for this also has been proved [Prop. 12]. By the 


same reasoning 

MH>W> 0H, 
and NOIH> Q> IT, 
and similarly EIT> A>TIo. 


Then, since KE> P, AZ> X, MH> VP, NI>Q, ZIT> A, 
it is clear that the sum of the aforesaid areas is greater 
than the area P+X +P +2 +A. But 


P+X+¥+0+A=3 BPA; [Prop. 6 
it is therefore plain that 
BVA <3(KE +AZ +MH +NI +311). 


Again, since ZP<X, OH <¥, II} <Q, IOl <A, it is 
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Ta etpnpeva eAdacove eo Tou AQYX xXwpiov* 
pavepov otv, ore kat to BAL Tplywvov petlov © 
cor 7 TpiTtAdovov tav OZ, OH, Il TpatreCiwv 
kat tod ITO Tpyesvov, e\eocer oc  TpimtAdovov 
TOY TPOyeypappevw, 


Ibid., Prop. 24, Archim. ed. Heiberg ii. 312. 2-314. 27 


lav tyadpa 0 TEpLexOLevov Om ed0eias Kat 
dploywviov Kebvou Topas emir purov EOTt TpLywvou 
4 

Tob Tay adbrav Baow € EXOVTOS avT@ Kal dios t ioov. 
"Eotw yap To AABET tpGpa zeptexopevov b706 

3 U . 3 4 4 “~ A 
ed0etas Kal opPoywviov Kwvou topds, To 6€ ABI 

“a 4 

Tplywvov €oTw Tav avtav Baow Eexov TH Tuapare 


B 


A r 


Kat vos taov, rod d€ ABI’ tpiydvou éorw éni- 
tpitov To K xwpiov. dSexréov, 6tu toov earl TO 
AABET tydpare. 

Et yap py €orw toov, nrot petlov €orw 7 €Aacoov. 
EOTW TpOoTepov, Et Suvaroy, petlov To AABEP 
TpGpa Tod K Xwptov. evéypasa d1 Ta, AAB, 
BED tpiywva, ws eipyrat, evéyparia dé Kal els 7 
TeptAeiTopeva Tpapata dAdka Tpiywva tay avrav 
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clear that the sum of the aforesaid areas is greater 
than the area A+Q4+V¥4%X;35 


it is therefore manifest that 
BAT > 3(®Z +0H +III +IPO),? 
but is less than thrice the aforementioned areas.® 


Ibid., Prop. 24, Archim. ed. Heiberg ii. 312. 2-314. 27 


Any segment bounded by a straight line and a section 
of a right-angled cone ts four-thirds of the triangle 
having the same base and equal height. 

For let AABET be a segment bounded by a straight 
line and a section of a right-angled cone, and let ABI’ 
be a triangle having the same base as the segment 
and equal height, and let the area K be four-thirds 
of the triangle ABI. It is required to prove that it 
is equal to the segment AABET. 

For if it is not equal, it is either greater or less. 
Let the segment AABEI first be, if possible, greater 
than the area K. Now I have inscribed the triangles 
AAB, BET, as aforesaid,° and I have inscribed in the 
remaining segments other triangles having the same 


® For BAT =3 (P+X4+¥P+04+4)>3(4+0+'Y +X). 

’ In Prop. 15 Archimedes shows that the same theorem 
holds good even if BI is not at right angles to the axis. It 
is then proved in Prop. 16, by the method of exhaustion, that 
the segment is equal to one-third of the triangle BFA. This 
is done by showing, on the basis of the “ Axiom of Archi- 
medes,” that by taking enough parts the difference between 
the circumscribed and the inscribed figures can be made as 
small as we please. It is equivalent to integration. From 
this it is easily proved that the segment is equal to four-thirds 
of a triangle with the same base and equal height (Prop. 17). 

¢ In earlier propositions Archimedes has used the same 
procedure as he nowdescribes. A, KE are the points in which 
the diameter through the mid-points of AB, BI’ meet the curve. 
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, »” ~ , , 4 9 #8 
Paow €xovra tots Thaudrecow Kali vibos TO add, 
Kal Gel Els TA VOTEPOV yiWopEvaA THapLaTA eyypadw 
dvo Tpiywva tav adrav Baow éyovra toils Thapd~ 

A Ld \ b] 4 3 ~ ‘ ‘ 
Tegow Kai vibos TO adTd: eooodvTar 6) Ta KaTA- 
Aetdpeva, Tudpata €Adcoova Tas sbmepoyads, & 
vrepexet TA AABET tyGpa tot K ywpiov. wore 
TO eyypaddpevov trodvywvov petlov eacetrat tod 
° > 4 3 ‘ , > Cr A é 
K: omep advvarov. émei ydp éorw é€fs Kelpeva 
ywpia ev TH TeTpaTAacion Adyw, mpaTov pev TO 
ABD cptywvov tetparAdciwov rév AAB, BET 
Tptywvwy, emetta S€ adTa TadTa TeTpaTrAdawa THY 
els Ta eroueva TyapaTa éeyypadevTwy Kal adel 

itd ~ e , ‘ , b 4 , 
ovTw, SHAov, ws ovpravTa Ta ywpia éeAdocovd 
3 “ > 4 “~ 4 ‘ A K > 4 f 
EOTLW 1 ETtiTpiTA TOD peytoTov, TO Oé K ézitpirov 

~ ? a 
€oTt TOD jreyiatov xwpiov. ovK apa earl petlov 
to AABED tpGpa tot K ywpiov. 

"Kotw dé, et duvatov, eAacaov. KeicOw 81 70 
pev ABD rpiywvov ioov 7@ Z, tot de Z réraprov 

~ ‘ > ~ 
to H, Kat opoiws tot H ro ©, Kai ae é€fs 


4 9 ‘ \ ” ” ~ 
Tibécbw, Ews Ka yevntat TO Eayatov éAacoov Tas 





*¢ This was proved geometrically in Prop. 23, and is proved 
generally in Eucl. ix. 35. It is equivalent to the summation 


1+(3)+(d)? +... (f)7=$- 402)? 
ee alc ep 


1-% 
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base as the segments and equal height, and so on 
continually I inscribe in the resulting segments two 


a: 
el a 


triangles having the same base as the segments 
and equal height ; then there will be left [at some 
time] segments less than the excess by which the 
segment AABKI' exceeds the area K [Prop. 20, 
coroll.|. Therefore the inscribed polygon will be 
greater than Kj; which is impossible. For since 
the areas successively formed are each four times 
as great as the next, the triangle ABI’ being four 
times the triangles AAB, BET [Prop. 21], then these 
last triangles four times the triangles inscribed in 
the succeeding segments, and so on continually, it 
is clear that the sum of all the areas is less than 
four-thirds of the greatest [Prop. 23],¢ and K is equal 
to four-thirds of the greatest area. Therefore the 
segment AABEI' is not greater than the area K. 
Now let it be, if possible, less. Then let 


Z=ABY, H=1Z, O=}H, 
and so on continually, until the last [area] is less than 
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diepoxds, a viepéxyer TO K ywpiov rob tTydparos, 
,\ ” 4 ” \ A 
Kal €oTw eAacoov 70 I. eéorw 57 Ta GZ, H, O, I 
xwpia Kal TO Tpitov Tod | éemitpita tot Z. éorw 
\ . A ~ > / »# ” ‘ aA 
dé kat TO K rot Z énitpitov: toov dpa +6 K rots 
Z, H, ©, I Kai tO rpitw pépe tod I. met odv 
\ / ~ \ ? @ / 
76 K ywplov rev pev Z, H, O, I ywpiov brrEpeyet 
eAaooou Tod I, rot dbé€ Tudpatos peilov rob I, 
dAAov, ws petlova evr Ta 4, H, O, J xwpia Tod 
/ ¢ > > , 4 24 
Tpapatos’ OTEp advvatov: edeiyOn yap, OTL, Eeav 
7 OTocaoby ywpia e&fs Keieva ev TeTpaTAaciov. 
Adyw, TO de peyloTov ioov H T@ €is TO Tae 
eyypapopevy Tprywven, Ta ovpTavTa xwpta. eAao- 
gova egoetTat Tob THAMOTOS. ouK apa To AABET 
TuGpa eAacadv eatt tot K yuwpiov. édeiyOn 6é, 
4 3 \ a w »” > ' ~ \ \ 
OTL ovde petlov: icov apa eotiv Tm K. 70 de K 
xwp ptov ETT ae €oTt TOU Tptywvov tod ABT: 
” ~ > / 4 > ~ 
Kal TO AA ED dpa tpaGpa ezirpirov €ott Tod 


ABI’ tpeydvov. 
(k) Hyprosratics 
(i.) Postulates 


Archim. De Corpor. Fluit. i., Archim. ed. Heiberg 
li. 318. 2-8 


€ / fa 4 e \ ? ” ; @ 
YroxeicOw 7o bypov dvow exov TovavTav, Wore 
Tov pepéwy adtot Tay €€ icov KeyLevwy Kal ovV- 


¢ The Greek text of the book On Floating Bodies, the 
earliest extant treatise on hydrostatics, first became avail- 
able in 1906 when Heiberg discovered at Constantinople the 
ms. which he terms C. Unfortunately many of the readings 
are doubtful, and those who are interested in the text shou a 
consult the Teubner edition. Still more unfortunately, it is 
incomplete; but, as the whole treatise was translated into 
Latin in 1269 by William of Moerbeke from a Greek ms. 
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the excess by which the area K exceeds the segment 
[Eucl. x. 1], and let I be [the area] less [than this 
excess]. Now 


Z42+H+041+31=$2. [Prop. 23 
But K =42Z; 
therefore K=Z+H+0+4+1+3I. 


Therefore since the area K exceeds the areas Z, H, 
0, I by an excess less than J, and exceeds the segment 
by an excess greater than I, it is clear that the areas 
Z, H, 0, I are greater than the segment ; which is 
impossible ; for it was proved that, if there be any 
number of areas in succession such that each is four 
times the next, and the greatest be equal to the 
triangle inscribed in the segment, then the sum of 
the areas will be less than the segment [Prop. 22]. 
Therefore the segment AABET' is not less than the 
area K. And it was proved not to be greater; there- 
fore it is equal to K. But the area K is four-thirds of 
the triangle ABI’; and therefore the segment AABET’ 
is four-thirds of the triangle ABI’. 


(4) Hyprostatics 
(i.) Postulates 


Archimedes, On Floating Bodies * i., Archim. ed. 
Heiberg ii. 318. 2-8 


Let the nature of a fluid be assumed to be such 
that, of its parts which lie evenly and are continuous, 


since lost, it is possible to supply the missing parts in Latin, 
as is done for part of Prop. 2. From a comparison with the 
Greek, where it survives, William’s translation is seen to be 
so literal as to be virtually equivalent to the original. In 
each case Heiberg’s figures are taken from William’s transla- 
tion, as they are almost unrecognizable in C ; for convenience 
in reading the Greek, the figures are given the appropriate 
Greek letters in this edition. ; 
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/ 37 ? A ae 
exéwv €ovTwy eEwleicbar ro Focov OA.Bopevov 
e 4 ~ ~ FJ LY e¢ 4 ~ 
vo Tot paAAov GAPopévov, Kal Exaorov bé Trav 
pepéwv adrot OAiBecOar TH brepdvw adtobt syp@ 
Kata KaUerov édvTt, el Ka pt) TO bypov 7} Kabeipy- 
if 
pévoyv ev Tut Kal bo adAAov twos OALBopevov. 


Ibid. i., Archim. ed. Heiberg ii. 336. 14-16 


i 4 8 ~ > ~ e€ ~ wv , 
Tmokeiodw, TOV ev TH Byp@ avw hepopéevwv 
Cd A 

ExaoTov avapépecbar Kata Ttav Kaberov trav dia 
Tob Kévtpov Tob Bapeos adToo aypévav. 


(ii.) Surface of Fluid at Rest 
Ibid. i., Prop. 2, Archim. ed. Heiberg ii. 319. 7-320. 30 


Omnis humidi consistentis ita, ut maneat inmotum, 
superficies habebit figuram sperae habentis centrum 
idem cum terra. 

Intelligatur enim humidum consistens ita, ut 
Inaneat non motum, et secetur ipsius superficies 
plano per centrum terrae, sit autem terrae centrum 
K, superficiei autem sectio linea ABGD. Dico itaque, 





Z A = K A H 


lineam ABGD circuli esse periferiam, centrum autem 
ipsius K. 

Si enim non est, rectae a K ad lineam ABGD 
Q beh 
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that which is under the lesser pressure is driven along 
by that under the greater pressure, and each of 
its parts is under pressure from the fluid which is 
perpendicularly above it, except when the fluid is 
enclosed in something and is under pressure from 
something else. 


Ibid. i., Archim, ed. Heiberg ii. 336. 14-16 


Let it be assumed that, of bodies which are borne 
upwards in a fluid, each is borne upwards along the 
perpendicular drawn through its centre of gravity.4 


(ii.) Surface of Fluid at Rest 


Ibid. i., Prop. 2,2 Archim. ed. Heiberg ii. 319. 7-320. 30 
The surface of any fluid at rest is the surface of a 


sphere having the same centre as the earth. 

For let there be conceived a fluid at rest, and let 
its surface be cut by a plane through the centre of 
the earth, and let the centre of the earth be Kk, and 
let the section of the surface be the curve ABTA. 
Then I say that the curve ABIA is an arc of a circle 
whose centre is K. 

For if it is not, straight lines drawn from K to the 


* These are the only assumptions, other than the assump- 
tions of Euclidean geometry, made in this book by 
Archimedes; if the object of mathematics be to base the 
conclusions on the fewest and most “‘ self-evident’? axioms, 
Archimedes’ treatise On Floating Bodies must indeed be 
ranked highly. 

’ The earlier part of this proposition has to be given from 
William of Moerbeke’s translation. The diagram is here 
given with the appropriate Greek letters, 


VOL, u I 245 


GREEK MATHEMATICS 


occurrentes non erunt aequales. Sumatur itaque 
aliqua recta, quae est quarundam quidem a K occur- 
rentium ad lincam ABGD maior, quarundam autem 
minor, et centro quidem K, distantia autem sumptae 
lineae circulus describatur ; cadet igitur periferia 
circuli habens hoc quidem extra lineam ABGD, hoc 
autem intra, quoniam quae ex centro quarundam 
quidem a K occurrentium ad lineam ABGD est 
maior, quarundam autem minor. Sit igitur descripti 
circuli periferia quie ZBH, et a Bad K recta ducatur, 
et copulentur quae ZK, KEL aequales facientes 
angulos, describatur autem et centro K_ periferia 
quaedam quae XOP in plano et in humido; partes 
itaque humidi quae secundum XOP periferiam ex 
aequo sunt positae et continuae inuicem. It pre- 
muntur quae quidem secundum XO _ periferiam 
humido quod secundum ZB locum, quae autem 
secundum periferiam OP humido quod secundum 
BE locum; inaequaliter igitur premuntur partes 
humidi quae secundum periferiam XO ei quae 
“1 \ \ ¢ ) , \ 

[j]* xara trav OIL: adore eEwOycovrat 7a Fooov 
OABopeva b70 Tav padAdAov OAiBoudvwv- od pévet 
dpa TO dypov. brr€éKevro de kabeotaxos eluev ware 
pevety aKivnTOV* dvayKatov: apa Tav ABTA ypap- 
pay Kuhov Tepipeperav elev Kal KEeVTpov atbras 
TOK.  6proiws 81 SerxOrjoeTar Kai, 6mws Ka GAAws 
a emipdavera Tod vypot éemmédm tyalA Sia Tod 
KévTpou Tas yas, OTL & Toua é€ooetrar KUKAOU 
mepipepeta, Kal KévTpov adTds €oceirat, 6 Kal Tas 
yas eott Kévtpov. Sihdrov odv, ott a emddvera 
Tod vypot KaleotaKdéTos akiwirouv odaipas exes 
TO OXHpa TO avTO KEevTpoV exovoas TE ya, e7rELd7 

1 70m. Heiberg. 
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curve ABLA will not be equal. Let there be taken, 
therefore, any straight line which is greater than 
some of the straight lines drawn from K to the curve 
ABTA, but less than others, and with centre K and 
radius equal to the straight line so taken let a circle 
be described ; the circumference of the circle will 
fall partly outside the curve ABTA, partly inside, 
inasmuch as its radii are greater than some of the 
straight lines drawn from K to the curve ABLA, but 
less than others. Let the arc of the circle so described 
be ZBH, and from B let a straight line be drawn to K, 
and let ZK, KEA be drawn making equal angles 
[with KB], and with centre K let there be described, 
in the plane and in the fluid, an arc HOI1; then the 
parts of the fluid along ZOII lie evenly and are con- 
tinuous [v. supra, p. 243]. And the parts along the 
arc =O are under pressure from the portion of the 
fluid between it and ZB, while the parts along the arc 
OII are under pressure from the portion of the fluid 
between it and BI; therefore the parts of the fluid 
along &O and the parts of the fluid along OII are 
under unequal pressures ; so that the parts under 
the lesser pressure are thrust along by the parts 
under the greater pressure [v. supra, p. 245]; there- 
fore the fluid will not remain at rest. But it was 
postulated that the fluid would remain unmoved ; 
therefore the curve ABI'A must be an arc of a circle 
with centre K. Similarly it may be shown that, in 
whatever other manner the surface be cut by a plane 
through the centre of the earth, the section is an are 
of a circle and its centre will also be the centre of 
the earth. It is therefore clear that the surface of 
the fluid remaining at rest has the form of a sphere 
with the same centre as the earth, since it is such 
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V4 b) / e A) “a A / ~ 
TovauTa eoTiv, wate da TOG adTod capeiov Tyabet- 
gav Tav Topay Tovey mepipéperav KUKAOU KévTpOV 
eyovros TO capetov, dt’ od Téuverar TH emimédy. 


(iii.) Solid immersed in a Fluid 
Ibid. i., Prop. 7, Archim. ed. Heiberg ii. 332. 21-336. 18 


Ta Bapurepa Tob vypod adebévra. els TO Dypov 
olcetrat KATO, €or av katapavre, Kal eocodvrat 
KoupotTepa ev TH Vyp@ Tocodrov, Goov exe TO 
Bapos rot typod tot taXdtkodrov oyKov éxovTos, 
adikos €oTlv 6 TOU aTEpeod peyéleos SyKos. 

"Oru pev obv olceirar és TO KdTW, €or’ dv KaTa- 
Bavr., dnAov: ta yap vroKaTw adrod pépea tod 
€ “~ “~ ~ ~ 3 4 > a 
bypod OAPynoodvrar padAdov radv €€ icou adrots 
KEeypLevuwy pepewy, emeroy Baptrepov vmdKeiTat TO 
otepeov péyefos Tod vypod: or. bé Kouddrepa 
€caotvrat, ws eipntat, deryOrjoerar. 

4 4 A e 3 a fo 

Eorw ru péyefos ro A, 6 €att Bapvtepov tod 
e fan / ‘ ww “A ‘ > = 4 
bypod, Bapos dé €oTw Tod pev ev @ A peyebeos 

“A “A ~ ww a) 
To BI, rod dé dypod rot icov dyKov Exovtos TH 
A ro B. decxrdéov, dtr To A péyebos év TH vypa@ 
€ov Bdpos Efe toov TH IL’. 

Neha pen yap Tt péyebos TO év @ To A Kovpo- 
Tepov Tob bypod Tou toov OyKov éxovrTos aire, 


€oTw d€ Tob pev ev @ ro A peyeleos Bapos t ioov 


7 B Bape, TOO dé dypob Tob toov OyKov EXovTos 
To A peyébe: ro Bapos €orw ioov t@ BI" Bapec. 


@ Or, as we should say, “ lighter by the weight of fluid 
displaced.” 
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that, when it is eut [by a plane] always passing 
through the same point, the section is an are of a 
circle having for centre the point through which it is 


cut by the plane [Prop. 1]. 


(iii.) Solid temmersed in a Fluid 
Ibid. j., Prop. 7, Archim. ed. Heiberg ii. 332. 21-336. 13 


Solids heavier than a fluid rill, of placed in the fluid, 
sink to the bottom, and they null be lighter [tf weighed] in 
the fluid by the weight of a volume of the fluid equal to 
the volume of the soltd.4 

That they will sink to the bottom is manifest ; for 
the parts of the fluid under them are under greater 
pressure than the parts lying evenly with them, since 
it is postulated that the solid is heavier than water ; 
that they will be lighter, as aforesaid will be [thus] 
proved. 

Let A be any magnitude heavier than the fluid, let 
the weight of the magnitude A be B +T, and let the 
weight of fluid having the same volume as A be B. 
It is required to prove that in the fluid the magnitude 
A will have a weight equal to I’. 


B 


For let there be taken any magnitude A lighter 
than the same volume of the fluid such that the 
weight of the magnitude A is equal to the weight B, 
while the weight of the fluid having the same volume 
as the magnitude A is equal to the weight B +I. 
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, A > ‘ 3 \ “~ / 3 
cuvtclevtwy 87 €s TO adTo TOV peyebéwr, ev ols 
\ ‘ “~ / , > A 
ta A, A, 70 rv ovvaudotépwr péyebos icoBapés 

3 a “~ “~ ~ 
cooeiTal TH vyp@: é€oTr yap Tay peyeOéwv ovv- 
‘ , f a 
audotépwv to Bdpos taov auvaudorépots Tots 
apeow 7@ te BY cat 7H B, rob 8 dyposd rod 
> ” “a 
icov OyiKov €xortos apdotépots Tois peyelect TO 
’ > “A a / 
Bapos taov éort tots adrois Bdpeow. adebévtwy 
otv TOv peyeDéwv és td bypdv looppornaodyrat 
T® VyP@ Kat ovTE eis TO dvw oloobyTat obTE Ets 
\ 3 e a 
To KaTw: dv0 TO pev ev @ A péyeOos oicetrat és 


3 
¢€ \ 


\ / A , / ~ 3 7 , 
TO KaTW Kat TocavTa Bia bio Tot év @ A peyébeos 
3 ‘\ bd ow A be > t ‘ 4 > ‘ 
aveAKetat €s TO avw, TO de ev @ A péyebos, émei 
4 > “ “A a 
KovpoTepov eat. TOO bypov, avo.cetras ets TO AVW 
/ ld 4 > \ A 4 7 , 
tocavta Pia, ocov é€oti To TI’ Bdpos: dédeuxrau yap, 
¢ 4 “~ lot 
OTL TA KoUpOTEepa TOD bypod peyélea areped Pra- 
A ‘ 
alévra és To bypov avadepovtat TooavTa Bia és Td 
\ “A 
avw, ogov €ort to Bdpos, @ Bapvrepdv éatt rod 
\ \ \ of “~ 
peyebeos To bypov TO tooyKov TO peyebe. eort 
Psy \ “~ ib B 4 B 7 a“ A ‘0 \ ¢ b) 
e7@ 1’ Bape Bapurcpov rob A peyéeos 70 dypov 
\ » “ ~ 
TO taov oyKov eyov T@ A> SHAov odv, GTL Kal TO ev 
e A , > “ 
@ A péyelos és TO Katw oicettat TooovTw Bape, 
\ A 
6aov eoti To I". 





* This proposition suggests a method, alternative to that 
given by Vitruvius (v. supra, pp. 36-39, especially p. 38 n. a), 
whereby Archimedes may have discovered the proportions of 
gold and silver in King Hiero’s crown. 

Let w be the weight of the crown, and let w, and w, be the 
weights of gold and silver in it respectively, so that w= 
UW, + We. 

"Take a weight w of gold and weigh it in a fluid, and let 
the loss of weight be P,. Then the loss of weight when a 
weight w, of gold is weighed in the fluid, and consequently 


the weight of fluid displaced, will be a Py 
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Then if we combine the magnitudes A, 4, the com- 
bined magnitude will be equal to the weight of the 
same volume of the fluid ; for the weight of the com- 
bined magnitudes is equal to the weight (B +I) +B, 
while the weight of the fluid having the same 
volume as both the magnitudes is equal to the same 
weight. Therefore. if the [combined] magnitudes 
are placed in the fluid, they will balance the fluid, 
and will move neither upwards nor downwards 
(Prop. 3]; for this reason the magnitude A will move 
downwards, and wiil be subject to the same force as 
that by which the magnitude A is thrust upwards, 
and since A is lighter than the fluid it will be thrust 
upwards by a force equal to the weight I; for it has 
been proved that when solid magnitudes lighter than 
the fluid are forcibly immersed in the fluid, they will 
be thrust upwards by a force equal to the difference 
in weight between the magnitude and an equal 
volume of the fluid [Prop. 6]. But the fluid having 
the same volume as A is heavier than the magni- 
tude A by the weight I; it is therefore plain that 
the magnitude A will be borne upwards by a force 
equal to I’.¢ 


Now take a weight w of silver and weigh it in the fluid, 
and let the loss of weight be P,. Then the loss of weight 
when a weight ww, of silver is weighed in the duid, and con- 


sequently the weight of fluid displaced, will be <? . Py. 
Finally, weigh the crown itself in the fluid, and let the loss 
of weight, and consequently the weight of fluid displaced, 
be P. 
It follows that “2. P,+"2. P,=P, 
© w 


whence a ue aah : 
Wy = P, 
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(iv.) Stability of a Paraboloid af Revolution 


Ibid. ii., Prop. 2, Archim. ed. Heiberg ii. 348. 10-352. 19 


Es opbov THEA TOD opfoyuviou kwvoeid€os, 
orav Tov afova exn fT) p<tCova. n TptOAvov Tas 
HEX pL Tov afovos, mavro. Aédyor € EXOV ToTi TO dypov 

itd 
TO Bape, agelev eis TO vy pov ouTws, WOTE TAY 
Bdow adbrod pi) drrecbar rod bypod, TeOév KeKX- 
pévov ov pevet KekAipevov, adda atoKaTaoctacetrat 
opbdv. dpbov de rA€yw Kabeotaxévas Td ToLodTo 
THALA, OTOTAV TO amoTEeTUAKOS avTO emimeEdoV 
Tapa TaV emipdverav 7 TOD vypod. 

"Eotw THGua opboywviov Kwvoedéos, olov elipn- 
Tat, Kal KeloOw KekAwevov. detKréov, Ott ov pevel, 
GAN’ aroxatactaceirat opbov. 

4 4 > ~ > / 4 ~ »¥ 

Tyabévtos 8) adrot émimédm dia tot a€ovos 
ophG mort TO emtmredov TO em Tas emupavetas Tob 
vy pod THGpL.aTos €OTW TOG, d, AITOA opboywriov 
KO)VOU TOMd, a€wy d€ Tob T HG aos Kal Sidtetpos 
tas toads a NO, tds d€ rot typod emdavelas 

4 ¢ > 4 s 4 ~ > > ‘ > , 
Troua a 1D. eet ody TO Tapa ovK early dpOov, 
ovK av ein tapddAAndos a AA 7G IX: wore od 

f 3 \ / ¢€ NO A ‘ v 8 
mouncer opfav ywvriav a mott Tav IX. aydw 





* Writing of the treatise On Floating Bodies, Heath 
(H.G.M. ii. 94-95) justly says: ‘* Book ii., which investigates 
fully the conditions of stability of a right segment of a para- 
boloid of revolution floating in a fluid for different values of 
the specific gravity and different ratios between the axis or 
height of the segment and the principal parameter of the 
generating parabola, is a veritable tour de force which must 
be read in full to be appreciated.” 


cc bd 99 


> In this technical term the ‘ axis”’ is the axis of the 
252 


ARCHIMEDES 


(iv.) Stability of a Paraboloid of Revolution 4 
Ibid. ii., Prop. 2, Archim. ed. Heiberg ii. 348. 10-352. 19 


If there be a right segment of a right-angled conoid, 
whose axis 1s not greater than one-and-a-half times 
the line drawn as far as the axis,® and whose eight 
relative to the fluid may have any ratio, and if it be 
placed in the fluid in an inclined position in such a 
manner that its base do not touch the fluid, it nill not 
remain inclined but mill return to the upright position. 
I mean by returning to the upright position the figure 
formed when the plane cutting off the segment is 
parallel to the surface of the fluid. 

Let there be a segment of a right-angled conoid, 
such as has been stated, and let it be placed in an 
inclined position. It is required to prove that it will 
not remain there but will return to the upright 
position. 

Let the segment be cut by a plane through the 
axis perpendicular to the plane which forms the 
surface of the fluid, and let AITOA be the section of 
the segment, being a section of a right-angled cone 
[De Con. et Sphaer. 11}, and let NO be the axis of the 
segment and the axis of the section, and let I2 be 
the section of the surface of the liquid. Then since 
the segment is not upright, AA will not be parallel 
to IZ; and therefore NO will not make a right angle 


right-angled cone from which the generating parabola is 
derived. The latus rectum is ‘‘ the line which is double of 
the line drawn as far as the axis’ (4 SimAacia ras péype rod 
dfovos); and so the condition laid down by Archimedes is 
that the axis of the segment of the paraboloid of revolution 
shall not be greater than three-quarters of the latus rectum 
or principal parameter of the generating parabola. 
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obv mapaAAndos a eharropéva a KQ rds rob 
Kwvov Topas Kata TO II, kat amo rod II wapa trav 


A 





NO dydw a II®- réuver 6) a TI® Biya ray Td: 
dédexrar yap év Tois Kwvikois. teTudow a 
IM, wore eiwev dizrAaciav trav IIB ras BO, Kat 
a NO xara ro P retpdodw, cote Kai tav OP ras 
PN 8:rAaciav eluev- eooeirar 87 tod petlovos 
amoTuapatos Too aTepeod Kévtpov tot Bdpeos 70 
P, rod 5é€ xara trav ITIOX 76 B: S€deucrar yap 
év tats ‘looppomiais, ott mavtos dpboywriov 
Kwvoetdeos THAapaTOs TO KévTpov To Bdpeds €or 
emt Tod afovos dinpnuévov ovTws, WoTE TO ToT 
Th Kopupa tod afovos Tapa SirAdovov elev Tod 
Aowrod. adawpebévtos 8) tot Kata trav IIIOX 
TULALATosS OTEpEoD amo TOU GAov Tod AotTO KévTpoV 
€ocettar Tob Bapeos emi tas BI’ edOeias: Sdeuxra 
yap Toto €v Tois Urovyelous THY pnYariKav, OTL, 
et ka peyebos adaipeOA ur) TO adTo KévTpov Exov 
rot Bapeos Ta) OAw peyéber, Tod owrrod TO KévTpov 
€oceitat tod Bapeos emi tas edfeias tas émilev- 
yvvovoas Ta KEevTpa TOU TE OAOU preyefeos Kal TOU 
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with I. Therefore let KQ be drawn parallel [to I] 


and touching the section of the cone at II, and from 
II let II® be drawn parallel to NO; then I® bisects 

2—for this is proved in the [Elements of | Conics.4 
Let Il® be cut so that IIB =2B®, and let NO be cut 
at P so that OP=2PN ; then P will be the centre of 
gravity of the greater segment of the solid, and B 
that of ITJOZ; for it is proved in the books On 
Equilibriums that the centre of gravity of any seg- 
ment of a right-angled conoid is at the point dividing 
the axis in such a manner that the segment towards 
the vertex of the axis is double of the remainder.” 
Now if the solid segment ITIO2 be taken away from 
the whole, the centre of gravity of the remainder will 
lie upon the straight line BI’; for it has been proved 
in the Elements of Mechanics that if any magnitude be 
taken away not having the same centre of gravity as 
the whole magnitude, the centre of gravity of the re- 
mainder will be on the straight line joining the centres 


[of gravity] of the whole magnitude and of the part 


* Presumably in the works of Aristaeus or Euclid, but it 
is also Quad. Parab. 1. 


’ The proof is not in any extant work by Archimedes. 
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abn pnievov exPeBAnyevas emt Ta avTd, ef’ a TO 
KeVTpOV Too oAov peyeBeos eoTL. ex BeBhjo8ew 
67 a BP éxito I, Kai €orw TO DP TO KEVTpOV Too 
Papeos Tob dowrob peyeBeos. ETEL OUV a NO Tas 
pev OP nyrora, Tas d€ Expl Tob afovos od peilwv 
7 mpeonia, djAov, 6 ore a. PO Tas HEXpt Tou aSovos 
ouK €orl pilav: 7, IIP apa mott Tav KQ ywvias 
avicous Trove’, Kal a 70 TOV PHO yiverau ogeia 
a amo tot P dpa Kaberos én Tov MQ dyoueva, 
per ake meaeiraL TeV P20: TUATET OD ws a PO- 
a PO apa opba coTw Troi TO (droreTpaxKds)" 
emimedov, ev @ eoTw a LI, 6 éorw em Tas emt- 
pavetas Tob vypob. ee PiuiaeD 57) TwWeES amo Tey 
Bea Tapa trav PQ: evexOnoerar 57) TO pev exTOs 
Too vypod Tob pueyeDeos ets TO KaTW Kara Tav dua 
rob T dyopevay Kaberov- UTOKELTAL ‘yap EKAOTOV 
TOV Bopéwy els TO Kat pepecbat Kara Tav 
Kaberov Tav dua Tob _kevTpov dyopevay TO O€ €V 
TQ vyp@ péyelos, eet Kouddtepov yiverat Tod 
vypod, evexOyoerat eis TO dvw Kata Tav KaOeTOV 
tav dia TOO B ayouevav. eet S€ od KaTa TaV 
avtav KabeTov GAAdAous dvr OhiBovrac, ob level TO 
oyna, adda Ta pev KaTo, TO A els TO aver evexOn- 
GET aL, Ta Oe Kara To A eis TO KaTW, Kai TobTO del 
eooeiTat, ews av opbov Bocarcaran. 


1 arorerpaxos, cf. supra, p. 252 line 8; Heiberg prints 
*. e 8 . . . K e ® os. 





* If the normal at IIT meets the axis in M, then OM is greater 
than ‘* the line drawn as far as the axis’ " except in the case 
where IT coincides with the vertex, which case is excluded by 
the conditions of this proposition. Hence OM is always 
greater than OP; and because the angle QIIM is right, the 
angle QIUIP must be acute. 
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taken away, produced from the extremity which is 
the centre of gravity of the whole magnitude [De 
Plan. Aequil. i. 8). Let BP then be produced to I, 
and let I’ be the centre of gravity of the remain- 
ing magnitude. Then, since NO=2- OP, and NO+ 
§- (the line drawn as far as the axis), it is clear that 
PO+(the line drawn as far as the axis); therefore 
IIP makes unequal angles with KQ, and the angle . 
PIIQ is acute*; therefore the perpendicular drawn 
from P to IIQ will fall between II, 2. Let it fall as 
PO; then PO is perpendicular to the cutting plane 
containing I, which is on the surface of the fluid. 
Now let lines be drawn from B, I’ parallel to PO ; then 
the portion of the magnitude outside the fluid will 
be subject to a downward force along the line drawn 
through [—for it is postulated that each weight is 
subject to a downward force along the perpendicular 
drawn through its centre of gravity ® ; and since the 
magnitude in the fluid is lighter than the fluid,° it 
will be subject to an upward force along the perpen- 
dicular drawn through B.¢ But, since they are not 
subject to contrary forces along the same perpen- 
dicular, the figure will not remain at rest but the 
portion on the side of A will move upwards and the 
portion on the side of A will move downwards, and 
this will go on continually until it is restored to the 
upright position. 


> Cf. supra, p. 245; possibly a similar assumption to this 
effect has fallen out of the text. 

¢ A tacit assumption, which limits the generality of the 
opening statement of the proposition that the segment may 
have any weight relative to the fluid. 

4 y». supra, p. 251. 
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XVIII. ERATOSTHENES 


(a) GENERAL 


Suidas, s.v. "Eparocbévys 


"EpatooGevns, “AyAaod, ot Sé "’ApBpoaiov: 
Kupnvaios, pabyrns diAocddov *Apictwvos Xiov, 
ypappartkod de Avoaviov tot Kupnvaiov al 
Kaddydyou Tob mounTod. perereupn dé e€ 
A@nvav bro rob tpirov IIroAeuatiou Kat 8rérpupe 
péxpe Tov mépmrov. dia d€ TO Sevtepevew ev 
MavTt elder Taidetas Tots akpots éyyicavta’ Bra? 
3 / € A \ / a” / 4 
emeKAnOn. ot dé Kai Sevrepov 7} véov IlAdrwra, 
dAdo. WévrabAov exddecav. éréx On dé px’ OdAvp- 


1 éyyioavra Meursius, éyyicact Adler. 
* Bira Gloss. in Psalmos, Hesych. Mil., ra Byyara codd. 





¢ Several of Eratosthenes’ achievements have already 
been described—his solution of the Delian problem (vol. i. 
pp. 290-297), and his szeve for finding successive odd numbers 
(vol. i. pp. 100-103). Archimedes, as we have seen, dedicated 
the Method to him, and the Cattle Problem, as we have also 
seen, is said to have been sent through him to the Alexandrian 
mathematicians. It is generally supposed that Ptolemy 
credits him with having calculated the distance between the 
tropics (or twice the obliquity of the ecliptic) at 11/83rds. of 
a complete circle or 47° 29’ 39”, but Ptolemy’s meaning is not 
clear. Eratosthenes also calculated the distances of the sun 
and moon from the earth and the size of the sun. Fragments 
of an astronomical poem which he wrote under the title 
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(a) GENERAL 


Suidas, s.v. Hratosthenes 


EratostHENnes, son of Aglaus, others say of 
Ambrosius; a Cyrenean, a pupil of the philosopher 
Ariston of Chios, of the grammarian Lysanias of 
Cyrene and of the poet Callimachus®; he was sent 
for from Athens by the third Ptolemy ¢ and stayed 
till the fifth.¢ Owing to taking second place in all 
branches of learning, though approaching the highest 
excellence, he was called Beta. Others called him a 
Second or New Plato, and yet others Pentathlon. He 
was born in the 126th Olympiad ¢ and died at the age 


Hermes have survived. He was the first person to attempt a 
scientific chronology from the siege of Troy in two separate 
works, and he wrote a geographical work in three books. 
His writings are critically discussed in Bernhardy’s Hratos- 
thenica (Berlin, 1822). 

> Callimachus, the famous poet and grammarian, was 
also a Cyrenean. He opened a school in the suburbs of 
Alexandria and was appointed by Ptolemy Philadelphus 
chief librarian of the Alexandrian library, a post which he 
held till his death c. 240 n.c. Eratosthenes later held the 
same post. 

¢ Kuergetes I (reigned 246-221 s.c.), who sent for him to 
be tutor to his son and successor Philopator (v. vol. i. pp. 
256, 296). 

¢ Epiphanes (reigned 204-181 8.c.). ¢ 276-273 B.c. 
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mau Kal ereAevTyoev a eTav yeyovwds, amro- | 
oXOpeEvos tTpopns dia TO dpBArvebrrecv, pabnrihy 
emion pov Kkatakizwv ’Aptoropavnv tov Bulavriov- 
ov maAw ‘Apiorapxos palyrys. palnrat d€ avroo 
Mvaceéas Kat Mevav6pos Kal “Aptoris. eypaibe dé 
pirdooga Kal Towpara Kal toropias, ‘Aarpovopiay 
7 Karacrepiopous," Ilepi ta&v Kara pirocogiay 
atpécewv, Ilepi adumias, diaddyous moAAods Kai 
YpappariKa ovxva. 


(6) On Means 


Papp. Coll. vii. 3, ed. Hultsch 636, 18-25 


Tay dé Tpoetpnpevwny TOU “Avadvopevov BiBAtcov 
7) Tages €oTly rovatTn .. . Eparoobdvous mepi 
pecoTyiTwv Ovo. 


Papp. Coll. vii. 21, ed. Hultsch 660. 18-662. 18 


Tév TOTTWY KaGorou ot pév elow epeKTiKol, ws 
Kal ‘ArroMdnos m™po Tav idtwv oToLXetwv A€yet 
onpetov Lev Tomov onpeiov, ypaypts dé tdzov 
YPUEpAY, emipaveias dé emupaveray, orepeod be 
oTEpeoy, ot d€ dveEodikol, ws onpetou pev YPOBENY, 
ypaypns 8 émddveav, empaveias Sé orepedr, 


1 Kavaorepiopovs coni. Portus, Karaornpiypous codd. 





* Not, of course, Aristarchus of Samos, the mathematician, 
but the celebrated Samothracian grammarian. 

®’ Mnaseas was the author of a work entitled IlepfzAous, 
whose three sections dealt with Europe, Asia and Africa, 
and a collection of oracles given at Delphi. 

¢ This work is extant, but is not thought to be genuine in 
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of eighty of voluntary starvation, having lost his 
sight; he left a distinguished pupil, Aristophanes 
of Byzantium; of whom in turn Aristarchus® was a 
pupil. Among his pupils were Mnaseas,? Menander 
and Aristis. He wrote philosophical works, poems 
and histories, Astronomy or Placings Among the 
Stars,¢ On Philosophical Divisions, On Freedom from 
Pain, many dialogues and numerous grammatical 
works. 


(6) On Means 
Pappus, Collection vii. 3, ed. Hultsch 636. 18-25 


The order of the aforesaid books in the Treasury of 
Analysis is as follows. . . the two books of Eratos- 
thenes On Means.4 


Pappus, Collection vii. 21, ed. Hultsch 660. 18-662. 18 


Loci in general are termed fixed, as when Apollonius 
at the beginning of his own Elements says the locus of 
a point is a point, the locus of a line is a line, the locus 
of a surface is a surface and the locus of a solid is a 
solid ; or progressive, as when it is said that the locus 
of a point is a line, the locus of a line is a surface and 
the locus of a surface is a solid; or cercumambient as 


its extant form; it contains a mythology and description of 
the constellations under forty-four heads. The general title 
*Actpovouia may be a mistake for ’Aorpofecia; elsewhere 
it is alluded to under the title Karaoyor. 

@ The inclusion of this work in the Treasury of Analysis, 
along with such works as those of Euclid, Aristaeus and 
Apollonius, shows that it was a standard treatise. It is not 
otherwise mentioned, but the loci with reference to means 
referred to in the passage from Pappus next cited were pre- 
sumably discussed in it. 
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oi dé dvacrpopiKot, ws onpietov jev emupaveray, 
ypappns de orepedv. iL ‘2 ol d€ b1r0 'Eparoade- 
vous emuypagevres TOTOL | Tpos peodTnTaAS eK TOV 
Tpoeipypevey elolv TH yevet, amo S€é THs lOudTHTOS 
tov UTobécewv . . . Ekeivots. | 


(c) THe “ Pratontcus ” 
Theon Smyr., ed. Hiller 81. 17-82. 5 
‘Eparoobevys dé ev TO TTAatwukd -dnot, pa 


TAUTOV elvat didoTynpa Kat Adyor. ered Adyos 
pev €otTt Svo peyeBav 7 7 m™pos GAAnAa Trou oxéots, 
yivera 8 auTn Kal ev deaddpors Akal é€v ddvagpo- 
pots). : olov ev @ Aoyw €or 70 aioOnrov Tpos 
TO VvOnTOY, év ToUTw ddta _Tpos ETLOTHULNY, Kat 
Siageper Kal TO vonTov Tov emeaTnroo @ Kal 7 
b0fa Tob aicOnrod. SudoTna d€ ev Siagépovar 
pLovor, 7 KaTa TO péyebos 7 7 Kara TOLoTnTa Kata 
béow 7 aAAws omwootv. diAov dé Kal evreider, 

1 The passage of which this forms the concluding sentence 
is attributed by Hultsch to an interpolator. o fill the 
lacuna before éxeivos he suggests dvdpiotot exelvous, following 


Halley’ s rendering, “ diversa sunt ab illis.”’ 
2 kai ev ddvaddpos add. Hiller. 


* Tannery conjectured that these were the loci of points 
such that their distances from three fixed lines provided a 
** médiété,”’ 7.¢., loci (straight lines and conics) which can be 
represented in trilinear co-ordinates by such equations as 


Qy=24+2, yr =a22z, y(e +z) =Qa2, w(e - y)=2z(y —z), 
aa — y)=y(y — 2) 5 
these represent respectively the arithmetic, geometric and 


harmonic means, and the means subcontrary to the harmonic 
and geometric means (v. vol. i. pp. 122-125). Zeuthen has 
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when it is said that the locus of a point is a surface and 
the locus of a line isa solid. [. . . the loci described 
by Eratosthenes as having reference to means belong 
to one of the aforesaid classes, but from a peculiarity 
in the assumptions are unlike them.]¢ 


(c) Tue “ PLatrontcus ”’ 
Theon of Smyrna, ed. Hiller 81. 17-82. 5 


Eratosthenes in the Platonicus ® says that interval 
and ratio are not the same. Inasmuch as a ratio is a 
sort of relationship of two magnitudes one towards 
the other,* there exists a ratio both between terms 
that are different and also between terms that are not 
different. For example, the ratio of the perceptible 
to the intelligible is the same as the ratio of opinion 
to knowledge, and the difference between the intel- 
ligible and the known is the same as the difference of 
opinion from the perceptible.4 But there can be an 
interval only between terms that are different, 
according to magnitude or quality or position or in 
some other way. It is thence clear that ratio is 


an alternative conjecture on similar lines (Die Lehre von den 
Kegelschnitten im Altertum, pp. 320-321). 

® Theon cites this work in one other passage (ed. Hiller 2. 
3-12) telling how Plato was consulted about the doubling of 
the cube; it has already been cited (vol. i. p. 256). Eratos- 
thenes’ own solution of the problem has already been given 
in vol. i. pp. 290-297, and a letter purporting to be from 
Eratosthenes to Ptolemy Euergetes is given in vol. i. pp. 256- 
261. Whether the Platonicus was a commentary on Plato 
or a dialogue in which Plato was an interlocutor cannot be 
decided. 

¢ Cf. Eucl. v. Def. 3, cited in vol. i. p. 444, 

¢ A reference to Plato, Rep. vi. 509 p—511 x, vii. 517 a— 
518 B. 
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Ore Aoyos SuaoTHpatos € ETEpov’ TO yap Tpeav T™pOS 
TO SumAdovov (Kad 70 Sum Aaovov T™pos TO Tov)" 
Aoyov pév od Tov adrov exer, SudoTnya S5é TO avTd. 


(d) MEASUREMENT OF THE HaRTH 


Cleom. De motu circ. i. 10. 52, ed. Ziegler 94. 23-100. 23 


Kai 7 pev tod Mocedwviov efodos mepi Trot 
KaTQa THY ‘YH peyeGous TOLAUTN, 7 bé TOU "Epa- 
ToaGévous VEWMETPLK AS epodov exopevn, Kai do- 
Koved TU doapeorepov EXEW. mowjoe. d€ cadh 
Ta Acyopeva vr’ adtod tdde mpoiioriOepevwr 
nav. owmoKkeicdw nuiv mp@rov pev Kavtatéa, 
bro TH atT@ peonuBpw@ Keitola. Lvivyv Kat 
"ArcEdvoperav, Kat Sdevrepov, Tro dua a TO 

p p orp. 
preTa&o TOV moAewy TmevraKaxrAtoy aradicy elvar, 
Kal Tpirov, Tas Karamepmopevas axTivas azo 
diapepwv pLepa@v Too WAtou emt Sud popa THS vis 
pepn maparAnArous elvat: ovTWs yap exew auras 
Ol yEwpeTpat drroTibevras. TETOPTOV exeivo v7r0- 
KeioOw, Seckvipevov Tapa Tois yewpeTpats, Tas 
eis TrapaAAnAous eumimrovcas edetas tas évaddAa€ 
yuwvias loas To.eiv, TéeuTTOV, Tas ETT Lowy ywridy 
BeByxvias mepipepeias dpotas elvat, ToureoTe THV 
avdtny avadoyiav Kat tov adrov Adyov Exew TpOS 
rovs olkeious KUKAovs, Setkveypevov Kal TovToU 
mapa Tos yewpeTpais. omdTtay yap Tepupeperat 
emt lowy ywudv wot BeBynxviat, av pia nricodv 


1 Kal eee HpLLov add. Hiller. 





* The difference between ratio and interval is explained a 
little more neatly by Theon himself (ed. Hiller 81. 6-9): 
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different from interval; for the relationship of the 
half to the double and of the double to the half does 
not furnish the same ratio, but it does furnish the 
same interval. 


(2) MeasureMENT oF THE EarTuH 


Cleomedes,® On the Circular Motion of the Heavenly 
Bodies i. 10. 52, ed. Ziegler 94. 23-100. 23 


Such then is Posidonius’s method of investigating 
the size of the earth, but Eratosthenes’ method 
depends on a geometrical argument, and gives the 
impression of being more obscure. What he says 
will, however, become clear if the following assump- 
tions are made. Let us suppose, in this case also, 
first that Syene and Alexandria lie under the same 
meridian circle ; secondly, that the distance between 
the two cities is 5000 stades ; and thirdly, that the 
rays sent down from different parts of the sun upon 
different parts of the earth are parallel; for the 
geometers proceed on this assumption. Fourthly, 
let us assume that, as is proved by the geometers, 
straight lines falling on parallel straight ithe make 
the alternate angles equal, and fifthly, that the arcs 
subtended by equal angles are similar, that is, have 
the same proportion and the same ratio to their 
proper circles—this also being proved by the geo- 
meters. [or whenever arcs of circles are subtended 
by equal angles, if any one of these is (say) one-tenth 
diagepes 5€ Sidornua Kal Adyos, eed) Sidornpa peév €ore 7d 
perahd t&v cpoyevav re Kal dvicwy Spwv, Adyos S€ amas F 
TwY Opoyer@v Opwy mpos adAAnAous cxéats. 

’ Cleomedes probably wrote about the middle of the first 


century s.c. His handbook De motu circulari corporum 
caelestium is largely based on Posidonius. 
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avta@v dSékatov 7 pépos Tod oiketov KUKAOV, Kal 
ai owrat maou. déxata pépn yevicovra Tay 
oikeiwy KUKAwY. 

Tovtwyv 6 Kataxparnoas ovK dv yxaderds Tv 
epodov roo "Eparocdevous Kkatapado. éxovoav 
OUTWS. b770 T@ avT@ Ketobar peony Bpw® gyoe 
Lunvav Kat *AAeEdvBpecay. ETTEL OV pe yLoTor - TOV 
év T@ KoOopw ot peonuBpivol, det Kal Tovs v7o0- 
KeyLevous ToUTOLS THs ys KUKAOUS peylioTtous elvat 
dvayKawws. wore nAikov av tov dia Luivys Kal 
"ArcLavdpeias yKovra KvKAov Tis yhs 1 Eepodos 
amodeiger attrn, THALKODTOS Kal 6 péytoToOs EoTaL 
Ths yns KUKAos. not Toivuv, Kal Exe OVTWS, THY 
Luynvynv vio TH Gepwd tpomK@ KetoPar xvKrw. 
oméTav ovv ev KapKivep yevopLevos 6 wos Kal 
Jepwas Trova Tpomas aK pipas jeecoupav7jon, GoKtoe 
yivovrau ot TOV wporoytev yveopoves avayKaios, 
Kata Kd0erov axpiB Tob 7Alou dmepKeysévov’ Kal 
Totro yiveotou Adyos emt otadious Tprakoaious 
thv Sidpetpov. ev AdcEavdpeia dé TH avuTn wpa 
dmoBaAAovow ol TOY wpodoyiuy yreapoves oKudv, 
dre mpos apkKTw paMov Tis Lunvns TAVTNS THS 
Toews KELEVnS. UTO TH avTa@ peonyBpwe 
Tolvuy Kal peytoTw KvKAW TOV roAewy KEL{LEVWD, 
av Tepiayaywev TEepip€peray amo TOO akpou THs 
Too yu@povos oKuds emt thy Bdaow avTyny Tob 
yvapovos Too ev "AdebavB pete wporoyiov, avrn 
n Trepupe pera. TEAUA yevyoetar Tob peyiorov Tov 
ev TH oKkadyn KUKAwY, evel preyioTrw KUKAwW b76- 
Keurau » TOO @poroyiou oKagn. Et ovv eSijs 
vonoarpev ed0etas Oud THs yis exBaMopeévas ap’ 
EKATEPOV TOV YvWLOVWY, TPOS TH KeVTPwW TIS Ys 
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of its proper circle, all the remaining arcs will be 
tenth parts of their proper circles. 

Anyone who has mastered these facts will have 
no difficulty in understanding the method of 
Eratosthenes, which is as follows. Syene and Alex- 
andria, he asserts, are under the same meridian. 
Since meridian circles are great circles in the universe, 
the circles on the earth which lie under them are 
necessarily great circles also. Therefore, of whatever 
size this method shows the circle on the earth through 
Syene and Alexandria to be, this will be the size of 
the great circle on the earth. He then asserts, as is 
indeed the case, that Syene lies under the summer 
tropic. Therefore, whenever the sun, being in the 
Crab at the summer solstice, is exactly in the middle 
of the heavens, the pointers of the sundials necessarily 
throw no shadows, the sun being in the exact vertical 
line above them ; and this is said to be true over a 
space 300 stades in diameter. But in Alexandria at 
the same hour the pointers of the sundials throw 
shadows, because this city lies farther to the north 
than Syene. As the two cities lie under the same 
meridian great circle, if we draw an are from the 
extremity of the shadow of the pointer to the base of 
the pointer of the sundial in Alexandria, the arc will 
be a segment of a great circle in the bow] of the sun- 
dial, since the bowl lies under the great circle. If 
then we conceive straight lines produced in order 
from each of the pointers through the earth, they 
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gupmecodvrar. e7rel obv TO év Lunvy wpodoytov 
Karta, Kaberov vroKeiTar TH HAiw, ay | EMWONTWLEV 
evleiav azo Tob nAtov TKovaay €m akpov TOV Tob 
wopodoytou yvespova, pia YEVITETAL evbeia 7 a0 
Tob WAiov péxpt Tob KEVT pou THhS ys WKovea. eav 
ouv éTépav evdetav vonawpev amo Tob dicpou Tijs 
oKids Tod yvespovos be aKpou Tob yVojLovos é7rl 
Tov 7Aov cvayowerny amo Tis ev *AdeLavdpela 
okays, avry Kal q mpoeipnuevn evleta mapdAn- 
ou YEvNTOvTAL a7r0 Stapopey ye Tou jAtov pepaiv 
emt dtadopa pépy Tis yas Oupkovoas. els Tavras 
Tolvuv rapa Hous oveas epminrer ev0eia 1 azo 
Tob KevTpou Tis yijs emt Tov éV “AdcEavdpeta 
YV@ Love qicovea, ware Tas evarag ywvias toas 
mrovety" cy 7 bev €oTL TmpOoS TH KeVTp@ Tis yijs 
Kara oUpTT WoW Tov evderdov, al amo TeV “po- 
Aoytey 7xOnoav € ETL TO KEVTpOV Tis vis, yuvopern, 
n O€ KaTG oupTTwoW dK pov Too ev “Adcgavd Opetg 
yvespovos Kal Tis air’ aKpou THS oKias avroo én 
TOV TAvov dua THs T™pos avrov pavoews avaxbetaons 
yEeyevnievy. Kal emt _pev TaUTnS BeBnre TrEpt- 
Pepeva n am adkKpov THS oKLds Tob yvespovos emt 
THY Baow avToo mepiaxbeica, émt d€ ris mpos 
TH KeVTP@ THS vis 7) a70 Luyvys dujkovea vets 
*Adeédvdperav. Gmotat Toivuv at Trepupeperat eto 
aAAnAats én towv ye Ywvior eByxviar. ov apa. 
Adyov € Exel n ev TH oKadn TpOs Tov oiKetov KUKAov, 
TobTov éxeu Tov Adyov Kal 7) a7r0 Lunvys ets 
“AdceEdvdperav qKovea. Od ve ev TH oKxagn 
TrEvTN KOOTOV pLépos evploKerau Tob olietou KUKAov. 
de ovY avayKaiws Kal TO amo Lunvys eis ’AAcE- 
dvopevav dudotyua mevtnKoorov elvar pépos Tod 
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will meet at the centre of the earth. Now since the 
sundial at Syene is vertically under the sun, if we 
conceive a straight line drawn from the sun to the 
top of the pointer of the sundial, the line stretching 
from the sun to the centre of the earth will be one 
straight line. If now we conceive another straight 
line drawn upwards from the extremity of the shadow 
of the pointer of the sundial in Alexandria, through 
the top of the pointer to the sun, this straight line 
and the aforesaid straight line will be parallel, being 
straight lines drawn through from different parts of 
the sun to different parts of the earth. Now on these 
parallel straight lines there falls the straight line 
drawn from the centre of the earth to the pointer at 
Alexandria, so that it makes the alternate angles 
equal; one of these is formed at the centre of the 
earth by the intersection of the straight lines drawn 
from the sundials to the centre of the earth; the 
other is at the intersection of the top of the pointer 
in Alexandria and the straight line drawn from the 
extremity of its shadow to the sun through the point 
where it meets the pointer. Now this latter angle 
subtends the arc carried round from the extremity of 
the shadow of the pointer to its base, while the angle 
at the centre of the earth subtends the arc stretching 
from Syene to Alexandria. But the ares are similar 
since they are subtended by equal angles. Whatever 
ratio, therefore, the arc in the bow] of the sundial has 
to its proper circle, the arc rcaching from Syene to 
Alexandria has the same ratio. But the arc in the 
bowl is found to be the fiftieth part of its proper 
circle. Therefore the distance from Syene to Alex- 
andria must necessarily be a fiftieth part of the great 
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peyiatov THS ys KUKAOU: Kal éaT. TobTO aTadiwv 
mevrakioxiAiwy. oO apa avpmas KUKAOS yiverat 
piupidowy etkoot TévTe. Kal Wy pev ’Eparoobévous 
épodos ToLavTN. 


Heron, Dioptra 36, ed. H. Schéne 302. 10-17 


Agov 8€ éoTw, et TUOL, THY peTakd ’AXcEavdpetas 
Kat ‘Padpns ddov experphoa: tHv én’ edleias, THY 
ye émi KUKAou TeEpipepetas peyioTou TOD ev TH yh, 
mpocopLoAoyoupevov Too OTL TEpiLeTpos THs yHs 

, 3 ‘ Ke ,\ @ e U ~ 
aradiwy éort fi Kal ert (8, ws 6 pddoTa Tov 
dAAwy axpiBéorepov mempayparevpevos *Eparo- 

4 / 3 AaN\1 3 / ‘ on 
abévns Seixvuow ev (7@)' emrypadopévw Ilept rijs 
GVALLETPHGEWS THS VHS. 

1 + add. H. Schone. 


@ The attached figure will help to elucidate Cleomedes. 
S is Syene and A Alexandria; the 
: | centre of the earth is O. The sun’s 
y ays at the two places are represented 
by the broken straight lines. If a be 
qj the angle made by the sun’s rays with 
the pointer of the sundial at Alexandria 
(OA produced), the angle SOA is also 
equal to a, or one-fiftieth of four right 
angles. The arc SA is known to be 
5000 stades and it follows that the 
whole circumference of the earth must 
be 250000 stades. 
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circle of the earth. And this distance is 5000 stades. 
Therefore the whole great circle is 250000 stades. 
Such is the method of Eratosthenes. 


Heron, Dioptra 36, ed. H. Schine 302. 10-17 


Let it be required, perchance, to measure the 
distance between Alexandria and Rome along the are 
of a great circle,’ on the assumption that the peri- 
meter of the earth is 252000 stades, as Eratosthenes, 
who investigated this question more accurately than 
others, shows in the book which he wrote On the 
Measurement of the Earth.° 


> Lit. “ along the circumference of the greatest circle on 
the earth.” 

¢ Strabo (ii. 5. 7) and Theon of Smyrna (ed. Hiller 124. 
10-12) also give Eratosthenes’ measurement as 252000 
stades against the 250000 of Cleomedes. ‘‘ The reason of 
the discrepancy is not known ; it is possible that Eratosthenes 
corrected 250000 to 252000 for some reason, perhaps in 
order to get a figure devisible by 60 and, incidentally, a 
round number (700) of stades for one degree. If Pliny (N.H. 
xii. 13. 53) is right in saying that Eratosthenes made 40 stades 
equal to the Egyptian cyotvos, then, taking the cyoivos at 
12000 Royal cubits of 0-525 metres, we get 300 such cubits, 
or 157°5 metres, 7.¢e., 516-73 feet, as the length of the stade. 
On this basis 252000 stades works out to 24662 miles, and 
the diameter of the earth to about 7850 miles, only 50 miles 
shorter than the true polar diameter, a surprisingly close 
approximation, however much it owes to happy accidents in 
the calculation ” (Heath, H.G.M. ii. 107). 
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XIX. APOLLONIUS OF PERGA 


(a) Tue Conic Sections 


(i.) Relation to Previous Works 


Eutoc. Comm. in Con., Apoll. Perg. ed. Heiberg ii. 
168. 5-170. 26 


"ArodAdvios 6 yewperpyns, @ pire Eraipe ’Av- 
Gepe, yéyove pev éx Ildpyns zis ev Tapdvdla 
] ~ “a 
ev xpovors Tod Evepyérov IIroAcuatou, ws taropel 
‘H / rv e \ / a 48 ; “a 

pakdevos o tov Piov ’Apyipndovs ypadwyr, 6s 
Kat @no. Ta Kwrika Ocwpypata emivojcar pev 

~ i) ? a A \ 3 , > s 
mpa@tov tov “Apxiuyndn, tov dé ’AmodAAdriov adbra 

€ / ¢€ \ ? a \ ? f ? ; 
evpovra uo “Apxyindovs pn éxdobévra idstomou- 
cacba, ovx dAnfedwy Kata ye Tiv éunv. 6 TE 

\ 3 7 > A / e 
yap “Apyiundns ev moddois daiverar ws mraXao- 
Tépas Tis oTorxerwoews TOY KwWULKOY pEeuVnEvos, 

A € 3 , ? € 99 7 > f 4 
Kat 0 “AztoAdkwvios obx ws Stas emivotas ypdadet- 

9 s kal # Co oe ee | / A 4 ~ 
ov yap av epn “ emt mA€ov Kai Kabddrouv padAov 





* Scareely anything more is known of the life of one of the 
greatest geometers of all time than is stated in this brief 
reference. J*rom Pappus, Coll. vii., ed. Hultsch 67 (quoted in 
vol. i. p. 488), it is known that he spent much time at Alex- 
andria with Kuclid’s successors. Ptolemy Euergetes reigned 
246-221 B.c., and as Ptolemaeus Chennus (apud Photii 
Bibl., cod. cxe., ed. Bekker 151 b 18) mentions an astro- 
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(a2) THe Conic Sections 
(i.) Relation to Previous Works 


Eutocius, Commentary on Apollonius’s Conics, 
Apoll, Perg. ed. Heiberg ii. 168. 5-170. 26 


ApoLttonius the geometer, my dear Anthemius, 
flourished at Perga in Pamphylia during the time of 
Ptolemy Euergetes,? as is related in the life of Archi- 
medes written by Heraclius,? who also says that 
Archimedes first conceived the theorems in conics 
and that Apollonius, finding they had been discovered 
by Archimedes but not published, appropriated them 
for himself, but in my opinion he errs. For in many 
places Archimedes appears to refer to the elements of 
conics as an older work, and moreover Apollonius 
does not claim to be giving his own discoveries ; 
otherwise he would not have described his purpose as 
‘to investigate these properties more fully and more 


nomer named Apollonius who flourished in the time of 
Ptolemy Philopator (221-204 s.c.), the great geometer is 

abenty meant. This fits in with Apollonius’s dedication of 
Books iv.-vili. of his Conics to King Attalus I (247-197 s.c.). 
From the preface to Book i., quoted infra (p. 281), we gather 
that Apollonius visited Eudemus at Pergamum, and _ to 
Eudemus he dedicated the first two books of the second 
edition of his work. 

>’ More probably Heraclides, v. supra, p. 18 n. a. 
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eSerpydabau Tadra Tapa Ta b770 Tov adAdwy ye- 
ypappeva. aan’ Grep pnow 6 [Déuwos adn Bes 
€or, OTe of madqol K@voy oprlopevor THY TOO 
épFoywviov Tptywvov Trepupopay pevovons peas 
Tov mept THYv OpOnv elkdTws Kal Tods Kavous 
mayras oplovs dred Bavov yiveoBar Kal piav 
TONY ev EKdoTW, €V pev TO opBoywviep THY viv 
KaAdoupevnv rapaBohdy, év 8¢ 6 dip PArvyeoviep THY 
drrepBodyy, év d€ TO dévywviy Thy &AAeulv: Kal 
€oTt Top. abrots _cbpelv otrws dvopalonevas TAS 
Topas. domep ovv TOY apyaiwy emt EVOS EKAOTOU 
etdous Tprywvov Dewpyodvrwy Tas do _opbas 
TpOTE pov év TO ioomAcvpyy Kat mdaAw ev TD igo- 
oxeAet Kal VoTEepoy ev TO oKadnv@ ot perayeve- 
otepo. KaloAKoy Bedpnpa amédekav To.otro: 
TAVTOS TPLYWVOV at EVvTOS TpEts ywvriar Suvaiv dpBais 
toa etoiv" ovTws Kal emt THY Tob Kadvou Topay: 
THY plev yap Acyonerny opboyuviou KWVOV TOMY 
ev opboywviw povov Kava eGewpovv TELVOMEVD 
EmLTEOW ope pos j.iay 7eupav Tob KwVvOU, THY 
dé 708 Opt Avywviov KWVOU TONY év duBrvywvien 
yiopernvy Kwvw amedeikvucay, THY Sé Tot d€v- 
ywviov ev dfvywviw, opoiws emt mavrwy tadV 
Kwvwy ayovTes TA ETiTTE}a Op0d mpos piay mAeupay 
Tob Kwvov: SndAot dé Kai adra ra apxaia dvéuara 
Tv ypappav. vorepov 5é ’Amodudnos 6 Ilep- 
yatos KaldAov ti elewpnoev, OTL ev TayTi KwWYw 
Kal opO@ Kat oxadAnva waoa al ropal eiot Kara 
duddopov Tob émumedov mpos TOv K@vov mpooBoAny: 
6v Kal Pavpacavres ot Kar’ adrov yevduevor did 
70 Oavpdaovov tadv ba’ adrod Sederypéevwv KwviKkdv 
Gewpynudtwy péyay yewpetpny éxddovv. Taira 
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generally than is done in the works of others.” But 
what Geminus says is correct : defining a cone as the 
figure formed by the revolution of a right-angled 
triangle about one of the sides containing the right 
angle, the ancients naturally took all cones to be right 
with one section in each—in the right-angled cone the 
section now called the parabola, in the obtuse-angled 
the hyperbola, and in the acute-angled the ellipse ; 
and in this may be found the reason for the names 
they gave to the sections. Just as the ancients, 
investigating each species of triangle separately, 
proved that there were two right angles first in the 
equilateral triangle, then in the isosceles, and finally 
in the scalene, whereas the more recent geometers 
have proved the general theorem, that in any triangle 
the three internal angles are equal to two right angles, so 
it has been with the sections of the cone; for the 
ancients investigated the so-called section of a right- 
angled cone in a right-angled cone only, cutting it by 
a plane perpendicular to one side of the cone, and they 
demonstrated the section of an obtuse-angled cone in an 
obtuse-angled cone and the section of an acute-angled 
cone in the acute-angled cone, in the cases of all the 
cones drawing the planes in the same way perpen- 
dicularly to one side of the cone; hence, it is clear, 
the ancient names of the curves. But later Apollonius 
of Perga proved generally that all the sections can be 
obtained in any cone, whether right or scalene, 
according to different relations of the plane to the 
cone. In admiration for this, and on account of the 
remarkable nature of the theorems in conics proved 
by him, his contemporaries called him the “ Great 


* This comes from the preface to Book i., v. infra, p. 283. 
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‘ > ¢ / > ~ ey A ~ ~ 
pev obv Oo Téuwos ev t@ Eextw dyai ths Tdv 
pabnpatrwv Oewpias. 


(ii.) Scope of the Work 


Apoll. Conic. i., Praef., Apoll. Perg. ed. Heiberg 
j. 2. 2-4. 28 


3 , > , / 

AtodAAdvuos Edénuw yatperv. 

Ei r@ re cbpart eb emavayes Kal ta dAAa Kata 
yuupny €ort gor, KaADs ay Exot, peTpiws dé Eyomev 
Kai avtot. Kal? dv dé Karpov unv peta cov ev 
Hepyduw, efewpovv oe omevdovTa petacyeiy TOV 
meTpaynevwy uty KwiiKdv> Tétopda ovv ao TO 

~ 4 , A A ? od 
mpa@tov BiBrtov dcopPwodpevos, Ta Sé Ao.TG, STav 
evapeoTicwpev, e€amrooteAotpev’ ovK auvnovelv 
yap olopal oe map euod axynKodra, didtt THY wept 
Tadra edodor eounoapnv afwwleis bro Navxpd- 
Tous Tot yewpeérpov, Kal? dv Katpov éeoydvale 

@ Menaechmus, as shown in vol. i. pp. 278-283, and more 
particularly p. 283 n. a, solved the problem of the doubling 
of the cube by means of the intersection of a parabola with a 
hyperbola, and also by means of the intersection of two para- 
bolas. ‘This is the earliest mention of the conic sections 
in Greek literature, and therefore Menaechmus (fl. 360-350 
B.c.) is generally credited with their discovery; and as 
Eratosthenes’ epigram (vol. i. p. 296) speaks of ‘‘ cutting the 
cone in the triads of Menaechmus,”’ he is given credit for 
discovering the ellipse as well. He may have obtained them 
all by the method suggested by Geminus, but Heath (H.G. Af, 
ii. 111-116) gives cogent reasons for thinking that he may 
have obtained his rectangular hyperbola by a section of a 
right-angled cone parallel to the axis. 

A passage already quoted (vol. i. pp. 486-489) from Pappus 
(ed. Hultsch 672, 18-678. 24) informs us that treatises on the 
conic sections were written by Aristaeus and Euclid. Aris- 
taeus’ work, in five books, was entitled Solid Loci; Euclid’s 
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Geometer.”’ Geminus relates these details in the 
sixth book of his Theory of Mathematics.* 


(ii.) Scope of the Work 


Apollonius, Conics i., Preface, Apoll. Perg. ed. Heiberg 
i. 2. 2-4. 28 


Apollonius to Eudemus ® greeting. 

If you are in good health and matters are in other 
respects as you wish, it is well; I am pretty well too. 
During the time I spent with you at Pergamum, 
I noticed how eager you were to make acquaint- 
ance with my work in conics; I have therefore 
sent to you the first book, which I have revised, and 
I will send the remaining books when I am satis- 
fied with them. I suppose you have not forgotten 
hearing me say that I took up this study at the request 
of Naucrates the geometer, at the time when he came 


Conics was in four books. The work of Aristaeus was 
obviously more original and more specialized ; that of Euclid 
was admittedly a compilation largely based on Aristaeus. 
Euclid flourished about 300 s.c. As noted in vol. i. p. 495 
n. a, the focus-directrix property must have been known to 
Euclid, and probably to Aristaeus; curiously, it does not 
appear in Apollonius’s treatise. 

Many epropetes of conics are assumed in the works of 
Archimedes without proof and several have been encountered 
in this work; they were no doubt taken from the works of 
Aristaeus or Euclid. As the reader will notice, Archimedes’ 
terminology differs in several respects from that of Apollonius, 
apart from the fundamental difference on which Geminus 
Jaid stress. 

The history of the conic sections in antiquity is admirably 
treated by Zeuthen, Die Lehre von den Kegelschnitien im 
Altertum (1886) and Heath, Apollonius of Perga, xvii-clvi. 

> Not, of course, the pupil of Aristotle who wrote the 
famous History of Geometry, unhappily lost. 
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3 em A > b] 4 4 
Tap npiv tapayevnfes eis *AXeEdvdpevav, Kal 
, > 
Overt mpayyarevoartes adra ev dxrw PiBr(Lous éé 
aurijs peTadedwKapev atta eis TO o7rovdatdrEpov 
dua, TO Tpos exmrAw adrov elvar od Siaxabdpavres, 
ada amdvra Ta tbromintovta Hiv OévTes cis 
4 “ 
€oxatov emeAevodpevor. d0ev Kaipov viv raPdvres 
dei TO TUyxavov diopOudcews exdidomev. Kal eel 
oupBeBnKxe Kat aAdous tias THY ouppemydrwr 
np pereAnpévac ro mpa@tov Kat To Sevrepov 
/ \ vv ~ LY , 3A 
BiBAiov mpi 7 SioplwOAvar, pr Oavpdons, éav 
TepiTinTys avtots érépws exovow. 
7A A de “~ 3 ‘ rb \ ~ 4 
70 O€ THY oKTw PiBAiwy 7a mpPSta téocapa 
3 A 
TETTWKEY ELS GBYwynY aToLyewdn, Tepteyer SE TO 
~ ~ ~ ~ A 
pev mpdtov tas yevéoes TOv tTpiOv Tomav Kal 
TOV GVTLKEMLEVWY Kal TA Ev adrais apyiKd oupTTw- 
> A ré A God LAA 3 4 
pata em mA€ov Kat KafodAouv paddov eLerpyacpéeva 
Tapa Ta UTO TOV GAAwY yeypampéva, TO 5é Sev- 
TEpov Ta TEpL TAS StaéeTpous Kal Tods dfovas TOV 
“ A 
Tou@v ovpBaivovra Kal tas daouumrw@rouvs Kal 
A +. 3 , 4 
dAka yevikny Kal dvayKaiav xpelay mapeydopeva. 
4 4 
mpos Tous Swopiopods: tivas dé Stayérpous Kat 
, ¥” a 30 7 ? , on / 
tivas afovas KaAd, eidrjoets ex TovTOU Tob BiBALov. 
A} \ 
To O€ tpirov modAG Kai mapadoga Pewpryara 
4 4 4 “ ~ 
xXpjnowa mpos te tas ovvléces THY orepedv 
* ~ 
ToTwY Kat Tovs Siopicpovs, Ov ta aAcioTa Kal 
? 
kdAdata, €éva, & Kal Karavojoavres cuveidSopev 
pn ovvrBéuevov bro KixdeiSou rov émi rpets Kal 
4 4 
tégcapas ypapyas To7ov, adAa pdpiov ro Tvy6v 
“ “~ ~ A 
adrod Kat Totro ovk edtvyds: od yap Fv Suvarov 
dveu T&v mpocevpyuevwy uty TeAcwOAvar ri 


ERS a eR A ee Oe er eR ee 3 Oe BY 
* A necessary observation, because Archimedes had used 
the terms in a different sense. 
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to Alexandria and stayed with me, and that, when I 
had completed the investigation in eight books, I gave 
them to him at once, a little too hastily, because he 
was on the point of sailing, and so I was not able to 
correct them, but put down everything as it occurred 
to me, intending to make a revision at the end. 
Accordingly, as opportunity permits, I now publish 
on each occasion as much of the work as I have been 
able to correct. As certain other persons whom | 
have met have happened to get hold of the first and 
second books before they were corrected, do not be 
surprised if you come across them in a different form. 

Of the eight books the first four form an elementary 
introduction. The first includes the methods of pro- 
ducing the three sections and the opposite branches 
[of the hyperbola] and their fundamental properties, 
which are investigated more fully and more generally 
than in the works of others. ‘The second book in- 
cludes the properties of the diameters and the axes 
of the sections as well as the asymptotes, with other 
things generally and necessarily used in determining 
limits of possibility ; and what I call diameters and 
axes you will learn from this book. The third book 
includes many remarkable theorems useful for the 
syntheses of solid loci and for determining limits of 
possibility ; most of these theorems, and the most 
elegant, are new, and it was their discovery which 
made me realize that Euclid had not worked out the 
synthesis of the locus with respect to three and four 
lines, but only a chance portion of it, and that not 
successfully ; for the synthesis could not be com- 
pleted without the theorems discovered by me.? 


® For this locus, and Pappus’s comments on Apollonius’s 
claims, v. vol. i. pp. 486-489. 
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4 4 , ~ ¢ ~ 
avv0eow. TO d€ TéTApTOV, TOCAXas at THY KwVWY 
A v4 A fond ~ , t 
Topat GAAjAais Te Kal TH TOO KUKAOU Tepipepeta 
9 aA 
ovpBdrrovar, Kai ddAa éx TrEepiocod, dv ovdéTEpov 
A ¢ ~ 
bo TOY TpO HUadV yéypamTal, KwWYoV ToLn 7 
KUKAOUv Tepipépera KaTa TOGa onucia ovuBadr- 
Aovot. 
QA A a, >) , wv 
Ta 5€ Aowrd €ore tTrEeprovotacTiKWTEpa* EoTL 
yap TO pev mept eAaxloTwy Kai peyiotwy én 
” 4 ~ 
mAéov, TO dé mepl towy Kal Cuolwy KwVYoU TOUaY, 
To bé mepi StoptaoTicdv Cewprnuatwv, to d€ mpo- 
BrAnpdtwv KwviKkdv Siwpiopévwv. od pyv adda 
“ 4 
Kal mavrwy exdolevrwy e€eaT. Tots TEepiTUyYavovat 
, “ ~ td € mm 
Kpivey avTd, ws av atvTta@v exaotos alpyras. 
EUTUYEL. 


(iii.) Definitions 
Ibid., Deff., Apoll. Perg. ed. Heiberg i. 6. 2-8. 20 


"Hav dad Twos onpetov mpos KUKAov Trepipeperav, 
6s ovK €oTW ev TH adT@ emu ede T@ onpeiw, 
evlcia émlevybecioa ep’ exdrepa mpooexBrn On, 
Kal _pevovTos Tob onpetov n ev0eta meptevexVeioa 
mepi THY TOD KUKAOV TrEpLpepeEtay Eis TO auro aaAw 
dmoxatacrably, odev mpEaro pépectar, THY ypa- 
gpetoav bro Tis edOetas éemddaverav, 4% ovyKerrat 
€x Ovo emupaverdy Kata Kopudyv aAAjAats Ket~ 
pévav, @v exaTépa eis ameipov av&erar Tis 





@ Only the first four books survive in Greek. Books v.-vii. 
have survived in Arabic, but Book viii. is wholly lost. Halley 
(Oxford, 1710) edited the first seven books, and his edition is 
still the only source for Books vi. and vii. The first four 
books have since been edited by Heiberg (Leipzig, 1891-1893) 
and Book v. (up to Prop. 7) by L. Nix (Leipzig, 1889). The 
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The fourth book investigates how many times the 
sections of cones can meet one another and the cir- 
cumference of a circle ; in addition it contains other 
things, none of which have been discussed by pre- 
vious writers, namely, in how many points a section 
of a cone or a circumference of a circle can meet 
[the opposite branches of hyperbolas}. 

The remaining books are thrown in by way of 
addition: one of them discusses fully mzntma and 
maxima, another deals with equal and similar sections 
of cones, another with theorems about the determina- 
tions of limits, and the last with determinate conic 
problems. When they are all published it will be 
possible for anyone who reads them to form his own 
judgement. Farewell.? 


(iii.) Definitions 
Ibid., Definitions, Apoll. Perg. ed. Heiberg i. 6. 2-8. 20 


If a straight line be drawn from a point to the cir- 
cumference of a circle, which is not in the same plane 
with the point, and be produced in either direction, 
and if, while the point remains stationary, the straight 
line be made to move round the circumference of the 
circle until it returns to the point whence it set out, 
I call the surface described by the straight line a 
conical surface ; it is composed of two surfaces lying 
vertically opposite to each other, of which each 
surviving books have been put into mathematical notation 
by T. L. Heath, Apollonius of Perga (Cambridge, 1896) and 
translated into French by Paul Ver Eecke, Les Coniques d’ 
Apollonius de Perga (Bruges, 1923). 

In ancient times Eutocius edited the first four books with 
a commentary which still survives and is published in 


Heiberg’s edition. Serenus and Hypatia also wrote com- 
mentaries, and Pappus a number of lemmas. 
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ypagovons evGeias Els A7rELpov mpooexBadAopevys, 
KaA@ KaveRnY emupaveray, Kopugiy de aurijs 70 
HewevnKos onetov, agova dé THY bua ToD onpeiov 
Kal Tob KEeVT pov Tov KUKAoU dyopevny evfetav. 

Kovov be TO TEpleXOMEvoY OX Tua bmd Te Tod 
KUKAov Kal THs perakd THs Te Kopudhs Kal THs 
Tob KUKAOU Trepupepeias KwVeKts emupaveias, Kopu- 
ony d€ Tod KwvoV TO onpctov, ) kal TS emipavetas 
€oTl Kopud7, afova d€ THY amo THs Kopudys emi 
TO KEVT POV Tod KUKAov ayopévny ed0etay, Baow 
d€ Tov KUKAov. 

Taév b€ Kwvwv opbods pev KarA® Tods mpos 
opbas é Exovras Tats Baceo Tovs afovas, oKxaAnvovs 
dé rovs un mpos opas éyovtas tais Bdoeat rovs 
afovas. 

IIaons KapmvdAns ypapts, NTS €orly ev evi 
emimedep, dudpetpov prev KadrA@ evetay, Ts Ty BEUT 
dro THs KaprvAns ypapns maoas Tas ayopevas 
ev TH ypaypn edOeias edOeia rivi mrapahAndous 
dixa diatpet, Kopupny dé THs YpapepAs TO Tépas 
Tijs evfetas TO 7pos Th YPApeen TET PEVONS de 
emt THV Sidperpov KaTHyOar éexdornvy ta@v mapada- 
AnAwy. 

“Opoiws S€ Kai dvo0 KapmvAwy ypaypdy év evi 
Emimeow Keysevwy Siapetpov Kadrdd mAayiayv peév, 
nris ev0eia Téuvovaa tas dvo ypaypas mdoas Tas 
ayouevas ev exatépa TOY ypauua@y Tapa Tuva 
edleiav dixa Téuver, Kopudas b€ THY ypappav Ta 
Tpos Tals ypaypats wépara THs Siapérpov, dpbiav 
b€, HT es KeuLevn peragy trav dvo ypappav maoas 
Tas ayopévas trapadAnAous edOeias edOeia Twi Kal 
aToAapBavouéevas petagd Tov ypaypav dSixa 
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extends to infinity when the straight line which 
describes them is produced to infinity ; I call the 
fixed point the verter, and the straight line drawn 
through this point and the centre of the circle I call 
the azts. 

The figure bounded by the circle and the conical 
surface between the vertex and the circumference of 
the circle I term a cone, and by the vertex of the cone 
I mean the point which is the vertex of the surface, 
and by the azis I mean the straight line drawn from 
the vertcx to the centre of the circle, and by the base 
I mean the circle. 

Of cones, I term those right which have their axes 
at right angles to their bases, and scalene those which 
have their axes not at right angles to their bases. 

In any plane curve I mean by a diameter a 
straight line drawn from the curve which bisects 
all straight lines drawn in the curve parallel to a given 
straight line, and by the vertex of the curve I mean the 
extremity of the straight line on the curve, and I 
describe each of the parallels as being drawn ordinate- 
nise to the diameter. 

Similarly, in a pair of plane curves I mean by a 
transverse diameter a straight line which cuts the two 
curves and bisects all the straight lines drawn in either 
curve parallel to a given straight line, and by the 
vertices of the curves I mean the extremities of the 
diameter on the curves; and by an erect diameter I 
mean a straight line which lies between the two 
curves and bisects the portions cut off between the 
curves of all straight lines drawn parallel to a given 
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Tépver, TeTaypevws Sé emi rHv Siduerpov KarhyOat 
ExaoTnv Tav mapadAjAwy. — ” 

Lulvyeis Kadd Swayézpovs [8vo]' KapvAns 
ypappis Kat dvo KayTdrAwy ypaypav edbcias, dv 
exatépa Sdiduetpos odca tas TH érépqa mapada- 
ArjAous Sixa Siatpee. 

"Agova S€ Kad® KapmvdAns ypaupys Kat S0o 
KapTvAwY ypaypadv ed0ciav, yris Siderpos odca 
THS Ypapuys 7 Tov ypappadv mpos cpbas répuver 
Tas TapaAAnjAous. 

Lulvyeis KaAd dfovas xaymvAns ypappis Kal 
dvo Kap7UAwY ypappdv edbelas, aires Sidperpor 
ovoa. ovluyeis mpds dpOdas répvover tas dAAjAwY 
mapaArrnAous. 


(iv.) Construction of the Sections 
Ibid., Props. 7-9, Apoll. Perg. ed. Heiberg i. 22. 26-36. 5 


"Af 

"Eav x@vos emimédw rund dia tod d£ovos, 
TUNOT O€ Kal érépw éemimédw TéepvovTt TO emimedov, 
ev @ €otw 4 Bdow Too Kwvov, Kat edOeiay mpds 
opfas ovcav row TH Baoe tot dia Tod d£ovos 
Tprywvov 7 TH én ed0eias atrH, ai aydpeva 
evdeiar aro THs yevyPelons Touns ev TH Tod KwVvOU 
emipaveia, Nv emoinoe TO Téuvov emimedov, Trapda- 
AnAot TH mpos plas rH Baca tod Tprydvou 
evdeia émt THY KowHnY Tony TmecobvTaL TOO Téu- 

1 vo om. Heiberg. 





* This proposition defines a conic section in the most 
general way with reference to any diameter. It is only much 
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straight line ; and I describe each of the parallels as 
drawn ordinate-nise to the diameter. 

By conjugate diameters in a curve or pair of curves | 
mean straight lines of which each, being a diameter, 
bisects parallels to the other. 

By an axis of a curve or pair of curves I mean a 
straight line which, being a diameter of the curve or 
pair of curves, bisects the parallels at right angles. 

By conjugate axes in a curve or pair of curves I mean 
straight lines which, being conjugate diameters, 
bisect at right angles the parallels to each other. 


(iv.) Construction of the Sections 
Ibid., Props. 7-9, Apoll. Perg. ed. Heiberg i, 22. 26-86. 5 


Prop. 7 4 


If a cone be cut by a plane through the axis, and if it be 
also cut by another plane cutting the plane containing the 
base of the cone in a straight line perpendicular to the base 
of the axial triangle,® or to the base produced, a section 
will be made on the surface of the cone by the cutting 
plane, and straight lines drawn in it parallel to the straight 
line pemendeaLs to the base of the axial triangle nill 
meet the common section of the cutting plane and the axial 


later in the work (i. 52-58) that the principal axes are intro- 
duced as diameters at right angles to their ordinates. The 
proposition is an excellent example of the generality of 
Apollonius’s methods. 

Apollonius followed rigorously the Euclidean form of 
eos In consequence his general enunciations are extremely 
ong and often can be made tolerable in an English rendering 
only by splitting them up; but, though Apollonius seems to 
have taken a malicious pleasure in their length, they are 
ores on a perfect logical pattern without a superfluous 
word. 
> Lit. “‘ the triangle through the axis.” 
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3 / \ ~ ‘ = ¥ A 
vovros émimédou Kal Too dia Tod a€ovos Tprywvov 
Kal mpocekBadAdpevar ews Tot éTépov pépous Tis 

~ > “~ 

ropis Sixa TtunOnoovrar bm’ adris, Kal eav pev 
? A ¢ ~ é > ~ Ul > “a A 3 ‘ 
6pOds 7 6 Kavos, 7 ev TH Bacet edOeia mpos opfas 
Zora, TH KOW To“ Tod TéuvovTos emumédou Kal 
tot Sia Tod afovos tpiywvov, eav dé oKadnves, 

3 eee A 3 \ wv 3 >] iid A 4 ~ 
obK alel mpos opbas gaTat, add’ érav TO d1a Tob 
” ? / A > A S ~ , ~ 7 
dfovos émimedov mpos opbas 4 TH Pace: Tod Kavov. 

"Eorw K@vos, ob Kopudy pev to A onpetov, 

, . ¢ , A / > Ul ‘ 
Baots 8¢ 6 BI’ kvkdos, Kal tetTpnjobw emimed@ did 


A A 





rob afovos, Kal moveitw Tounv ro ABT zplywvov, 
retpnoOw dé Kal érépw emmédw Téuvovt. Td 
émimedov, ev @ eotw 6 BI’ kudos, Kar’ edOeciav 
av AE nro mpos opbas odcav 7H BI 7} rH er” 
ev0elas avTH, Kat TroveiTw TopnVv ev TH emupavelg 
Tob Kwvov THY AZE: Kown 87) Tour tot réuvovros 
émumédov Kat too ABI zprywvov 7 ZH. kal 
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triangle and, if produced to the other part of the section, 
will be bisected by its tf the cone be right, the straight line 
tn the base null be perpendicular to the common section of 
the cutting plane and the axial triangle; but if tt be sca- 
lene, it nill not in general be perpendicular, but only when 
the plane through the axis ts perpendicular to the base of 
the cone. 

Let there be a cone whose vertex is the point A and 
whose base is the circle BI’, and let it be cut by a 





plane through the axis, and let the section so made 
be the triangle ABI. Now let it be cut by another 
plane cutting the plane containing the circle BI in a 
straight line AE which is either perpendicular to BI 
or to BI’ produced, and let the section made on the 
surface of the cone be AZE®; then the common 
section of the cutting plane and of the triangle ABI 


* This applies only to the first two of the figures given in 
the mss, 
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ethn gow TL onpetov emt ths AZE opis 76 ©, 
Kal 7xXGw dua tot © ry AE Trapaddnros 1) OK. 
Aéyw, 6 OTL 1 OK “avpBonet ™m ZH «Kai exBado- 
pevn ews TOU éTépov tepous THS AZE opis Siva 
THNOnCETAL vm THS ZH evdeias. 

*"Emet yap K@VvOS, ov Kopugy) pev tro A onpetov, 
Bao dé 6 Br KUKdos, TETHNTAL EmTeow) Oud Tob 
afovos, Kal rovel TOMY ro ABI Tpiyavov, 
etAnaras dé 7 onpretov emi TIS emupavetas, i} 7 
ear emt mAcupas Tod ABD Tprywvou, To ©, Kat 
eott KaVeros 7 AH éni tiv BI, 7 dpa da rod © 
7 AH mrapadnAos ayopevn, routeor 4 OK, 
coup Bare TO ABD Tpryove, Kal mpocexPaMopery 
EWS TOU eTEpou }épous THs emdavetas bixa THN On- 
getau bo TOU TpLywvov. emel obv 4 dia TOU 
™ AE mapadAnros ayopevn oupSadrer 7@ ABL 
Tprywvw Kai ecoTw ev 7 dua Tis AZE TOPLAS 
emimeow, ETL THY KOWnY apa TournY Tecetra TOO 
TépvovtTos emumédov Kat ToO ABY ‘rpuyavov. Kou?) 
dé Toy €oTe TOV emimédwv 7 ZH: 7 apa da rob 
© rH AE mapdAAndos ayopévyn mwecetrar émi rH 
ZH: Kat Tpooek aAAopern ews Tod éTepou Hépous 

ms AZE ropns Siva tpnPycera bao tHe ZH 
eee. 

"Hrot 89 6 Kavos dpOds €orw, 7 TO dia Tod 
afovos tpiywvov ro ABT opOov éeott mpds tov BY 
KUKXoV, 7) OvdEeTEpOV. 

Eorw mpdérepov 6 Ka@vos apOds: ein av obv Kat 
to ABT tpiywvov doplov ampos rov BI’ kv«dov. 
émel obv emimedov TO ABI apos ézimedov ro BY 
oplov €ott, Kal TH Kown ad’ta@v town TH BI ev 
evi TOv emuTeowy 7H BY apos dpbas AeTar 7 AE, 
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is ZH. Let any point 90 be taken on AZF, and 
through 0 let OK be drawn parallel to AE. I say 
that OK intersects ZH and, if produced to the other 
part of the section AZE, it will be bisected by the 
straight line ZH. 

For since the cone, whose vertex is the point A and 
base the circle BI’, is cut by a plane through the axis 
and the section so made is the triangle ABI’, and 
there has been taken any point 0 on the surface, not 
being on a side of the triangle ABI’, and AH is per- 
pendicular to BI’, therefore the straight line drawn 
through 0 parallel to AH, that is OK, will meet the 
triangle ABL and, if produced to the other part of the 
surface, will be bisected by the triangle [Prop. 6]. 
Therefore, since the straight line drawn through O 
parallel to AE meets the triangle ABI and is in the 
plane containing the section AZE, it will fall upon the 
common section of the cutting plane and the triangle 
ABI’. But the common section of those planes is ZH ; 
therefore the straight line drawn through 0 parallel 
to AE will meet ZH; and if it be produced to the 
other part of the section AZE it will be bisected by 
the straight line ZH. 

Now the cone is right, or the axial triangle ABI is 
perpendicular to the circle BI’, or neither. 

First, let the cone be right ; then the triangle ABI’ 
will be perpendicular to the circle BI [Def. 3; Eucl. 
xi. 18]. Then since the plane ABI is perpendicular 
to the plane BI’, and AE is drawn in one of the planes 
perpendicular to their common section BI’, therefore 
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7 AE dpa T® ABD Tpeycovep eorl ™pos opOds: Kat 
7pOs mdoas dpa Tas dmromevas avriis evBetas 
Kat ovoas ev TH ABI’ tprywvw opby €o7w. wore 
Kai mpos tHv ZH €or mpos opbds. 
Mr ” or ¢ ~ ? A6 > A > L} 5 ‘ 
n €oTw 57 6 K@vos apfds. Et pev ody TO dia 
Tob dEovos » Tplywvov opBov eo apos tov BY 
¢€ ~ 
KUKhov, Opoivss deiLoper, ort kat » AE 7H ZH 
eoTt pos opbas. pt €otw 81) TO dia Tob a€ovos 
Tplywvov TO ABP oplov pos TOV BP KUKAoV. 
A€eyeo, OTt ovde 7 AE TH ZH €or mpos opGas. 
el yao Suvarov, eoTw" €ort O€ Kal TH BP mpos 
oplds: 7 dpa AE é éxatépa tov BI’, ZH éort apos 
oplas. Kal T@ Sia rHv BI, ZH emarddw apa 
TpOs oplas eo. TO be dua rev BI, HZ éni- 
mredov €oTt TO ABI Kal 7 AE apa 7@ ABIL Tp 
ywvm é€ori mpos opOds. Kat mavTa, dpa Ta 80" 
7 A : en “A 
abtis emimeda TH ABI rptywv@ €ori pds opOas. 
ev 0€ re Tov Sia THs AE émmddwy eoriv 6 BI 
, ¢ v , A > 4 ? “~ 
KuKAos' 6 BI’ dpa xuKdos mpos aplds éort TO 
ABP rprywvw. wore kai To ABI rpiywrov opbov 
éotat mpos tov BI KuKdov: omep ovy baoKeuras, 


ovk apa » AK 7H ZH éore mpds apbas. 


Ilopiopa 

"Ex 87 rovTou davepdv, ort ts AZE ropfs ba- 
perpos eotw 7 ZH, ereimep ras ayouévas trapaA- 
AnAovs edbeia Twi rH AE Siya réuver, kal Gre 
5 4 3 € 28 ~ 5 4 ~ 7H aA- 
uvaTov eoTw v0 THs Siauerpou THs TaAp 
AnAous tivas diya TéuvecBar Kai pr mpds apOas. 

7 

"Eav Kavos émumédw tyunbf Sia rod afovos, 
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AE is perpendicular to the triangle ABI [Eucl. xi. 
Def. 4]; and therefore it is perpendicular to all 
the straight lines in the triangle ABI’ which meet 
it [Eucl. xi. Def. 3]. Therefore it is perpendicular 
to ZH. - 

Now let the cone be not right. Then, if the axial 
triangle is perpendicular to the circle BI’, we may 
similarly show that AE is perpendicular to ZH. Now 
let the axial triangle ABT be not perpendicular to the 
circle BI. I say that neither is AE perpendicular to 
ZH. For if it is possible, let it be; now it is also 
perpendicular to BI’; therefore AE is perpendicular 
to both BY, ZH. And therefore it is perpendicular to 
the plane through BI’, ZH [Eucl. xi. 4]. But the 
plane through BI’, HZ is ABI’; and therefore AK is 
perpendicular to the triangle ABI’. Therefore all the 
planes through it are perpendicular to the triangle 
ABP [Eucl. xi. 18]. But one of the planes through 
AE is the circle BI. ; therefore the circle BI’ is per- 
pendicular to the triangle ABI’. Therefore the 
triangle ABI is perpendicular to the circle BP ; which 
is contrary to hypothesis. Therefore AE is not 
perpendicular to ZH. 


Corollary 


From this it is clear that ZH is a diameter of the 
section AZE [Def. 4], inasmuch as it bisects the 
straight lines drawn parallel to the given straight 
line AE, and also that parallels can be bisected by 
the diameter ZH without being perpendicular to it. 


Prop. 8 


If a cone be cut by a plane through the axis, and it be 
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TunOn sé Kai eTépw emiTédw téuvovT. THY Badow 
Tob Kwvov Kat evleiav mpos oplds otcav 7H Bacet 
Tob dia Tob aovos tprywrvov, 7 Sé Sidpetpos ris 
ywopevns €v TH emidaveig ToAS TOL Tapa piav 
 T&v Tob Tprywvou TAcvpa@v 7H oupmintn adr 
EKTOS THS Kopudhs Tod Kevov, mpocexBadAnrat 
d€ 9 TE TOO KwVOU éemipdveta Kal TO TéuvoV emi- 
medov Els aTrELpoV, Kal 4 Top eis Amreipov avéyO7- 
GeTal, Kat azo Tis Siapérpou Tis TOMAS mpos TH 
Kopugy maon TH Sobcion «v0ciqa tony amodAneral 
tis evleia ayouevn amo THs Tod Kwvov Touts 
mapa THVv ev TH Bdce: Tob Kwvov evbeiav. 

oTw K@vos, od Kopud7) péev to A onpeiov, 
Baois dé 6 BY kvkdos, Kal retpyobw emimddy 


A 





did Tob afovos, Kal moeitw Topjiv ro ABI rpi- 
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also cut by another plane cutting the base of the cone in a 
line perpendicular to the base of the axial triangle, and if 
the diameter of the section made on the surface be either 
parallel to one of the sides of the triangle or meet it beyond 
the vertex of the cone, and tf the surface of the cone and 
the cutting plane be produced to infinity, the section mill 
also increase to infinity, and a straight line can be drawn 
from the section of the cone parallel to the straight line in 
the base of the cone so as to cut off from the dtameter 
of the section towards the vertex an intercept equal to any 
given straight line. 

Let there be a cone whose vertex is the point A and 
base the circle BI, and let it be cut by a plane through 


the axis, and let the section so made be the triangle 
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ywrov' teTunGOw dé Kal érépw emmédw TéuvovTt 
tov BI’ kvKdov Kar’ edlctav tiv AE mpos opfas 
ovoav ™ Br, Kal ToveiTw TOUNV év TH emupavelg 
THY ALE ypappnv: 7 dé Sudperpos THS AZE TOUS 
» ZH roe mrapaddndos € co7Tw TH AL 7 7) éxBado- 
peévyn ovpmimrérw adtn extos ToD A onpeiov. réyw, 
ore Kai, €av 7 TE TOO KwVOU _emupavera Kal 70 
TE[LVOV emimredov exPaAAnTrat «is azrevpov, Kal 7 
AZE ropy eis di7respov avénFnoerac. 

"ExBeBAjobe yap 4 TE Tod Kwvov _emupdvera, 
Kal TO téuvov émimedov: dhavepov 57, OTe Kal at 
AB, AP, ZH ouverxBAnOjoovrar. exet 7 LH 7H 
AD Arou TmapadAnhos €oTw 7 exBaopevy oUpL- 
minrer avTn EKTOS Tob A onpcion, aut ZH, AY 
apa exBaAAduevar ws emi 7a I, H pépn oddémore 
cupmecoovTa. ekBePAjofwoarv odv, Kal etAndbw 
Te onpetov emt THS ZH rvyov ro O, Kai dia Tob 
© onpeiov rH wev BY mapadAnros nyOw 7 KOA, 
th dé AE mapddAnios 4 MON: ro dpa da Trav 
KA, MN emizedov mapadAndcv éort TH Sta TaV 
BI, AE. kdKdos apa éori ro KAMN ezizeédoyr. 
kat emet Ta A, E, M, N onpeia ev r@ réuvorti 
ecoTw emimedep, eoTt de Kal év TH emupaveia Tou 
Kdbvou, emt Tijs Kowyis apa TOMAS €oTU" nvinrar 
dpa 7 AZE pexpe tev M, N onpetany. adsn8 €(ons 
dpa THs emupaveias Tov KwvoUv Kal TOD TELVOVTOS 
emumredou expe rob KAMN xkvxdAov ventas Kad 
n AZE topy pEXpe Tov M, N _onpetwy. Opotws 
57 detfouer, OTe Kal, €av ets di7revpov exBadAnras 
} Te TOD KwVvOU éemupdvera Kal TO Téuvov émizedov, 
Kat 7 MAZEN ropy eis dzecpov ad&)Oyjoerac. 

Kat davepov, dtu maon TH S0bclon edbeia ionv 
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ABI’; now let it be cut by another plane cutting the 
circle BI’ in the straight line AE perpendicular to BI, 
and let the section made on the surface be the curve 
AZE ; let ZH, the diameter of the section AZE, be 
either parallel to AT or let it, when produced, meet 
AI beyond the point A. I say that if the surface of 
the cone and the cutting plane be produced to infinity, 
the section AZE will also increase to infinity. 

For let the surface of the cone and the cutting plane 
be produced ; it is clear that the straight lines, AB, 
AI’, ZH are simultaneously produced. Since ZH is 
either parallel to AI or meets it, when produced, 
beyond the point A, therefore ZH, AT’ when produced 
in the directions H, I’, will never meet. Let them be 
produced accordingly, and let there be taken any 
point © at random upon ZH, and through the point 0 
let KOA be drawn parallel to BI’, and let MON be 
drawn parallel to AE; the plane through KA, MN 
is therefore parallel to the plane through BI’, AE 
[Eucl. xi. 15]. Therefore the plane KAMN is a circle 
[Prop. 4]. And since the points A, E, M, N are in the 
cutting plane, and are also on the surface of the cone, 
they are therefore upon the common section ; there- 
fore AZE has increased to M, N. Therefore, when 
the surface of the cone and the cutting plane increase 
up to the circle KAMN, the section AZE increases up 
to the points M, N. Similarly we may prove that, if 
the surface of the cone and the cutting plane be 
produced to infinity, the section MAZEN will increase 
to infinity. 

And it is clear that there can be cut off from the 


299 


GREEK MATHEMATICS 


amoAnperat Tis amo THs ZO edbelas mpos rd Z 
one. éav yap TH dobeion tony Odpev THY Le 
kat dua tod = rH AE zapdAdndov ayaywpev, 
oupmeceitat TH Ton, wWoTep Kal H Sia Tod O 
amedetxOn oumintovaa TH TouH Kata Ta M, N 
onpeta* woTe ayetai tis evOeia ovpmintovoa TH 
Toph TaparAndos ovtoa 7H AE amoAapuBavovea 
> _ A ? ~ Ld ~ / \ “~ 
amo ths ZH evleiay tonv 7H Soleion mpos 7H Z 
4 
elw. 
onpeta 


b ,) ~ 9 , ~ , 4 
Kav xa@vos enumédw tub ovprimtovT. pev 
éxatépa mAevpa tod bia tot afovos rpiywvou, 
/ 
pnre O€ Tapa Thy Baow hypévw pre dTevavtiws, 
) TOLN OVK E€aTaLt KUKAoS. 
si CP ~ e A 4 4 A ~ 
aTw K@vos, Oo Kopud7) pev TO onpetov, 





Baows d€ 6 BI Kvxdos, kat retpiobw émumdédwp 
/ ~ 

Tue pnte mapadAjAm dvre tH Bdoe pire ba- 
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straight line ZO in the direction of the point Z an 
intercept equal to any given straight line. For if we 
place ZZ equal to the given straight linc and through 
E draw a parallel to AE, it will meet the section, just 
as the parallel through © was shown to meet the 
section at the points M, N; therefore a straight line 
parallel to AE has been drawn to meet the section so 
as to cut off from ZH in the direction of the point Z 


an intercept equal to the given straight line. 


Prop. 9 


If a cone be cut by a plane meeting either side of the 
axial triangle, but neither parallel to the base nor sub- 
contrary ,* the section mill not be a circle. 

Let there be a cone whose vertex is the point A 
and base the circle BI’, and let it be cut by a plane 


neither parallel to the base nor subcontrary, and let 


* In the figure of this theorem, the section of the cone by 
the plane AE would bea subcontrary section (imevarria trop) 
if the triangle AA were similar to the triangle ABI, but ina 
contrary sense, 7.¢., if angle AAE=angle AT'B. Apollonius 
proves in i. 5 that subcontrary sections of the cone are circles ; 
it was proved in i. 4 that all sections parallel to the base are 
circles, 
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evavTiws, Kal moveiTw TOPNV ev Th emupaveta 7H 
AKE ypappjv. Aéyw, dre 7 AKE ypapp otk 
€oTat KUKAoS. 

Ei yap duvatov, €oTw, Kal oupmunrétw TO 
TELVOV émimredov Th Pacer, Kal coTW TAY emiTmédwY 
Kow? TOM 1 ZH, 70 be KEVTpov rod BI KdKov 
éoTw TO O, Kal am avrod Kabetos 7yIw emt THY 
ZH 7 OH, xa exBeBAjoFu dua TAs H© kai rod 
a€ovos enieBov Kal ToveiTw Topas ev TH KWVUKH 
emupaveia tas BA, AI’ edcias. eet odv ra A, 
E, H onpeia ev re TQ Sia ris AKE émmdédw 
€oTiv, éo7t Sé Kal ev TH Sta THv A, B,D, 7a dpa 
A, E, H onpeta emi ris Kowhs Tropns tev ém- 
TéOWY eoriv’ ed0cia dpa é€oriv 7 HEA. ej glo 
67 Te emt THS AKE ypapyphs onpetov ro K, Kai 
bud Too K Th ZH mrapahAnios 7x8 » KA- 
cOTOL 57) ion ve KM 77 MA. 7 dpa AE é&a- 
jeTpos éorte ToU AKA Kurhov. nxOw 5 dua 
Tob M TH BI zapadAndos yy NMg&: ie 58 Kal 
» KA 77 ZH mapadAndos: ware To Oia Tov NE, 
KM emimedov mrapadAnAcv eo TO bua TOV BP, 
‘Ale ToUTEOTL TH Baces, Kal eoTae v7) TOmN KUK 
Ness, éorw 0 N a. Kal ETEL 1) ZH 7 BH mpos 
opbas €oTt, kat 7 KM Th N& ™pos opbas éoTu" 
Ware TO bd Tay NM& toov cori T@ G70 Tis K 
€ott d€ TO b70 Tov AME isov TO amo ris 
KM: kuxdAos yap. UTOKELTAL 1) AKEA YPALLN, Kal 
SudjreTpos avrod 4 AE. 70d dpa do TOV 
NMG ioov eori t@ trod AME. eEorw dpa ws 7 
MN mpos MA, ovTws 7 EM zpos ME. Cpovov cpa. 
earl 76 AMN Tplywvov TO ME TpLywven, Kat 7 
to ANM ywvia ton €ort tH td MES. 
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the section so made on the surface be the curve AKE. 
I say that the curve AKE will not be a circle. 

For, if possible, let it be, and let the cutting plane 
meet the base, and let the common section of the 
planes be ZH, and let the centre of the circle BI’ be 9, 
and from it let OH be drawn perpendicular to ZH, 
and let the plane through HO and the axis be pro- 
duced, and let the sections made on the conical sur- 
face be the straight lines BA, AI’. Then since the 
points A, E, H are in the plane through AKE, and are 
also in the plane through A, B, I’, therefore the points 
A, E, H are on the common section of the planes ; 
therefore HEA is a straight line [Eucl. xi. 3]. Now 
let there be taken any point K on the curve AKE, and 
through K let KA be drawn parallel to ZH ; then 
KM will be equal to MA [Prop. 7]. Therefore AE is a 
diameter of the circle AKEA [Prop. 7, coroll.]. Now 
let NMA be drawn through M parallel to BI’; but 
KA is parallel to ZH ; therefore the plane through 
NH, KM is parallel to the plane through BI, ZH 
[Eucl. xi. 15}, that is to the base, and the section will 
be acircle [Prop. 4]. Letitbe NKE. And since ZH 
is perpendicular to BH, KM is also perpendicular to 
N& [Eucl. xi. 10]; therefore NM. ME=KM? But 
AM . ME=KM?; for the curve AKEA is by hypothesis 
a circle, and AE is a diameter in it. Therefore 
NM.MS=AM.ME. Therefore MN :MA=EM:Md2. 
Therefore the triangle AMN is similar to the triangle 
EME, and the angle ANM is equal to the angle MEH. 
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» tro ANM ywvia rH brd ABIL é€orw ton 
mapadAnAos yap 7 Ne a BI} kai 4 bavo ABI 
dpa ton €ort TH UT MES UmevavTia apa €oriv 
y) TOL oTEep ovx UTOKELTAL, ovK apa KUKAos 


eorw 1 AKE ypaypy. 


(v.) Fundamental Properties 


Ibid., Props. 11-14, Apoll. Perg. ed. Heiberg i. 36. 26-58. 7 
va” 

"Eav Kavos emimésw tyunO4 da roi défovos, 
THOR dé Kal €repw emumedup TépvovTt THY Baow 
Tot Kwvou Kar ed0etay mpos épbas ovoay Th Pace 
Tob dia Tou aEovos Tpy@vou, ert 0€ 77 OvdpeT pos 
THS TOMAS mrapadrnios 7 h pea meupG Tov dia Tob 
atovos Tprywrov, 7 Wres av amo Tis Topas Tob K@VOU 
mapaAdAnros axl TH Kows TOA Tob TEUVOVTOS 
emmeoou Kal THS Bacews Tob K@vou expe THs 
OvapeTpov Tis es Suvycerar TO TE PLEX OMEVOV 
bTO TE THS dro AapBavopevns on’ avris a.m0 THS 
Ovaperpou Tpos. TH Kopudh Tijs Toms Kat aAAns 
TLWOS evdeias, uP Adyov € Exel m™pos THV peragy Tis 
Tob Ke@vov _ yeovias Kat ris Kopudhs THs Tops, 
OV TO TET paywvov TO amo Ths Bacews Too Sud Too 
agovos Tpiywvou mpos TO Teptexduevov dd THY 
Aowndiv Tob Tpeyevou dvo mAevp@v- Kareicbw Sé 
n Tourn TOpLT) mrapaBorn. 

“Eora K@VOS, OU TO A onpetov Kopudy, Baous 
de o BL KUKdos, al TeTp HOO €mTeOw bua Tob 
afovos, Kat mrovelTen TOpAY TO ABP Tpiywvoy, 
tevTunobw dé Kal érépw émimédw TéuvorvTe THY 
Baow tot xwvov kar’ ev0eiay tiv AE mpos opbas 
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But the angle ANM is equal to the angle ABI’; for 
NE is parallel to BI’; and therefore the angle ABT 
is equal to the angle MEX. Therefore the section 
is subcontrary [Prop. 5]; which is contrary to hypo- 
thesis. Therefore the curve AKE is not a circle. 


(v.) Fundamental Properties 
[bid., Props. 11-14, Apoll. Perg. ed. Heiberg i. 36. 26-58. 7 


Prop. 11 


Let a cone be cut by a plane through the axis, and let it 
be also cut by another plane cutting the base of the cone 
tn a straight line perpendicular to the base of the axial 
triangle, and further let the diameter of the section be 
parallel to one side of the axtal triangle; then if any 
straight line be drawn from the section of the cone parallel 
to the common. section of the cutting plane and the base of 
the cone as far as the diameter of the section, tts square 
mill be equal to the rectangle bounded by the intercept 
made by it on the diameter in the direction of the vertex 
of the section and a certain other straight line; this 
straight line nill bear the same ratio to the intercept 
between the angle of the cone and the vertex of the segment 
as the square on the base of the axial triangle bears to 
the rectangle bounded by the remaining two sides of the 
triangle; and let such a section be called a parabola. 

For let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI’, and let it be cut by another 
plane cutting the base of the cone in the straight line 
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ovoav TH BI, Kat moveizw Topny ev TH éemupaveia 
Tob Kwvov tHv AZE, 7 b€ Siduerpos THs TopAs 
% ZH mapdAAndos €otw pud mAcvpa rob da rod 
a€ovos Tprywvov 7H AI’, cai amo rot Z onpeiov 
7 ZH edbeia mpos opfas yy8w % ZO, Kai ze- 
mo.unodw, ws To amo BI’ zpos 76 b70 BAT, otrws 
4 Z© mpos ZA, kai etAjddw re onpetov emi THs 
Tops tuxov TO K, xal dua rod K 7H AE wapaa- 
Andos 7 KA. Aéyw, ore 70 amo ris KA ioov €ori 
T®@ bd TOV OLA. 

"HyOw yap dia rob A rH BI wapadAnros 7 
MN: é€oru d€ kat 7 KA ti AE mapdAdndos: 70 
dpa dua tHv KA, MN eximedov mapddAndrdv éott 
T® dia TOV BY, AE emimddm, tourdorse rH Baceu 
Tob Kwvov. TO dpa dia tov KA, MN ézizedov 
KUKAos éoTiv, of Sdidpetpos 7 MN. xat éore 
Kaberos emt tTHv MN KA, ezet kai AE éni 
tiv BI 76 dpa v6 tOv MAN toov €ori t@ amd 
ths KA. Kal ered €otw, ws To amo THs BI mpos 
70 tno Tav BAT, otrws 7 OZ mpos ZA, To Se. 


é 
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AE perpendicular to BI", and let the section so made 
on the surface of the cone be AZE, and let ZH, the 
diameter of the section, be parallel to AI’, one side of 
the axial triangle, and from the point Z let ZO be 
drawn perpendicular to ZH, and let B’?:BA.AT'= 
ZO : ZA, and let any point K be taken at random on 
the section, and through K let KA be drawn parallel 
to AE, Isay that KA?=0Z. ZA. 

For let MN be drawn through A parallel to BI ; 
but KA is parallel to AE ; therefore the plane through 





KA, MN is parallel to the plane through BI, AE 
(Eucl. xi. 15], that is to the base of the cone. There- 
fore the plane through KA, MN is a circle, whose 
diameter is MN [Prop. 4]. And KA is perpendicular 
to MN, since AE is perpendicular to BP [Eucl. xi. 10]; 
therefore MA.AN=KA4, 
And since BI?2:;BA.AD=0Z: ZA, 
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amo ths BI’ mpds ro bo tv BAD Adyov eyes 
TOV avyKeipevov eK Te TOD, dv exer 7 BI’ apos TA 
kai 7 BI apos BA, 6 dpa ris OZ apos ZA royos 
ovyKkertar ex rob THs BI ampos TA Kat roi ris 
IB mpos BA. GAA’ ws pev 4 BL mapas TA, ovrws 
97 MN zpos NA, rouréorw 7 MA apes AZ, ods 
d¢ 7 BI zpos BA, otrws 4 MN apos MA, rov- 
téotw 7 AM zpos MZ, xai rou) 7 NA apos ZA. 
6 dpa THis OZ mpds ZA Adyos avyKerrar ek Tob 
ths MA apos AZ Kai rot ris NA apds ZA. o 
dé avyKeipevos Adyos ex trot THs MA apds AZ 
kat tod THs AN apos ZA 6 tot tro MAN éore 
mpos To bd AZA. ws dpa 7 OZ mpos ZA, ovtws 
vo uo MAN zpos 76 b70 AZA. ws dé 7 OZ 
mpos LA, tis ZA Kowod vious AayPavopéevys 
ovtws To ba OZA mpos ro tro AZA: ws apa 
to wd MAN pos ro bard AZA, ovtws To vbi0 
©ZA mpos ro tao AZA. ioov dpa éari r6 d70 
MAN 76 tro OZA. 76 5é tmd MAN ioov eort 
T® amo ths KA+ kal ro amo tis KA apa toov 
€oTl T@ tro TOv OZA. 

Kanreicbw Sé 4 pev tocadtn rop7) mapaBodAn, 7 
6¢ OZ map’ jv Svvavra at Karayopevar TeTay- 
pevws emi thy ZH didpetpov, xareiobw dé Kat 


opia. 
up’ 


3 ‘ “~ > / “~ \ ~ ” 
Edv x@vos éemmédw rtunbA Sia tod afovos, 
TunOA dé Kat érépw emimédw tréuvorvt. thy Baow 





* A parabola (rapafoA7j) because the square on the ordinate 
KA is applied (mapafadciv) to the parameter ©Z in the form 


308 


APOLLONIUS OF PERGA 


while Bl? ; BA. ALT =(BP:TA)(BE :-BA), 
therefore OZ : ZA=(BI': A)(TB: BA). 
But Br: TA=MN:NA 

=MA: AZ, [Eucl. vi. 4 
and BI’: BA=MN:MA 

=AM:MZ (zbed. 

=NA : ZA, [Eucl. vi. 2 
Therefore OZ: ZA=(MA : AZ)(NA : ZA). 
But (MA: AZ)(AN :ZA)=MA.AN : AZ. ZA, 
Therefore OZ: ZA=MA.AN:AZ.ZA, 
But OZ: ZA=0Z.ZA:AZ.ZA, 


by taking a common height ZA ; 
therefore MA.AN:AZ.ZA=0Z.ZA:AZ.ZA. 


Therefore MA .AN=02Z. ZA. [Eucl. v. 9 
But MA.AN=KA?; 
and therefore KA?2=0Z. ZA. 


Let such a section be called a parabola, and let OZ 
be called the parameter of the ordinates to the dia- 
meter ZH, and let it also be called the erect sede (latus 
rectum).* 

Prop. 12 

Let a cone be cut by a plane through the axis, and let 

it be cut by another plane cutting the base of the cone in 


of the rectangle @Z.ZA, and is exactly equal to this 
rectangle. It was Apollonius’s most distinctive achievement 
to have based his treatment of the conic sections on the 
Pythagorean theory of the application of areas (mapaBoAy Trav 
xwpiwr), for which v. vol. i. pe. 186-215. The explanation 
of the term latus rectum will become more obvious in the 
cases of the hyperbola and the ellipse; v. infra, p. 317 n. a. 
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rot Kwvov Kat’ ed0etav mpos oplas otcaav TH Bacer 
Tov Ota Tot afovos Tpuyevou, KQL 2 dudweTpos Tis 
TOLLS e€xBadronevn oupminry pg mAcupG Tob 
da Tod a ovos Tpuyesvov EKTOS THs TOO KadvoU 
Kopupijs , nTLs av azo THs TORTS axf mrapdAndos 
TH Kows Toph Tod _TéuvorTos Emimeoou Kal Tijs 
Bdacews Tod Kwvov, ews THs Siapérpov THs Towhs 
SuvyceTat Te xwpiov mapakeievov Tapa Tiva 
b] “a 4 “a 4 ” €e 3 3 b , \ > 
evleiav, pos nv Adyov exer 7 ew EVOEtas rev ovoa 
Th Siapéerpw THs Towns, dmoreivovea O€ THY EKTOS 
Too Tpuycvov yeviay, ov TO TeTPaywvoy TO a6 
Tijs nHypevns amo THs Kopugijs Tod Kwvou Tropa. 
THY OudeTpov THs Tops EWS Tis Bdcews Tob 
Tpuywvou ™pos TO TEptexopevov b70 THY THs 
Bacews THNUATWY, WV TroLEel eI) dxJeioa, m\diros 
€xov TV dmodapBavopevny ba’ avris amo Tis 
OvajteTpou mpos TH Kopuph Tis Tons, vrepBaArov 
eter opoiw TE KOL Opoiws KEmevw TH TEpLeXO- 
péevwy b1d Te THS UToTEWovons THY éxros ywviav 
Tob Tpiywvov Kal THs map’ Hv dvvavTat ai KaT- 
aydpevars Kareiobw dé 7 ToLvadTyn Toy UrepBodn. 

"Eotrw K@vos, ob Kopudn pev to A onpeiov, 
Bacts 5€ 6 BI’ kvKdos, Kat rerpncbw éemmédw 
dia, ToD d£ovos, Kal ttovetreo TOLNVY TO ABP Tpi- 
ywvov, reTpHOOw dé Kal eTEpp emmeOep TEUVOVTE 

Vv Baow Tod Kwvov Kar evbetay tHv AE mpos 
opbas ovoay TH BP Bacee vob ABL Tpycvou, 
Kal ToveiTw TOMY ev TH empavela Tob Kavou THY 
AZE ypappny, 7 Sé OudpeTpos Tis TopAS » ZH 
exBaAAopevn oupmumreren peg meupe roo ABI 
Tpuyesvou Th AD EKTOS Tis Tob KG)VOU Kopupis 
Kata TO @, Kat dua rod A rH Siaperpw tijs Tops 
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a straight line perpendicular to the base of the axial 
triangle, and let the diameter of the section, when pro- 
duced, meet one side of the axial triangle beyond the 
vertex of the cone; then if any straight line be drann 
Jrom the section of the cone parallel to the common section 
of the cutting plane and the base of the cone as far as the 
diameter of the section, its square nill be equal to the area 
applied to a certain straight lines this line is such that the 
straight line subtending the external angle of the triangle, 
lying in the same straight line mith the diameter of the 
section, null bear to it the same ratio as the square on the 
line drawn from the vertex of the cone parallel to the dia- 
meter of the section as far as the base of the triangle 
bears to the rectangle bounded by the segments of the base 
made by the line so drann, the breadth of the applied 
Jigure nill be the intercept made by the ordinate on the 
diameter in the direction of the vertex of the section; and 
the applied figure null exceed by a figure similar and 
similarly situated to the rectangle bounded by the straight 
line subtending the external angle of the triangle and 
the parameter of the ordinates; and let such a section be 
called a hyperbola. 

Let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI, and let it be cut by another 
plane cutting the base of the cone in the straight line 
AE perpendicular to BI’, the base of the triangle ABT, 
and let the section so made on the surface of the cone 
be the curve AZE, and let ZH, the diameter of the 
section, when produced, meet AI’, one side of the 
triangle ABI’, beyond the vertex of the cone at 9, 
and through A let AK be drawn parallel to ZH, the 
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7H ZH mapadAnidos 7x8w 4 AK, Kal repvérw riv 
BI, wai ano rob Z rH ZH apos dpbas HyOw % 





ZA, xat meroujo0w, ws 76 amd KA mpds 76 S26 
BKT, ovtws 4 ZO mpos ZA, kai eiAndbw re 
onpetov emt THS Tous Tuyov To M, Kal da rod 
M 7H AE zapaddndros 7yOw 7% MN, dua Sé rod N 
7H ZA mapddAndos 7 NOE, kal émlevybeica 7 
OA éxBeBAjcbw emi ro HB, wat da trav A, & rH 
ZN wapadAnrot 7YPwoav at AO, SIL. déeyw, Gre 
7 MN dvvarac ro ZE, 6 mapdKevtae Tapa TV 
ZA, mAdtos €xov tTHv ZN, brepBaddov cider TH 
A&E opotw ovte r@ tr0 THY OZA. 

"Hy@w yap dia rod N 7H BI mapdddndos % 
PNX: €ore dé Kai 7 NM 79 AE mapadAdAndos: ro 
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diameter of the seetion, and let it eut BI’, and from 
Z let ZA be drawn perpendieular to ZH, and let 
KA?: BK.KI'=ZO: ZA, and let there be taken at 
random any point M on the section, and through M 
let MN be drawn parallel to AE, and through N let 
NO be drawn parallel to ZA, and let OA be joined 
and produeed to =, and through A, &, let AO, SII be 
drawn parallel to ZN. I say that the square on MN 
is equal to ZE, which is applied to the straight line 
ZA, having ZN for its breadth, and exeeeding by 
the figure AZ which is similar to the reetangle 
contained by OZ, ZA. 

For let PN be drawn through N parallel to BI; 


but NM is parallel to AE ; therefore the plane through 
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apa dua tHv MN, PX enimedov mapddAAnAdv éort 
7@ d:a tov BI, AB, rovréors rH Badces Tod Kudvov. 
€av apa exBdAnOq 7d Sia tOv MN, PX exizedov, 
7 Topn KvKAos EoTaL, od Sidpetpos 7 PNZ. xal 
€orw em’ avrnv Kdberos % MN: 76 dpa bad Tov 
PN&X toov €oti 7@ amd ths MN. kal zed eorw, 
ws to amo AK mpds 76 bad BKT, otrws 4 ZO 
mpos ZA, 6 6€ Tod ano THs AK zpds 76 bod BKT 
Aoyos avyKetar Ex Te Tob, Sv Ever 4 AK apos KT 
cat 7 AK apos KB, kai 6 tis ZO dpa mpos tiv 
ZA Adyos ovyKeitas ex Tov, dv ever 7 AK pds 
KI* kat 7 AK apos KB. aa ads pev 4 AK 
mpos KI’, ovrws 7 OH apos HI, rovrgorw 7 ON 
mpos NX, ws de 7 AK apos KB, otrws 4 ZH mpds 
HB, rovréorw 9» ZN ampos NP. 6 dpa tis OZ 
mpos LA Xdyos ovyKeiras Ex TE TOU THS ON apds 
NX kat tod ris ZN apos NP. 6 5€ ovyKetmevos 
Aoyos ek Tod THs ON apds NX Kat rod tris ZN 
mpos NP 6 rot bro trav ONZ éort mpds ro br0 
tov UNP- Kai ws dpa ro bd tHv ONZ mpos ro 
bro tov UNP, ovrws 7 OZ ampds ZA, rouréarww 
7 ON apos NE. add’ ws % ON apds NE, rijs 
ZN kowot vious AayBavouérns ottws TO bro 
tov ONZ apos ro tro tHv ZNE. Kal ws dpa 
7o bo TOV ONZ ampos 76 bad tov UNP, otrws 
to tro TOV ONZ zpos ro bd Tav ENZ. To 
apa vmo XNP toov é€oti rH tro ANZ. 7d be 
amo MN toov edeiy0n 7H td LNP> cal 7d azo 
ths MN dpa toov dori TH td THY ENZ. ro dé 


bro ENZ €or 76 HZ wapadAndAdypappov. % dpa 
314 


APOLLONIUS OF PERGA 


MN, Pz is parallel to the plane through BI, AF 
[Eucl. xi. 15], that is to the base of the cone. If, 
then, the plane through MN, P2 be produced, the 
section will be a circle with diameter PN2 [Prop. 4]. 
And MN is perpendicular to it ; therefore 


PN . NZ=MN?2, 

And since AK?: BK. KP =Z0: ZA, 

while AK? BKK =(AK oR (AI KB), 
therefore ZO: ZA =(AK : KT)(AK : KB). 
But AK :KI'=0H: HI, 

6; =ON:N2, [Eucl. vi. 4 
and AK :KB=ZH : HB, 

1.€., =ZN :NP. (ebed. 
Therefore OZ : ZA =(ON : NZ)(ZN : NP). 


But (ON ENZIAN ¢NPJ=ON ONZ2 SN. NPs 
and therefore 

ON .NZ:2N.NP=0Z:ZA 

=ON : N32. [tbid. 

But ON :NE=ON.NZ:ZN.N3, 
by taking a common height ZN. 
And therefore 

ON .NZ:2N.NP=O0ON .NZ:2N. NZ. 


Therefore 2N.NP=EN.NZ. [Eucl. v. 9 
But MN2=2N . NP, 

as was proved ; 

and therefore MN?2=8N . NZ, 


But the rectangle EN . NZ is the parallelogram EZ. 
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MN Suvarae 70 EZ, 6 mapaKerrat Tro.pa TY ZA, 
m)a:ros EXov THY ZN, drepPpadrov 7H AS Opotep 
OvTt TD b70 TOV OZA. KadetoBw d€ 7 pev 
ToLaUTN TORN drrepBory, 7 n d¢ AZ Tra.p" nv Svvavras 
at er THY ZH Karaydpevat TETAYHLEVIDS” Karetobw 


d€ 7 avT? Kal opOia, mAayia bé 7» ZO. 


uy” 

*Eav K@VOS Emm ed TunOAH dea Tob dgovos, 
THNOA dé Kat eTEPY emiméom cupTinTovTe pev 
EKaTEpG meupe tot dia Tob aE ovos Tpuyosvov, 
pare d€ Tapa THY Baow rob KODVOV nypevey pyre 
DrrevavTins, 70 dé emimedov, ev @ eotw 1 Baars 
rob Kwvov, Kal TO Téuvov eximeSov oupminty Kar’ 
edbciav mpos dpbas otoav nrow TH Pacer Tod dia 
tod afovos Tprywvov 7} TH en edleias adrh, Artis 
dv ano THs TONAS TOD KwVvoUV TapadAndos ayOH TH 
Kowh Tony TOv emimédwv Ews THS Siapérpov Tis 
TOMAS, duvycerai Tt Xwpiov TOLpaKetpLevov Trap 
TWO evbetar, pos iy Aoyov & Exel UT) SudjteTpos Tis 
TOMAS év TO TETPAywvov TO amo THs hyHEvns 
amo THs Kopugiis Tob KuwVvov Tropa THY SiapeT pov 
Ths Tons ews THs Bacews Tod Tpvywvov mpos 
TO Teptexopevov bd TV atroAapPavopevwy tr’ 
auTis mpos Tats Tot tprywvov evfetats, mAdTos 
é€xyov THY dmrohapBavopevny bm’ abris amo THs 
SvapeTpov pos Th Kopupi) Tis TOMAS, €AXcizrov 
eter Opole TE KAL Opoiws KeypLevep TQ TeEpiexo- 
pevw vd TE THS Svapérpov Kal Tis map’ hv 
dvvavtau: KareicOw 5é 7 Torad’Tyn Toy EAAEwfis. 

"EoTw k@vos, o8 Kopudy) pev to A onpetov, 
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Therefore the square on MN is equal to 52, which 
is applied to ZA, having ZN for its breadth, and 
exceeding by AZ similar to the rectangle contained 
by OZ, ZA. Let such a section be called a hyperbola, 
let AZ be called the parameter to the ordinates to ZH ; 
and let this line be also called the erect side (latus 
rectum), and ZO the transverse side.* 


Prop. 13 


Let a cone be cut by a plane through the axis, and let it be 
cut by another plane meeting each side of the axial triangle, 
being neither parallel to the base nor subcontrary, and let 
the plane containing the base of the cone meet the cutting 
plane in a straight line perpendicular either to the base 
of the axial triangle or to the base produced; then if a 
straight line be drann from any point of the section of the 
cone parallel to the common section of the planes as far 
as the diameter of the section, its square null be equal to 
an area applied to a certain straight line; this line is such 
that the diameter of the section nill bear to it the same 
ratio as the square on the line drann from the vertex of the 
cone parallel to the diameter of the section as far as 
the base of the iriangle bears to the rectangle contained 
by the intercepts made by it on the sides of the triangle s 
the breadth of the applied figure null be the intercept made 
by wt on the diameter in the direction of the vertex of the 
section; and the applied figure mill be deficient by a 
figure similar and similarly situated to the rectangle 
bounded by the diameter and the parameter; and let such 
a section be called an ellipse. 

Let there be a cone, whose vertex is the point A 

® The erect and transverse side, that is to say, of the figure 


(elSos) applied to the diameter. In the case of the parabola, 
the transverse side is infinite. 
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Baots dé 6 BI KvKdos, Kai rerujcbw émmédw 
dia tod afovos, Kal moteitw Tony to ABI’ zpi- 
ywvov, TteTunoOw dé Kai érépw enimédm ovpmi- 
mTovTe fev exarépa mAcupa tod Sia Tot afovos 
Tpuyasvon, Entre 0€ tapadrAjAw TH Baces Too Ka@vou 
€ , ? / A 
LNTE UTEvarvTiws Nypevm@, Kal TroLeiTw TOMY eV 
Th émaveia tod Kwvov tv AE ypappny: ow) 





dé Tour Tod TéuvovTos émimédov Kat Tod, ey @ 
€or 7 Bdaows Tod Kadvov, €orw 7 ZH mpds dpbas 
ovoa 7H BI, 7 de Sudpetpos THs Tops Eotw 
EA, kai avo tot E rH EA apos opbas 7y8w 7 EO, 
Kat dua TOU A tH EA mapaddAndos 7yPw 7 AK, Kat 
meTornodw ws to amo AK zpos ro tro BKT, 
ovtws 7 AE mpos tHv EO, Kat etAjgdw tt onpetov 
ent THs Touns TO A, Kat dua rod A 7H ZH zapa- 
Andros 7y8w 7 AM. dAéyw, ore 7 AM Sdvaral re 
ywplov, 6 TapdKkertar Tapa THY E®, mAdros éxov 
Thv EM, eAXetzov ctder dpoiw TO Ud THv AEQ. 

"EzeledyOw yap 7 AO, kat dia pev toi M v7 
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and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI’, and let it be cut by another 
plane meeting either side of the axial triangle, being 
drawn neither parallel to the base nor subcontrary, 
and let the section made on the surface of the cone 
be the curve AE; let the common section of the 
cutting plane and of that containing the base of the 
cone be ZH, perpendicular to BI, and let the diameter 
of the section be EA, and from E let EO be drawn 
perpendicular to EA, and through A let AK be drawn 
parallel to EA, and let AK?: BK . KT =AE: EO, and 
let any point A be taken on the section, and through 
A let AM be drawn parallel to ZH. I say that the 
square on AM is equal to an area applied to the 
straight line KO, having EM for its breadth, and 
being deficient by a figure similar to the rectangle 
contained by AE, EO, 
For let AO be joined, and through M let MEN be 
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OE wapadAnros ny8w 7 MEN, dia dé trav O, E 
TH IGM zapaAAnroe jyPwoav ai ON, EO, cat dua 
tod M 77 BY mapddAndos AyOw 4) TIMP. eézet 
obv 7 ITP 77 BY wapaddAndos eorw, éore Sé Kat 
7 AM 7H ZH aapddAnios, 76 dpa Sia trav AM, 
IIP eémimedov mapdddAnddv éore TH Sia trav ZH, 
BI" éemédw, touréott TH Baoer Tod Kwvou. éav 
apa exBAnOA dua trav AM, IIP émizedov, 7 top 
KUKXos EéoTat, ob Siduetpos % TIP. Kat éort 
Kaderos én’ adtiyv 7 AM: 76 dpa tzo tev TIMP 
toov eott TH ard THS AM. kai émed éotw, ws TO 
ano ths AK mpds 76 bd THv BET, otrws 7 EA 
mpos Thv EO, 6 8é rot amo tHs AK zpos 76 bz6 
tav BK dAdyos otvyKettar ék Tod, dv eyes 7 AK 
mpos KB, kai 4 AK apos KT, ddd’ ws pev 7 AK 
mpos KB, ovrws 7 EH apes HB, touréorw 7 
EM zpos MII, ws dé 7 AK zpos KT’, odrws 9 
AH zpos HI, touréorw 7 AM zpos MP, 6 dpa 
77s AE zpos tiv EO Adyos atyKerrat Ex Te TOO 
Ths EM apos MII Kai rod tis AM apos MP. 6 
d€ ovyKeipevos Adyos ek Te Tot, dv exer y EM 
mpos MII, cat 7 AM zpos MP, 6 trot to rev 
EMA éort apos ro b76 TOV TIMP. éorw dpa ws 
to uo T@V EMA xpos 76 br6 tav TIMP, otrws 
n AE mpos thy EO, rovréorw 7 AM apos rv 
Me. ws d€ 7 AM apos ME, tis ME xowod 
visous AapBavopevns, oUTws To bd AME zpos 70 
b70 EME. kat ws dpa ro tad AME zpos 16 tro 
IIMP, ovrws 76 bao AME zpos ro tro SME. 
isov apa eatt TO Ud TIMP 7H taro EME. ro de 
bo IIMP itoov edelyOn tO ard tHs AM: Kai to 
v70 SME dpa €otiv icov 7@ amo THs AM. 7 AM 
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drawn parallel to OE, and through 9, 2, let ON, ZO 
be drawn parallel to EM, and through M let IMP 
be drawn parallel to BI’. Then since ITP is parallel 
to BI, and AM is parallel to ZH, therefore the plane 
through AM, IIP is parallel to the plane through 
ZH, BI [Eucl. xi. 15], that is to the base of the cone. 
If, therefore, the plane through AM, IIP be produced, 
the section will be a circle with diameter [IP [Prop. 4}. 
And AM is perpendicular to it ; therefore 


IIM . MP=AM?. 
And since AK?: BK. KT =EA: EO, 


and AK?: BK. KI'=(AK : KB)(AK : KT), 
while AK: KB=EH : HB 

=EM: MII, (Kucl. vi. 4 
and AK : KD =AH: HI 

= AM : MP, (ebed. 
therefore AE ; EO =(EM : MII)(AM : MP). 


But (EM: MII(AM:MP) =EM.MA:TIIM. MP, 


Therefore 
EM.MA:IIM.MP=AE: EO 


=AM : Md. [tbed. 
But AM :ME=AM.ME:2M. Mk, 
by taking a common height ME. 
Therefore AM. ME:IIM.MP=AM. ME: 8M. ME. 


Therefore IIM.MP=2M.ME, [Eucl. v. 9 
But IIM.MP=AM2, 

as was proved ; 

and therefore BM ..ME=AN2, 
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dpa divara to MO, 6 awapdxerrar rapa thy OE, 
mAdros éxov Thv EM, €Adeimov cide. 7H ON opoiw 
ovt. TH br0 AEO. Kadetobw dé 7 pév rovadry 
Ton eAAeufis, 7 d€ EO map’ Av ddvavrar ai Kat- 

4 | A la e 5] b ees x 
ayopevar emt Thy AE tetaypévws, 7 dé attr) Kat 
dplia, mAayia dé y KA. 


Lo” 


"Ka e \ 4 > , 3 , 
av ai Kata Kopudnv éempaverar emumédw TyLN- 
A A \ “A ~ Ww 9 e , ~ 
Odo. pH dia THS Kopudhs, EoTrar ev exarépa TAY 
? “~ 8 e , e VA 4 ~ 
emupaver@v Toun 7} Kadovpéevn vaepBoAy, Kal TOV 
A 4 
dvo Toudv 4 Te Sudperpos 7 adrn Eorat, Kal map’ 
ds Svvavrar ai emt THY Sudperpov KaTaydpevat 
, “A > ~ , we F >] / ” 
mapaAAnAo. TH ev TH Bacet Too Kdvov edOeia toa, 
‘ “A cy e , 5} 4 € 8 
Kal Tob cidovs 4 mAayia aAcvpa Kownh 4 peTtakd 
T@v Kopyddv tav topdv: Kadcicbwoov $é at 
ToLWOTaL TOal avTiKEipevar. 
” t ‘ \ ’ , a 
Eorwoav at Kata Kopudnv emddvera, ov 
‘ A “A s] 4 3 , 
Kopudn 7o A onpetov, kal retuHoCOwoay éemumédo 
“A ~ \ “A 
pn Sia THs Kopudis, Kat Toveitw ev TH émidaveia 
topas tas AEZ, HOK. dAéyw, dru éExardépa trav 
AEZ, HOK ropdy €orw 7 Kadovpevyn brepBody. 





¢ Let p be the parameter of a conic section and d the corre- 
sponding diameter, and let the diameter of the section and the 
tangent at its extremity be taken as axes of co-ordinates (in 
general oblique). Then Props. 11-13 are equivalent to the 
Cartesian equations. 
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Therefore the square on AM is equal to MO, which 
is applied to OE, having EM for its breadth, and being 
deficient by the figure ON similar to the rectangle 
AE .EO. Let such a section be called an eclipse, 
let EO be called the parameter to the ordinates to AK, 
and let this line be called the erect side (latus rectum), 
and KA the éransverse side.? 


Prop. 14 


If the vertically opposite surfaces [of a double cone} be 
cut by a plane not through the vertex, there nill be formed 
on each of the surfaces the section called a hyperboia, and 
the diameter of both sections mill be the same, and the 
parameter to the ordinates drawn parallel to the straight 
line tn the base of the cone mill be equal, and the trans- 
verse side of the figure nill be common, being the straight 
line between the vertices of the sections; and let such 
sections be called opposite. 

Let there be vertically opposite surfaces having the 
point A for vertex, and let them be cut by a plane 
not through the vertex, and let the sections so made 
on the surface be AEZ, HOK. I say that each of the 
sections AEZ, HOK is the so-called hyperbola. 


Fi yi=px (the parabola), 
an 


yt = pa Fat (the hyperbola and ellipse respectively). 


It is the essence of Apollonius’s treatment to express the 
fundamental properties of the conics as equations between 
areas, whereas Archimedes had given the fundamental pro- 
perties of the central conics as proportions 


y?: (a2 + 2?) =a?: 5%, 
This form is, however, equivalent to the Cartesian equations 
referred to axes through the centre, 
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"Eotw yap 6 KuUKAos, Kal? od déperau a THY 
empaveav ypadovoa edfeta, 6 BATZ, Kati yyw 





ev TH Kara, Kopudry eTupavera mapadAndov avTa@ 
emimedov TO SHOK: Kowal be Topal TMV HOK, 
ZEA vtopa@v Kat Tav KUKhov at ZA, HK: eoovrau 
57) mrapadXn hou. déwy de €oTw THs kevurds em 
daveias u] AAY ev0eta, KEVT pO dé TaV KUKAWY TO 
A, Y, Kat d.7r0 Tob A én tHv ZA Kaberos axOeioa 
ex BeBdrjoBe» emt Ta B, TP onueia, Kai bia Tijs Br 
Kal rob dEovos enimedov exBeBArjo8w: ounce. 51 
Topas ev [ev tots KUKAots TrapadAnAous ae 
vas BO, BI, ev d€ 7H emdaveia ras BAO, TAS 
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For let BAT‘Z be the circle round which revolves the 
straight line describing the surface, and in the verti- 
cally opposite surface let there be drawn parallel to 
it a plane EHOK ; the common sections of the sec- 
tions HOK, ZEA and of the circles [Prop. 4] will be 
ZA, HK; and they will be parallel [Eucl. xi. 16}. 
Let the axis of the conical surface be AAY, let the 
centres of the circles be A, Y, and from A let a per- 
pendicular be drawn to ZA and produced to the points 
B, I, and let the plane through BI and the axis be 
produced ; it will make in the circles the parallel 


straight lines ZO, BI’, and on the surface BAO, TAB; 
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eoTa 87) Kal 1 =0 TH HK zpos opids, emer) Kal 
y BY 7H ZA €or mpos oplas, Kai €orTw exaTépa 
mapddAnros. Kat érel 7d Sid Tod déovos emimeSov 
Tais Touats oupBadrer Kara va M, N onpeta evrds 
TOV ypaypav, dfjAov, WS Kal Tas ypapas Tépver 
TO emimedov. TEpveron KaTa Ta 0, E- ra dpa 
M, E, 0, N onpeta e€v TE TO Sud Tob dEovds € cor 
eminedep Kat ev TO emimeow, EV @ elow at ypappac- 
evlela a dpa €otly 7 MEON ypappn. Kal pavepor, 
OTL TA TE 3, 0), A, I én’ ed0eias €or Kat Ta, B, 
E, A, O: & Te yap TH Kwriky emupavetg e€oTl Kal 
ev T@ dia Tob afovos emumedqy. 7x9waav 51) a76 
pev Tov ©, E 7H OE apés dpOas ai OP, EI, dud. 
de tod A TH MEON mrapahdnhos XG 7 SAT, 
Kal memoma0u, os pLev TO dao ris Ad mos TO 
tao BUI, ovrws 7 OE apos EMI, as 5é€ 70 azo 
THs: AT mpos TO b70 OTS, ovTWs 7 EQ apos OP. 
eel ov KdVOS, Ob Kkopudy pev Ta A onpetov, Baots 
d€ O © Br Kuhos, TETHNTOL emimed dua TOD afovos, 
Kal Tremoinke TONY TO ABD Tpiywvov, TETHNTAL 
6€ Kal eTEpyy emumedp TépvovTe THY Baow rob 
Kwvou Kat’ evGeiay THhV AMZ mpos opbas odoay 
7H BI, Kai semoinxe TOpAY év Th émpaveia THV 
ALZ,  5é didperpos 7 ME éxBaMopevn oujL- 
TEN TWKE pud mAevpa rod Sud Tou afovos Tpuyavou 
eKTOS Tis Kopudis Tob KWwvov, Kal dia TOD 
onpetov Th Svaperpy Tis TOMAS TH EM TrapaAAnAos 
Hera * AX, Kal d7r0 Tod E TH EM m™pos oplas 
HKTAL 1) EN, Kal e€oTW ws TO dro Ax mpos TO 
b7r0 Bar, ovTwWS 7 E© zpos EII, ¥ pev AEZ dpa. 
TOpLT) srrepBors EoTLY, u) dé EI] zap ig duvavrat 
at ext tnv EM xaraydopuevar retaypévws, mAayia 
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now &O will be perpendicular to HK, since BI’ is 
perpendicular to ZA, and each is parallel] [Eucl. xi. 
10]. And since the plane through the axis meets 
the sections at the points M, N within the curves, it 
is clear that the plane cuts the curves. Let it cut 
them at the points 0, E; then the points M, E, 
QO, N are both in the plane through the axis and in 
the plane containing the curves; therefore the line 
MEON is a straight line [Eucl. xi. 3]. And it is clear 
that B, 0, A, I’ are on a straight line, and also B, E, 
A, 0; for they are both on the conical surface and 
in the plane through the axis. Now let OP, EII be 
drawn from 9, EK perpendicular to OE, and through 
A let ZAT be drawn parallel to MEON, and let 


AX? : B2. 20D =O0E: ETI, 
and 
AT?: OT . TE =E@: OP. 


Then since the cone, whose vertex is the point A and 
whose base is the circle BI’, is cut by a plane through 
the axis, and the section so made is the triangle ABI’, 
and it is cut by another plane cutting the base of the 
cone in the straight line AMZ perpendicular to Br, 
and the section so made on the surface is AEZ, and 
the diameter ME produced meets one side of the axial 
triangle beyond the vertex of the cone, and A is 
drawn through the point A parallel to the diameter 
of the section EM, and EII is drawn from KE perpen- 
dicular to EM, and A2*: BY. >I'=EK0: EII, there- 
fore the section AEZ is a hyperbola, in which EII is 
the parameter to the ordinates to EM, and OE is the 
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dé rot cidous mAevpa 7 OE. cpoiws 8é Kai 7 
HOK depBody €orw, Hs didpetpos pev 7) ON, 
7 5€ OP rap’ Hv dvvavra ai emi tiv ON Katayo- 
pevat TeTaypévws, mAayia d€ Tob eldous mAcupa 
7 : 
Aéyw, ort ton eoriv 4 OP 7H EI. eet yap 
mapaaAdndds eotw 4 BI rH SO, eorw ws 7 AX 
mpos LI, ovtws 7 AT mpos TS, cai ws y AX 
ampos XB, ottws 7 AT apos TO. adr’ o rifs 
AX apos XI" Adyos peta tot tis AX apos XB 
6 tov amo AX €ott mpos to bro BUT, 6 dé ris 
AT ampos TH peta tot tHs AT zpos TO 6 rod 
azo AT mpos to to ETO: €otw dpa ws Td amd 
AX mpos to te BXT, otrws 76 amd AT mpos 
mo uT0 ZITO. Kai é€orw ws pev to amo AX 
ampos To v10 BLT, 4 OE apos EMI, ws 8€ 76 
azo AT xpos to tro ETO, % OE apds OP: xai 
ws dpa 7 OE zpos EI], 7 EO zpos OP. ton dpa 
eorly » ELL rH OP. 


(vi.) Transition to New Diameter 


Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148. 17-154. 8 


, 
Vv 


"Eav vaepBodAns 7 €Aretibews 7 KUKAOU TeEpt- 
depetas evdOcia emupavovea ovprintyn 7H Saperpa, 
A A ~ € ~ A ~ / 3 ~ 3 Fowl 
Kal dua THs adiys Kal Tob Kévtpov edbcia &xBrAnO7, 
amo d€ THs Kopudjs avayGeioa edfeia mapa TeTay- 
pevws KaTnypevny ovuptinty TH bua THs adjs Kal 


* Apollonius is the first person known to have recognized 
the opposite branches of a hyperbola as portions of the same 
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transverse side of the figure [Prop. 12]. Similarly 
HOK is a hyperbola, in which ON is a diameter, OP is 
the parameter to the ordinates to ON, and OE is the 
transverse side of the figure. 

Isay thatOP=HII. For since BY is parallel to ZO, 


A®: 21 =AT: Ts, 


and Ad: ZB=AT: TO. 

But (ADS AS 2B) =Aze Baar 

and. (ATATE\AT? 1O)\=A1T? 310. 
Therefore A>?:B2. ST =AT?: 2T. TO. 

But A>?: BD. SP =O0F: EI, 

while AT? :3T.TO=O0E: OP; 

therefore OF : EIT=K6 : OP. 

Therefore Ell =OP.2 [Eucl. v. 9 


(vi.) Transition to New Diameter 
Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148. 17-154. 8 
Prop. 50 


In a hyperbola, ellipse or circumference of a circle let 
a straight line be drann to touch [the curve] and meet the 
diameter, and let the straight line through the point of 
contact and the centre be produced, and from the vertex 
let a straight line be drawn parallel to a straight line 
drawn ordinate-nise so as to meet the straight line drawn 


curve. It is his practice, however, where possible to discuss 
the single-branch hyperbola (or the hyperbola simpliciter as 
he would call it) together with the ellipse and circle, and to 
deal with the opposite branches separately. But occasionally, 
as in i. 30, the double-branch hyperbola and the ellipse are 
included in one enunciation. 
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Tov Kevrpou nypévn edOeia, Kal mounOf, ws TO 
TpHA THs ehanropévns TO petakd Tis adjs Kat 
THS avynypevys mpos TO THHUa THs Typevyns Sud 
Tis adits Kal tod Kévrpov T6 perakd ris adfs 
Kal Tijs avnypevyns, ev0eid Tis mpds Thy SumAaciav 
THs eparromerns, ats av amo Ths Topas axOF 
emt THY Oud THs adfs Kat rob Kévtpov Hypévnv 
evdetav mapddAnros TH éfamropervn, Suvicerai Te 
Xwpiov oploydvuov mapaketmevov Tapa Tv Topt- 
oGcioav, mAdtos éxov ri drrokapBavopevyy br’ 
auTis mpos TH adh, emi pev ris vrepBoAts tbrep- 
BaAdov cider cpotw TH mepreyouévw tnd Tis 
dumdacias Tis petafd rob Kévtpov Kal Ths ads 
Kat Ths topiabeians edbelas, emi Sé ris eAAchbews 
Kat ToU KUKAOU é\Aetrov. 

"Eotw brrepBodr 7 édAeubis 7} KUKAOU mepipepeca, 
Hs Sudetpos 4 AB, Kévrpov $€ 76 T, édbarropevy 
de 7 AE, Kai emlevybeica 4 TE éxBeBrjcbw éd’ 
exaTepa, Kai KeioOw TH ET ton 4 TK, nat 804 roo 
B reraypévws avix0w 4 BZH, &a 5é rod E rf 
EV mpos dpbas 7y6w 4 EO, Kal ywéobw, abs 7 
ZE mpos EH, otrws % EO mpos rhv StrAactav ris 
EA, Kai émlevybeica 7 OK exBeBrAjobw, Kai 
etAnplw re emi tis Topas onuctov vo A, Kal de 
avTod 7H EA mapadAndos 7yPw 7 AME, 7H Se 


* To save space, the figure is here given for the hyperbola 
only ; in the mss. there are figures for the ellipse and circle 
as well, 

The general enunciation is not easy to follow, but the par- 
ticular enunciation will make it easier to understand. The 
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through the point of contact and the centre, and let the 
segment A the tangent between the point of contact and 
the line drawn ordinate-nise bear to the segment of the 
line drawn through the point of contact and the centre 
between the point of contact and the line drawn ordinate- 
mise the same ratio as a certain straight line bears to 
double the tangent; then if any straight line be drawn 
from the section parallel to the tangent so as to meet the 
straight line drawn through the point of contact and 
the centre, tts square mill be equal to a certain rectilineal 
area applied to the postulated straight line, having for tts 
breadth the intercept between it and the point of contact, 
in the case of the hyperbola exceeding by a figure similar 
to the rectangle bounded by double the straight line between 
the centre and the point of contact and the postulated 
straight line, in the case of the ellipse and circle falling 
short.4 

In a hyperbola, ellipse or circumference of a circle, 
with diameter AB and centre I, let AE be a tangent, 
and let ['E be joined and produced in either direction, 
and let IK be placed equal to ET, and through 
B let BZH be drawn ordinate-wise, and through 
E let EO be drawn perpendicular to EI’, and let 
ZK: KH =E@ : 2K, and let OK be joined and pro- 
duced, and let any point A be taken on the section, 
and through it let AMZ be drawn parallel to EA and 
purpose of this important proposition is to show that, if any 
other diameter be taken, the ordinate-property of the conic 
with reference to this diameter has the same form as the 
ordinate-property with reference to the original diameter. 
The theorem amounts to a transformation of co-ordinates from 
the original diameter and the tangent at its extremity to any 
diameter and the tangent at its extremity. In succeeding 
propositions, showing how to construct conics from certain 


data, Apollonius introduces the axes for the first time as 
special cases of diameters, 
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BH 7 APN, 79 5€ E® y MIT. Adyw, ér 70 azo 
AM toov écrit 7@ tro EMII. 
"Hy8w yap da tro6 I 7H KIT wapdAdndos 


7 
P2uO. kal évei ton €or 7 EV 7H TK, ws 8€ 7 





ET apos KT, 4 EX zpos XO, ton dpa Kai 7 EX 
7H XO. Kat évei €orw, ws 7 ZE apos EH, 7 
QE apes thv SizrAaciav tHs EA, Kai éort ths EO 
nhpicea 7 EX, €or dpa, ws 7 ZE apos EH, 7 
ui apos EA. ws d€ 7 ZE awpos EH, 7 AM zpos 
MP: ws apa 7 AM apos MP, % XE mpos EA. 
kat evet TO PNI’ tpiywvov rod HBY tpiycdvou, 
routéott TOO TAL, emi pev ris daepBodjs petlov: 
edelyOn, emi dé THs eAdciibews Kal rob KUKAov. 
éXaccov TH ANE, xowdy adawpelévrwrv éni pev 
THs vmepBodjs tod te ETA tpiydvou Kat tod: 
NPM verpazAevpou, émi 5€ tis éAdeibews Kal 
Tob KvKAov Tod MST tprydvov, 76 AMP zpiywrov 
T@ MEAS ertparActpw éotiv tcov. Kat éortt 
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APN parallel to BII, and let MII be drawn parallel to 
EO. I say that AM*=EM. MII. 

For through I‘ let =O be drawn parallel to KII. 
Then since 


ED =IK 
and EY :- TK=E2 : 20, [Eucl. vi. 2 
therefore E>=20. 
And since ZEKE: EH=0E : 2EA, 
and EZ =3K0, 
therefore ZE:EKH=2E : EA. 
But ZEKE: EH=AM: MP3 [Tucl. vi. 4 
therefore AM:MP=2E: EA. 


And since it has been proved [Prop. 43] that in the 
hyperbola 


triangle PNI'=triangle HBI'+ triangle ANE, 
t.e., triangle PNI’=triangle AE +triangle ANZ,? 
while in the cllipse and the circle 
triangle PNT = triangle HB - 
triangle ANZ, 
t.e., triangle PNI' + triangle ANZ =triangle ['AE,® 
therefore by taking away the common elements—in 
the hyperbola the triangle ET'A and the quadrilateral 
NPMZ, in the ellipse and the circle the triangle MZP, 
triangle AMP = quadrilateral MEAZ. 
a For this step v. Eutocius’s comment on Prop. 43. 


>’ See Eutocius. 
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mapadAniros 7 ME +H AE, 7 5é dd AMP rH bard 
EME éorw ton: tcov dpa €ort 76 tnd AMP 7 
d7o THs EM Kat ovvapdordpov ris EA, ME. Kai 
emret eotiv, ws 7 MI apds TH, 7 tre MS zpos EA 
Kat 7 MO mpos EX, ws dpa 7 MO apes EX, % 
ME mpos AE. kat cuvédvt, ws ovvapddrepos 7 
MO, ZE zpos EX, ovtws ovvapddrepos 4 ME, 
EA mpos EA: éevadaAcé, ws cvvapddtepos 7% MO, 
LE mpds cvvapddrepov tv SM, KA % XE apos 
EA. adX’ ws pév ovvayddrepos 7 MO, EX zpos 
cuvauddotepov tHv MH, AE, 76 taro ovvaydorépov 
vis MO, EX Kai rs EM apos 76 tao avvaydo- 
tepov THS ME, EA kati rHs EM, ws 5é 4 XE apds 
EA, 7 ZE mpos EH, rourdéorw 7 AM apos MP, 
routéott To aT710 AM zpos ro t7d AMP: ws dpa 
TO UTO ovvapdotepov THS MO, EX kai ris ME 
mpos TO UT ovvayporepov THs ME, EA Kai rips 
EM, ro azo AM mpos 76 td AMP. kai évadAda€, 
ws TO UT ouvaudorépov THs MO, EX kai rijs 
ME zpos 76 avo MA, otrws ro b76 avvapdoréepov 
ays MS, EA kati tis ME apos 76 tao AMP. 
taov oe 70 UTIO AMP 7@ bzo tis ME Kai ovvaydo- 
tépov THs ME, EA: toov apa Kal ro azo AM re 
bao EM kat ovvaydorépov tis MO, EX. xal 
éorw 7) pev LE tH XO ton, 7 5€ LO 77H OT: toov 
dpa to amo AM 7@ tro EMII. 
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But MZ is parallel to AE and angle AMP=angle 
EM& (Eucl. i. 15] ; 


therefore AM.MP=EM. (EA +MQ). 
And since MI :TE=MéZ: EA, 
and Mr :TE=MO: EX, 

{Eucl. vi. 4 
therefore MO :E>=M#: AK. 
Componendo, MO +E :ES=ME+EA:EA; 


and permutando 
MO +2E:2M +EA=22E: EA, 


But MO +2E:2M+EA=(MO+E).EM: 
(ME +EA). EM, 
and 2E:EA =ZE: EH 
=AM:MP 
{Eucl. vi. 4 
w= AM?:AM.MP; 
therefore 
(MO +E2).ME:(M2+EA).EM =AM?: AM. MP. 
And permutando 
(MO +E2). ME: MA? =(MB+EA). ME: 
AM . MP. 
But AM .MP=ME. (Ms +EA) ;sx 
therefore AM?=EM .(MO +E2). 
And 2E = 20, while SO=OIL [Eucl. i. 84]; 
therefore AM?=EM. MII. 
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(6) OrneR Works 


(i.) General 
Papp. Coll. vii. 3, ed. Hultsch 636, 18-23 


Tov de TpoerpyLeveanv Tou *AvadAvopévou BiBrAiwv 
n Tatts eoTiv ToLavTN: EvxdAetdou Acdopevey 
BuBAtov a, "AzroAAwviov Adyou & amoTophs B, Xwptov 
amotouys B, Awwpiopevns tops Svo, "Exadav 
dv0, KdxAetdou Topioparwy Tpia, > Aout 
Nevoewv dvo, tod atrod Torwy émddwv dvo, 
Kwukav qe 


(ii.) On the Cutting-off of a Ratio 
Ibid. vii. 5-6, ed. Hultsch 640. 4-22 


TH "is oF ‘Aroropijs tod Adyou PiBAiwy 6 ovTay B 
mporacis eoTw piia. drrodunpnevn, dtd Kal piay 
TpOTactv ovTws ypagus dia TOD do0vTos onpeiov 
ev0etav ypappnyv ayaryety Tépvoucay dr TOV TH 
Gécer Sofevady dvo edevav ™pos Tots em adrav 
dofeiot onpeiois Adyov exovcas Tov avTov TH 
dofévT.. tas d€ ypaddas dStaddpous yevéoOar Kal 
mAjOos AaBetv _oupBeByrev Urrodiaipécews yevo- 
pevyns eveka THS TE Tos” aAAnAas Décews TOV 
dvdopevwy evlerdv Kal TOV dStaddpwv mrwcewv 
Tov didopevov onpeiov Kal dia Tas avadvoers Kal 
ouviécets atTav TE Kal TOV Stopiopav. exer yap 
TO pev mpa@tov PiBAiov tHv Adyov amotopis 


¢ Unhappily the only work by Apollonius which has sur- 
vived, in addition to the Conics, is On the Cutting-off of a 
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(6) OTuER Works 


(i.) General 
Pappus, Collection vii. 3, ed. Hultsch 636. 18-23 


The order of the aforesaid books in the Treasury 
of Analysis is as follows: the one book of Euclid’s 
Data, the two books of Apollonius’s On the Cutting-off 
of a Ratio, his two books On the Cutting-off of an Area, 
his two books On Determinate Section, his two books 
On Tangencies, the three books of Euclid’s Porisms, 
the two books of Apollonius’s On Vergings, the two 
books of the same writer On Plane Loci, his eight 
books of Conics.* 


(ii.) On the Cutting-off of a Ratio 
Ibid. vii. 5-6, ed. Hultsch 640. 4-22 


In the two books On the Cutting-off of a Ratio there 
is one enunciation which is subdivided, for which 
reason I state one enunciation thus: Through a 
given point to draw a straight line cutting off from two 
straight lines given in position intercepts, measured from 
two given points on them, which shall have a given ratio. 
When the subdivision is made, this leads to many 
different figures according to the position of the given 
straight lines in relation one to another and according 
to the different cases of the given point, and owing to 
the analysis and the synthesis both of these cases and 
of the propositions determining the limits of possi- 


bility. The first book of those On the Cutting-off of a 


Ratio, and that only in Arabic. Halley published a Latin 
translation in 1706. But the contents of the other works are 
indicated fairly closely by Pappus’s references. 
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, , ~ > ‘ ‘s a 
tomous £, mrwaes Kd, Stopicopods S€ €, Sv tpels 

, 3 4 , A ? 4 4 A 
prev eto péyrotot, dvo dé eAdyioTor. . . . TO O€ 

, , , 2 a. , “> 
devtepov PiBAiov Adyou damoropis exer Té70us 0, 
mrwacs dé Ey, Svoptapous 5é Tods ek TOD mpwToV: 
amayeTat yap oAov eis TO mparTov. 


(iii.) On the Cutting-off of an Area 
Ibid. vii. 7, ed. Hultsch 640. 26-642. 5 


THs 8° *Amotopijs Tob ywpiov BiBrAia pwév éeorw 

? , A e] , a e ? 
dvo, mpoPAnua dé Kav TovTos Ev Urodiatpovpevov 
dis, Kal TOUTWY pla MpdoTacis €oTW Ta pev dAra 
dpoiws €xovca TH mpotépa, povm Sé rovTw d.a- 
dépovoa Tm detv Tas amroTtevopevas So edOelas 
> > / A 4 > 4 , “~ 9 A 
ev exeivy prev Adyov exovoas doldvTa mouety, ev dé 
TAUTH Xwpiov TeEprexovoas Sollev, 


(iv.) On Determinate Section 
Ibid. vii. 9, ed. Hultsch 642. 19-644. 16 


‘E€#s tovros avadddovrar tis Arwpiopévns 
~ / D * ¢ f a , U 
Touns BiBria B, wv cpotws toils mpdérepoy play 
mpotacw mapeotiv A€yew, SreCevypévyy Sé ravrynv: 


@ The Arabic text shows that Apollonius first discussed the 
cases in which the lines are parallel, then the cases in which 
the lines intersect but one of the given points is at the point 
of intersection ; in the second book he proceeds to the general 
case, but shows that it can be reduced to the case where one 
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Ratio contains seven loci, twenty-four cases and five 
determinations of the limits of possibility, of which 
three are maxima and two are minima... . The 
second book On the Cutting-off of a Ratio contains 
fourteen loci, sixty-three cases and the same deter- 
minations of the limits of possibility as the first; for 
they are all reduced to those in the first book.* 


(iii.) On the Cutting-off of an Area 
Ibid. vii. 7, ed. Hultsch 640. 26-642. 5 


In the work On the Cutting-off of an Area there are 
two books, but in them there is only one problem, 
twice subdivided, and the one enunciation is similar 
in other respects to the preceding, differing only in 
this, that in the former work the intercepts on the 
two given lines were required to have a given ratio, 
in this to comprehend a given area.® 


(iv.) On Determinate Section 
Ibid. vii. 9, ed. Hultsch 642. 19-644. 16 


Next in order after these are published the two 
books On Determinate Section, of which, as in the 
previous cases, it is possible to state one comprehen- 


of the given points is at the intersection of the two lines. By 
this means the problem is reduced to the application of a 
rectangle. In all cases Apollonius works by analysis and 
synthesis. 

’ Halley attempted to restore this work in his edition of 
the De sectione rationis. As in that treatise, the general case 
can be reduced to the case where one of the given points is at 
the intersection of the two lines, and the problem is reduced to 
the application of a certain rectangle. 
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tiv dobcicav ameipov edbciav evi onueiw TeEepely, 
wate Tav amoAapBavopévwv edbera@v mpos Tots 
én adtins Soleiot onpetos TOL TO amo pias 
TeTpaywvov 7 TO vb7d dvo azmoAapPavopevwr 
meptexopevov opboywrov Sobévra Adyov Exe Hrow 
MpOS TO GTO [uLas TETPAaywVoY 7) POS TO UTO pLGs 
dmoAapBavopevns Kat ths Ew So0bcions 7 mpos 
TO Um0 SUo amoAapBavopevwy meptexopevov opbo- 
ywuov, ef dnotepa xpy Tov Sofévrwy onpeiwr. 
.. . exer O€ TO prev mp@trov BiBriov mpoPAjpara 
=, emTaypara is, Stopiapovs €, wv peyioTous pmev 
5, eAdyiatov Sé éva. . . . 7d dé dedrepov Aw- 
piopevns Touns exer mpopAjpata y, émTaypata 
, Svopicpovs y. 


(v.) On Tangencies 
Ibid. vii. 11, ed. Hultsch 644. 23-646. 19 

‘Effs Sé rovrous trav *Emaddyv éotw BiBAta dvo. 
mpotacets d€ ev atrois dSoxodow elvar mdAetoves, 
3 ‘ ‘ / / / Lv v tka 
GAAG Kal TovTwr pay TiMeev OVTWS Exovaay EbHs: 
onpeiwy Kat ed0edv Kal KiKdwy Tpi@v oTowwvobv 
Oéce. Sobévrwy KutKdrov ayayeiv bu’ éxaorov Tay 
Sobevrwy anpuciwy, ef Sobein, 7 epamTopevov 
e ~ “~ ~ , ‘ 
éxaoTns tav Solecdv ypappav. ravrns dia 





@ As thc Greeks never grasped the conception of one point 
being two coincident points, it was not possible to enunciate 
this problem so concisely as we can do: Given four 
points A, B, C, D ona straight line, of which A may coincide 
with C and B with D, to find another point P on the same 
straight line such that AP. CP: BP. DP has a given value. 
If AP.CP=A. BP. DP, where A, B, C, D, A are given, the 
determination of P is equivalent to the solution of a quadratic 
equation, which the Greeks could achieve by means of the 
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sive enunciation thus: To cut a given infinite straight 
line tn a point so that the intercepts between this point and 
given points on the line shall furnish a given ratio, the 
ratio being that of the square on one intercept, or the rect- 
angle contained by two, towards the square on the remain- 
ing intercept, or the rectangle contained by the remaining 
intercept and a given independent straight line, or the 
rectangle contained by two remaining intercepts, whichever 
way the given points [are situated}. . . . The first book 
contains six problems, sixteen subdivisions and five 
limits of possibility, of which four are maxima and 
one is a minimum. . . . The second book On De- 
terminate Section contains three problems, nine sub- 
divisions, and three limits of possibility.¢ 


(v.) On Tangencies 
Ibid. vii. 11, ed. Hultsch 644, 23-646. 19 


Next in order are the two books On Tangencies. 
Their enunciations are more numerous, but we may 
bring these also under one enunciation thus stated : 
Given three entities, of which any one may be a point or a 
straight line or a circle, to draw a circle which shall pass 
through each of the given points, so far as it ts points 
which are given, or to touch each of the given lines.’ In 


application of areas. But the fact that limits of possibility, 
and maxima and minima were discussed leads Heath (H.G. M, 
ii. 180-181) to conjecture that Apollonius investigated the 
series of point-pairs determined by the equation for different 
values of A, and that ‘‘ the treatise contained what amounts 
to a complete Theory of Involution.” The importance of the 
work is shown by the large number of lemmas which Pappus 
collected. 

> The word “‘ lines ’’ here covers both the straight lines and 
the circles, 
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, ~ > “a tg 4 , € Ld 
TAnOn Ta&v év tais dmobdcear Sedopevwv Spoiwv 
7] avopoiwy Kata pépos Sdiaddpovs mpordcets 
avaykatov yivesbar Séxa: ex t&v tpiav yap 
avopoiwy yevav tpiddes Siddopor araxrou yivovrar 
i. row yap Ta Sddpueva tpia onpeta 7) Tpeis 

9 “A “ a A \ 9 aA *“ 4 9 “A A 
ev0etar 7 S¥o0 onpeia Kal edOeia 7) Sv0 edOetar Kal 
“A *” / ra A , “A , , 
anuetov 7 Svo onpeia Kat KUKros 7 SVo KUKAOL 

A aA “A , 9 a A , *“" , , 
Kat onpetov 7 v0 edOetat Kai KUKAOS 7} OVO KUKAOL 

4 9 al ba aA A b] aA A , ba) 
Kal edOeia 7) onpetov Kat edfeia Kai KUKAos 7 
tpets KUkAor. Todtwr dvo pev Ta mpAra Sédeucrat 
ev T@ 8 PiBdiw rdv mpatrwv Urorxyelwyv, S10 wapier 
Ln ypadwrv: 7d pev yap tpidv S00évTwv onpetwv 
pn én’ ebOeias dvtwy TO adrd eorw TO TeEpi 7d 
dofev rpiywrov Kirov tepiypdisar, To 5€ Y So- 
Qevodv ederadv put) tapadAjAwv obodv, adda tov 
Tpi\@v aupmmTovaay, TO avTd é€aTw TH els TO 
dodev rpiywvov KUKAov éyypaisau: To 5é SV0 Tapada- 
AjAwy otodv Kal pds eumimrovans ws pépos dv 
Ths PB’ dmoduapécews mpoypdderar év rovrois 

/ A 4 CK A —_ ~ , 4 A 
mavTWV. Kal Ta ELS F ev TH mpwoTw PiPrAiw ra 
dé Aeiwdépeva dvo, 76 So Soeicdv edOerdv Kat 

4 “ aA 4 v4 4 > ~ 
KUKAov 7 Tpidv dobdvrwv KUKAWY pdvov év TO 
Sevtépw PiPriw dia tas mpds aAAnAous Oéceus 
Tav KUKAwY Te Kal evOeLdv amAElovas ovaas Kal 
mAeLovev Sioptaopa@v Seopevas. 





* Eucl. iv. 5 and 4. 
® The last problem, to describe a circle touching three 
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this problem, according to the number of like or 
unlike entities in the hypotheses, there are bound to 
be, when the problem is subdivided, ten enunciations. 
For the number of different ways in which three 
entities can be taken out of the three unlike sets is 
ten. For the given entities must be (1) three points 
or (2) three straight lines or (3) two points and a 
straight line or (4) two straight lines and a point or 
(5) two points and a circle or (6) two circles and a 
point or (7) two straight lines and a circle or (8) two 
circles and a straight line or (9) a point and a straight 
line and a circle or (10) three circles. Of these, the 
first two cases are proved in the fourth book of the 
first Elements,* for which reason they will not be 
described ; for to describe a circle through three 
points, not being in a straight line, is the same thing 
as to circumscribe a given triangle, and to describe 
a circle to touch three given straight lines, not being 
parallel but meeting each other, is the same thing as 
to inscribe a circle in a given triangle ; the case where 
two of the lines are parallel and one meets them is 
a subdivision of the second problem but is here given 
first place. The next six problems in order are 
investigated in the first book, while the remaining 
two, the case of two given straight lines and a circle 
and the case of three circles, are the sole subjects of 
the second book on account of the manifold positions 
of the circles and straight lines with respect one to 
another and the need for numerous investigations of 
the limits of possibility.’ 

given circles, has been investigated by many famous geo- 
meters, including Newton (Arithmetica Universalis, Prob. 
47). The lemmas given by Pappus enable Heath (#.G.M. 


ii, 182-185) to restore Apollonius’s solution—a ‘“ plane ” 
solution depending only on the straight line and circle. 
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(vi.) On Plane Loci 
Ibid. vii. 23, ed. Hultseh 662. 19-664. 7 


Oi pév ody dpyator eis Thy THY emunédwv Tov’Twr 
Ld , > s b , > 4 
ToTwy Taw atroBr€rrovtes EoToLXeiwaay: Hs apedr- 
gavres ot pet’ atrods mpoadbnxav érépous, ws 
ovK amteipwv To TAHO0s GvTwv, ef OéAoL Tis Tpoo- 
ypadew od Tis tafews exeivns exdpeva. Oyjow 
obv Ta pev MpooKeipeva voTepa, Ta 8 ek THs 
Tafews mpdtepa ud mepiAaBay mpordce Tavrn: 
"Bd } 4 30 “ > AG ¥ > A es | } } 
av dvo evletar ayba@ow To. amo évos dedo- 
U 4 “" > 4 Py a, A ” 3 3 30 , “A 
fsevov onpetov % amo dvo Kal yrou én’ edbeias 7 
TraparAnro. 7 Sedopevnv mepieyovcat ywriay Kat 
V4 
nTor Adyov éxovaat mpds aAAjAas 7) ywpiov TeEpt- 
éyovoa, dedopevov, antyTa S€é TO THs pias mépas 
émumedou romov Odcer dedopévov, aiberar Kat TO 
THS eTépas mépas emimédov tomov Odae. Sedopévov 
OTE pLev TOD Opoyevods, OTE 5é TOD éTEpov, Kal OTe 
fev opoiws Keysevov mpos Thy evbeiav, oTé Sé 
evavtiws. Tatra dé yiveras mapa tas diadopas 
TOV STOKELMLEVOY. 


(vii.) On Vergings 
Ibid. vii. 27-28, ed. Hultsch 670. 4-672. $ 


Nevew Adyerar ypappy emi onpetov, éav 
emexBaddopevn em advto mapayivnra [ . . 
1 rovrwyr is attributed by Hultsch to dittography. 


¢ These words follow the passage (quoted supra, pp. 262- 
265) wherein Pappus divides loci into édexrixol, die€odcxoi and 
avaoTpodiKoi. 

’ It is not clear what straight line is meant—probably the 
most obvious straight line in each figure. 
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(vi.) On Plane Loc 
Ibid. vii. 23, ed. Hultsch 662. 19-664. 7 


The ancients had regard to the arrangement? of 
these plane loci with a view to instruction in the 
elements ; heedless of this consideration, their suc- 
cessors have added others, as though the number 
could not be infinitely increased if one were to make 
additions from outside that arrangement. Accord- 
ingly I shall set out the additions later, giving first 
those in the arrangement, and including them in this 
single enunciation : 

If two straight lines be drawn, from one given point or 
from two, which are in a straight line or parallel or 
include a given angle, and either bear a given ratio one 
towards the other or contain a given rectangle, then, tf the 
locus of the extremity of one of the lines be a plane locus 
given in position, the locus of the extremity of the other 
null also be a plane locus given in position, which nill 
sometimes be of the same kind as the former, sometimes of 
a different kind, and will sometimes be similarly sttuated 
nith respect to the straight line,” sometimes contrarinise. 
These different cases arise according to the differences 
in the suppositions.° | 


(vii.) On Vergings 4 
Ibid. vii. 27-28, ed. Hultsch 670. 4-672. 3 


A line is said to verge to a point if, when produced, 
it passes through the point. [ ... ] The general 


: ig os proceeds to give seven other enunciations from 
the first book and eight from the second book. These have 
enabled reconstructions of the work to be made by Fermat, 
van Schooten and Robert Simson. : 

¢ Examples of vergings have already been encountered 
several times; v. pp. 186-189 and vol. i. p. 244 n. a. 
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mpoBAnuatos dé dvtos KaboAcKod rovrov: Svo 
dodecav ypaypav Oéoe Oetvar peratd rovTwy 
evletav TH peyeDer SeSouevyv vevovoav emi Sobev 
onciov, mt tovTov Tov emi pépous Siadopa ra. 
UTOKEMEVA EXOVTWY, a pev HV enimeda, & Se 
oreped, a S€ ypaypuKa, Tov 8° emmédwv amoKdAn- 
pwoarres Ta mpos moAAa ypnoynwrepa ederEav Ta 
mpoPAnuata tadra: 

) 4 PS) 5 4 ¢€ Nb ‘ 50 4 A 

éoet Oedopevww nukuKAiov Te Kai edbeias mpds 
> A “~ ? aA 4 e 4 > 9 3 / 
opbas 7H Baca 7 SYo nukuKAtwy en’ edOelas 
€xovrwy tas Bdces Oeivar S0beicav 7H peydbe 
ev0ciav perafd tv 800 ypaypdv vevovoav én 
ywviav nutKvKAiov: 
A cs 4 ‘ > 4 ~ 

Kai pouBov do0évros Kal émexBeBAnnévyns pds 
mAeupas appdoa tro Thy éxros ywriav SeSouevny 
T@ peyeer edOciav vevovoay ent Ty dvtiKpus 
ywviay: 

Kat @écer S00évtos KvKAov évappdca. edbetav 

, 4 f > A 4 
peyeber dedopevnv vevovoay émi Sober. 

Tovrwy 8€ ev perv TO TpwTw Tevyer SéSeuKTar 70 
emt TOO évds HuKuKAiov Kai ed0elas Eyov mrwces 
5 Kat 7d ext rod KUKAov Exov mrbcers S¥o Kal 76 
> ~ ef , ” oO ? \ - , 
emt Tod popBov mrwces exov B, ev 8é 7H Seurépw 
Tevxet TO ETL TOV BVO HutkuKAiwY Tis dTobceEws 
mTwoes exovons i, év dSé€ tav’rais brrodvatpéoers 
7eloves dtoptotikal Evexa Tod Sedopevov peyébous 
THs «vbetas. 


346 


APOLLONIUS OF PERGA 


problem is: Zwo straight lines being given in position, 
to place between them a straight line of given length 
so as to verge to a given point. When it is subdivided 
the subordinate problems are, according to differ- 
ences in the suppositions, sometimes plane, some- 
times solid, sometimes linear. Among the plane 
problems, a selection was made of those more gener- 
ally useful, and these problems have been proved : 

Given a semicircle and a straight line perpendicular to 
the base, or two semicircles nith their bases in a straight 
line, to place a straight line of given length between the two 
lines and verging to an angle of the semicircle [or of one 
of the semicircles] ; 

Given a rhombus mith one side produced, to insert a 
straight line of given length in the external angle so that 
it verges to the opposite angle ; 

Given a circle, to insert a chord of given length verging 
to a given point. 

Of these, there are proved in the first book four 
cases of the problem of one semicircle and a straight 
line, two cases of the circle, and two cases of the 
rhombus ; in the second book there are proved ten 
cases of the problem in which two semicircles are 
assumed, and in these there are numerous subdivisions 
concerned with limits of possibility according to the 
given length of the straight line.* 


* A restoration of Apollonius’s work On Vergings has been 
attempted by several writers, most completely by Samuel 
Horsley (Oxford, 1770). A lemma by Pappus enables Apol- 
lonius’s construction in the case of the rhombus to be restored 
with certainty ; v. Heath, H.G.M. ii. 190-192. 
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(viii.) On the Dodecahedron and the Icosahedron 


Hypsicl. [Eucl. Hlem. xiv.], Eucl. ed. Heiberg 
Ve 6. 19-8. 5 
@ , “ 
O adros Kixdos weptAapBdaver Td TE TOD Swde- 
Ul “~ 
Kaéspou mEevTaywvov Kal TO TOD EtKooaddpoU 
~ A a > 
Tpiywvov TOV Ets THY avTHY apatpay eyypadopevwv. 
“~ A 4 ¢€ A \ > , ? ~ 3 
tobro b€ ypaderas bo prev “Aptoraiov ev T@ eT- 
, ~ = , , € A A 
ypadopevw Tay — oxnpatwv ovykpice, to Se 
"AtroAAwviou ev TH SeuTépa exddce. THS LuyKpicews 
~ 4 A A > / Lid > U 
tod Swéoexaddpou mpdos TO etKoodedpov, OTL EoTLV, 
€ € ~ , > , \ \ ~ 
Ws 1 TOD Swoekaddpou emdPavera pos THY TOD 
> , b] , ” A > A 4 
eikogaéopou émaverav, ovTws Kal atTOo TO dw- 
, ‘ A ? / ‘ A A oR 
Sexaedpov mpos TO Etkoodedpov dia TO THY avTHV 
/ ? 4 “~ / ~ , > A A 
elvar kaberov amo Tod Kévrpou THs odaipas emi TO 
“~ , “~ 
rod Swdexaddpou mevTaywvov Kal TO TOU EtKO- 


cacdpou Tpiywrov. 


(ix.) Principles of Mathematics 
Marin. in Fucl. Dat., Eucl. ed. Heiberg vi. 234. 13-17 
Aw r&v amAovatepov' Kai pid Tit SvadopG Trept- 


ypadew TO Sedopevov mpofenévwv ot pev TeTAy- 


“~ A ? 
pévov, ws *Amodddvos év rH Tept vevoewv Kat 


1 dnAovorepov Heiberg, amAovorépwv cod, 
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(viii.) On the Dodecahedron and the Icosahedron 


Hypsicles [Euclid, Elements xiv.],* Eucl. ed. Heiberg 
v. 6. 19-8. 5 


The pentagon of the dodecahedron and the triangle 
of the icosahedron ® inscribed in the same sphere can 
be included in the same circle. For this is proved by 
Aristaeus in the work which he wrote On the Com- 
parison of the Five Figures, and it is proved by 
Apollonius in the second edition of his work On the 
Comparison of the Dodecahedron and the Icosahedron 
that the surface of the dodecahedron bears to the 
surface of the icosahedron the same ratio as the 
volume of the dodecahedron bears to the volume of 
the icosahedron, by reason of there being a common 
perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and the triangle of 
the icosahedron. 


_ (ix.) Principles of Mathematics 


Marinus, Commentary on Euclid’s Data, Eucl. ed. 
Heiberg vi. 234. 13-17 


Therefore, among those who made it their aim to 
define the datum more simply and with a single 
differentia, some called it the assigned, such as 
Apollonius in his book On Vergings and in his 


* The so-called fourteenth book of Euclid’s Elements is 
wally the work of Hypsicles, for whom v. infra, pp. 394-397. 

> For the regular solids v. vol. i. pp. 216-225. The face of 
the dodecahedron is a pentagon and the face of the icosa- 
hedron a triangle. 

° A proof is given by Hypsicles as Prop. 2 of his book. 
Whether the Aristaeus is the same person as the author of 
the Solid Loci is not known. 
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év 7% Kabodouv mpaypareia, of S€ yredbpysov, w 
A.ddopos. 


(x.) On the Cochlias 
Procl. in Fucl. i., ed. Friedlein 105. 1-6 


Tr \ \ vA 5 eX a @ 
qv Tept Tov KUAWSpov EALKa ypadopevynv, Orav 
evOeias Kwoupevns tept thy emddaverav tod 
KvALWopov onpelov cpoTaxa@s Em avTas Kiwijrat. 
yiverau ‘yap eA€, As cpowopepws TavTa Ta MEN 

a ? “ / > ? > & 
maow édappole, Kabdmep *AroAAwvios ev T@ 
Tlepi rod KoxAlov ypdppate Setxvvaw. 


(xi.) On Unordered Irrationals 
Procl. in Eucl. i., ed. Friedlein 74. 23-24 


Ta Iept rv araxrwy dAdywyr, a 6 ’AnohAduos 
emi TtA€ov e€erpyacarto. 


Schol. i. in Eucl. Elem. x., Eucl. ed. Heiberg 
v. 414. 10-16 


> 4 al A 

Ev pev obdv trois mpwroi mept ouppéetpwv Kat 

, ~ 

dovppéerpwv SiadapBaver mpos thy pow avrayv 

4 a ~ A € ~ 4 

abra e€eralwr, év b€é rots é&ijs mept pnTr@v Kat 
“~ ~ 4 

drdywv ob maddy: Twés yap avT@ ws evraTrapevor 

> ~ > \ ~ € , Qa = 

éyxadotaw: GAda t&v dmdovotdtwv «dav, ov 








¢ Heath (1/.G.M. ii. 192-193) conjectures that this work 
must have dealt with the fundamental principles of mathe- 
matics, and to it he assigns various remarks on such subjects 
attributed to Apollonius by Proclus, and in particular his 
attempts to prove the axioms. The different ways in which 
entities are said to be given are stated in the definitions 
quoted from Euclid’s Data in vol. i. pp. 478-479. 
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General Treatise,* others the known, such as Dio- 
dorus.? 


(x.) On the Cochhas 
Proclus, On Fuclid i., ed. Friedlein 105. 1-6 


The cylindrical helix is described when a point 
moves uniformly along a straight line which itself 
moves round the surface of a cylinder. For in this 
way there is generated a helix which is homocomeric, 
any part being such that it will coincide with any 
other part, as is shown by Apollonius in his work On 
the Cochlias. 


(xi.) On Unordered Irrationals 
Proclus, On Euclid i., ed. Friedlein 74. 23-24 


The theory of unordered irrationals, which Apol- 
lonius fully investigated. 


Euclid, Elements x., Scholium i.,¢ ed. Heiberg 
v. 414. 10-16 


Therefore in the first [theorems of the tenth book] 
he treats of symmetrical and asymmetrical magni- 
tudes, investigating them according to their nature, 
and in the succeeding theorems he deals with rational 
and irrational quantities, but not all, which is held up 
against him by certain detractors ; for he dealt only 
with the simplest kinds, by the combination of which 


* Possibly Diodorus of Alexandria, for whom ». vol. i. 
p- 300 and p. 301 n. b. 

° In Studien iiber Euklid, p. 170, Heiberg conjectured 
that this scholium was ediacted from Pappus’s commentary, 
and he has established his conjecture in Videnskabernes 
ae Skrifter, 6 Raekke, hist.-philos. Afd. ii. p. 236 seq. 
1888). 
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auvtenevwy yivovrar azreipoe dAoyot, wv Tiwas 
A , ae 4 > sf 
kat 0 “AmroAAwvios avaypades. 


(xii.) Measurement of a Circle 


Eutoc. Comm. in Archim. Dim. Cire., Archim. 
ed. Heiberg iii. 258. 16-22 


> a 

loréov dé, d7t Kat ’AmroAAwvos 6 Ilepyatos év 

~ 3 f 3 / 3 A > > ~ e ¢ 
T@ ’Qkutokiw amédeEev atro b0 apibuadv erépwv 
émi TO otveyyus paAdov ayaywdv. totro b€ axpt- 
Béotepov pev elvas Soxet, od xprHowov S€ mpos TOV 
"Apyipyndovs axkorrdv: efapev yap abrov aKozov 
” 3 ~ A f A , € a A 
éyew ev T@dE TH BiPAiw 7d avveyyus edpeiv dia 
Tas ev Ta) Piw xpetas. 


(xiii.) Continued Multiplications 
Papp. Coll. ii. 17-21, ed. Hultsch 18. 23-24. 201 


Tovrov 81 mpotefewpnyévov mpddndov, mas 
got tov do00évra atixov moAAamAacidoat Kat 
cimely TOV yevomevov apiOov ek Too TOV mpaToV 
apiOucv dv eiAnde TO mpOrov THY ypapparwv emi 
tov devtepov apiOpov dv etAnpe ro devTEepov TH 
ypapparwy moAAatAactacPhvar Kal TOV ‘yevopuevov 
emt Tov Tpirov apiOjov bv eiAnde 76 TpiTov ypappa 


1 The extensive interpolations are omitted. 





4 Pappus’s commentary on Eucl. Elem. x. was discovered 
in an Arabic translation by Woepcke (Mémoires présentées 
par divers savans a l Académie des sciences, 1856, xiv.). It 
contains several references to Apollonius’s work, of which 
one is thus translated by Woepcke (p. 693): ‘* Enfin, Apol- 
Jonius distingua les espéces des irrationnelles ordonnées, et 
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an infinite number of irrationals are formed, of which 
latter Apollonius also describes some.? 


(xii.) Measurement of a Circle 


Eutocius, Commentary on Archimedes’ Measurement of 
a Circle, Archim, ed. Heiberg iii. 258. 16-22 


It should be noticed, however, that Apollonius of 
Perga proved the same thing (sc. the ratio of the 
circumference of a circle to the diameter) in the 
Quick-deliverer by a different calculation leading to 
a closer approximation. This appears to be more 
accurate, but it is of no use for Archimedes’ purpose; 
for we have stated that his purpose in this book was 


to find an approximation suitable for the everyday 
needs of life.? 


(xiii.) Continued Multiplications ° 


Pappus, Collection ii. 17-21, ed. Hultsch 18. 23~24, 204 


This theorem having first been proved, it is clear 
how to multiply together a given verse and to tell the 
number which results when the number represented 
by the first letter is multiplied into the number 
represented by the second letter and the product is 
multiplied into the number represented by the third 


découvrit la science des quantités appelées (irrationnelles) 
inordonnées, dont i] produisit un trés-grand nombre par des 
méthodes exactes.” 

® We do not know what the approximation was. 

* Heiberg (Apollon. Perg. ed. Heiberg ii. 124, n. 1) sug- 
gests that these calculations were contained in the ’Qxuréxior, 
but there is no definite evidence. 

« The passages, chiefly detailed calculations, adjudged by 
Hultsch to be interpolations are omitted. 
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A \ \ CFA é A ~ 
Kal Kata TO é&ns Tepaivesbar pexpt tod Sdiefo- 
? A 4 “ > 3 7 > 
Sevecbar tov otiyov, dv elev *AmoAAwMos ev 
apxX ovTws* 


"Aptéutdos KXeire Kpatos eLoxov évvéa Kotipat 


A A a 74 > +. a ¢ , 
(ro 0€ KAciré dyow avril Tod bropvyoate). 

*"Ezet odv ypaupard éeotw An Tov ottxov, Tadra 
e @ ? U 4 > / “A 
av é€xactos éAdcowy pév eoTw xiAddos petpetrat 
dé umd éxaTovTddos, Kal dpiOuovds Lf Tos fit OK 
3 e / “ A e A , A 
€oTw éxaTovTdoos pleTpeiras dé bd Sexddos, Kat 
Tos Aowtods ta TOUS CEH EE GCEEE EG, OV 
<4 3 / / 34 wv “A 4 lA 
éxaatos éAdgawyv dexddos, €av dpa Tots pey d€Ka 
apiuots troTdéwpev icapiOpous déxa Kata Take 
éxatovrdoos, Tots dé wf odpoiws dbmoTrdéwpev 
dexaddas ul, davepov ex Tod avedtepov AopoTiKod 
Gewprpatos iB’ ott déka exatovTddes peta TOV 
“4 / ~ , ? a / 
il dexddwy movotcr pupiddas evvarrAGs déKa. 

*"Ezet d€ Kat muOpéves cpot TOv petpovpevwv 
dpiuadv vo éxatovtddos Kal TOv peTpoupevwv 
bm0 Sexddos eloiv of broKeipevoe KC 








* Apollonius, it is clear from Pappus, had a system of 
tetrads for calculations involving big numbers, the unit bein 
the myriad or fourth power of 10. The tetrads are call 
pupiddes arAat, pupiddes SimAat, pupiddes tpirdat, simple 
myriads, double myriads, triple myriads and so on, by which 
are meant 10000, 10000,% 100008 and so on. In the text of 
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letter and so on in order until the end of the verse 
which Apollonius gave in the beginning, that is 


*Aprépidos KAcite Kpdros eLoxov évvéa Kovpae 


(where he says xAcire for iropvicare, recall to mind). 
Since there are thirty-eight letters in the verse, of 


which ten, namely pt o 7 pt x vp (=100, 300, 200 
800, 100, 300, 200, 600, 400, 100), represent numbers 


—eq@iea = =» © ee = = ear awe ow = == 


(=1, 5, 4, 5, 5, 1, 5, 5, 5, 1, 1), represent numbers less 
than 10, then if for those ten numbers we substitute 
an equal number of hundreds, and if for the seven- 
teen numbers we similarly substitute seventeen tens, 
it is clear from the above arithmetical theorem, 
the twelfth, that the ten hundreds together with 
the seventeen tens make 10. 10000°.4 
And since the bases of the numbers divisible by 
100 and those divisible by 10 are the following twenty- 
seven 
1, 3;-25 33 15.3;-2 6,545.1 
4, 1, 7, 2, 3, 1, 2, 7; 6, T, 7; 5, 5, 5; 2, 7, 1, 


Pappus they are sometimes abbreviated to p*, ws, pw’ and 
so on. 

From Pappus, though the text is defective, Apollonius’s 
Peeute in multiplying together powers of 10 can be seen to 
e equivalent to ancl. the indices of the separate powers 
of 10, and then dividing by 4 to obtain the power of the myriad 
which the product contains. If the division is exact, the 
number is the n-myriad, say, meaning 10000". If there is a 
remainder, 38, 2 or 1, the number is 1000, 100 or 10 times the 

n-myriad as the case may be. 
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a ~ —s ‘ 
GAAG Kal tay é€Aacadvwy deKkados Elaiv ta, Tov- 
: | 
réati apiOuot ot " 


éav Tov ek ToUTWY TY ta Kal TOV eK TaV KL 
av0uevwy arepedv Sv’ aAAjAwY rroddaTrAactacwperv, 
Zora. 6 oTepeds pupiddwv retparAdv 6 xal 
tputday (SAS Kal Sumdav jqum. 

Adras 87 ovpmodamAacalopevar emi tov €k 
Tav éexatovTddwy Kat Sexddwy otepedv, TovTéote 
Tas TpoKeyevas pupiddas evvarrAds déxa, tovotow 
pupiddas tproxadexamdds pSs, Swdexamdas én, 
évdexamAds dw. 





(xiv.) On the Burning Mirror 


Fragmentum mathematicum Bobiense 113. 28-33, ed. 
Belger, Hermes, xvi., 1881, 279-280 * 


Of peév obv mada brdAaBov tiv ELaupw rrovetaBar 
mept TO KévTpov TOO KaTdmTpov, TobTo de wpeidos 
3 , 4 , +] a“ 1 
Azodrwvios pada Sedvtws . . . (€v TQ) mpos 
rods KaTomrpiKkods edegev, Kal Epi Tiva dé TOTOV 
 exmUpwos €atat, SaceodpynKev ev TH Ilept rod 
Tupiov. 


1 As amended by Heiberg, Zeitschrift fiir Mathematik und 
Physik, xxviii., 1883, hist. Abth. 124-125. 


356 


APOLLONIUS OF PERGA 


while there are eleven less than ten, that is the 
numbers 

1, 5, 4, 5, 5; 1, Ds 5; 5; 1, 1, 
if we multiply together the solid number formed by 
these eleven with the solid number formed by the 
twenty-seven the result will be the solid number 


19 . 100004 +6036 . 10000? +8480 . 100002. 


When these numbers are multiplied into the solid 
number formed by the hundreds and the tens, that is 
with 10 . 100009 as calculated above, the result is 


196 . 1000018 + 368 . 10000!* +4800 . 100004. 


(xiv.) On the Burning Mirror 


Fragmentum mathematicum Bobiense 113. 28-33, ed. 
Belger, Hermes, xvi., 1881, 279-280 


The older geometers thought that the burning took 
place at the centre of the mirror, but Apollonius very 
suitably showed this to be false . . . in his work on 
mirrors, and he explained clearly where the kindling 
takes place in his works On the Burning Mirror.® 


* This fragment is attributed to Anthemius by Heiberg, 
but its antiquated terminology leads Heath (H.G.M. ii. 194) 
to es wre that it is much earlier. 

’ Of Apollonius’s other achievements, his solution of the 
problem of finding two mean proportionals has already been 
mentioned (vol. i. p. 267 n. 6) and sufficiently indicated ; for 
a astronomical work the reader is referred to Heath, H.G. Jf. 

i, 195-196. 
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XX. LATER DEVELOPMENTS IN 
GEOMETRY 


XX. LATER DEVELOPMENTS IN 
GEOMETRY 


(a) CLASSIFICATION OF CURVES 
Procl. in Fuel. i., ed. Friedlein 111. 1-112. 11 


Acaipet 5° ad rH ypappny 0 Téuvos? mparov 
pev eis Thy aovvlerov Kal THY avOerov—Kanet dé 
ovvlerov Thy KeKAacpevnv Kal ywriay mowtcav— 
erreur. THY davvOerov* els TE THY oxnpatomrovotcav 
Kal my €m azretpov éxBadMoperny, oxhywa Ayu 
Trovety THY KuKhueny, THY tod Oupeod, THY Kutroedh, 
ey movety d€ THY TOD Cpboywriou KaVOV TOMY, 
THY TOU duBruywvion, 77 Koyxoewoy, THY evGetav, 
macas Tas TovavTas. Kal mad Kat’ aAdov TpoTov 
THs douvbérov vpappiis TV pev amr Aiy elvat, THY 
b€ pueTny, Kal THs amis TV pev oxnua mrovelv 
WS THY KuKhucny, THY be dopiorov elvae ws THV 
evbetav, THs O€ puKrijs Ty pev ev Tots ETriTedOLs 
elvan, THY d€ €v TOIS orepeois, Kal Tis ev émumedous 
THY ev ev avtTh ovptinrew ws THY KiTToe.Oh, THY 
6° én’ dzrewpov éxBddAdcoOa, tis Sé ev orepeois 


1 Téutvos Tittel, Teuivos Friedlein. 
® ouvGerov codd., correxi. 





* No great new developments in geometry were made by 
the Greeks after the death of Apollonius, probably throug 
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(a) CLASSIFICATION OF CURVES 
Proclus, On Euclid i., ed. Friedlein 111. 1-112. 11 


Geminus first divides lines into the izcomposite and 
the composite, meaning by composite the broken line 
forming an angle; and then he divides the incom- 
posite into those forming a figure and those extending 
nithout limit, including among those forming a figure 
the circle, the ellipse and the cissoid, and among those 
not forming a figure the parabola, the hyperbola, 
the conchoid, the straight line, and all such lines. 
Again, in another manner he says that some incom- 
posite lines are simple, others mixed, and among the 
simple are some forming a figure, such as the circle, 
and others indeterminate, such as the straight line, 
while the mixed include both lines on planes and lines 
on solids, and among the lines on planes are lines 
meeting themselves, such as the cissoid, and others 
extending nithout limit, and among lines on solids are 


the limits imposed by their methods, and the recorded addi- 
tions to the corpus of Greek mathematics may be described 
as reflections upon existing work or ‘“ stock-taking.’’ On 
the basis of geometry, however, the new sciences of trigo- 
nometry and mensuration were founded, as will be de- 
scribed, and the revival of geometry by Pappus will also be 
reserved for separate treatment. 

361 


GREEK MATHEMATICS 


THY pev KaTa TAS Topas emvoeicbae THY oTEpedy, 
THv S€ mept Ta oTeped UdioracBa. Thy péev yap 
eAika THV wept odaipay 7) K@vov wept Ta oTEpEd 
vpeordvar, Tas 5€ Kwrikds Topas 7) Tas o7TELpLKas 
amo Towdode Toys yevvaobar trav orepedv. ém- 
vevojjabar dé ravtas Tas Topas Tas pev do Mevai- 
XHouv Tas Kwvikds, 6 Kal *Epatoobévns taropav 
Adyer “‘ 5€ Mevatypious Kwvoropety tpiddas "* 
tas d€ b7o Ilepodws, ds Kal To émtypappa éroincev 
Em TH edpécer— 

Tpets ypappds éeni mévre topais edpwv éduKddes" 

epoevs TOV 8° evexev Saiwovas fAdoaro. 


e A A A A ~ 4 : mn | A 
at prev On tpeis Tomat Tv Kwvwy etoly mapaBoAr 
‘ € \ \ bd ~ \ ~ 
Kat wiepBodn Kat €Adeufis, Tv Sé ometpiKdv 
TOMY 1) fev eoTw eumTreTAcypevn, eoixvia TH TOD 

3 
immou médn, 7 S€ KaTa Ta péca TAaTUveTaAL, &€ 
4 
éxatépou O€ arroAnyes pépous, 7 5é mapapjKns 
ovoa TH pev péow Svacripare eAdrrov. ypiras, 
3 4 \ 94> Ly , ~ A Ld 4 
evpuverar de ef’ Exdtepa. TeV dé dd\Awv pikewv 
70 wAnGos anépavrdv éotw: Kal yap orepedv 
oxnpatwv mAnO6s eotw ameipov Kai Touat adrdv 
auvioTtavtTat TroAvedeis. 


Ibid., ed. Friedlein 356. 8-12 


K A A > 4 77d @e 4 ~ ~ 
at yap “AmoAduuos ép” éExdorns TOV KWULKOY 
ypappav ti TO ovprTwpya Setkvvar, Kal 6 Nuxo- 

3 ~ ~ > 4 
pndns én tov Koyxoed@v, Kat 6 ‘Inmlas em 


* édXixwdders Knoche, evpav ras omerpixas Aéywy codd. 





_  * v. vol. i. pp. 296-297. 
’ For Perseus, v. p. 364 n. a and p. 365 n. b. 
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lines conceived as formed by sections of the solids and 
lines formed round the solids. The helix round the 
sphere or cone is an example of the lines formed 
round solids, and the conic sections or the spiric 
curves are generated by various sections of solids. 
Of these sections, the conic sections were discovered 
by Menaechmus, and Eratosthenes in his account 
says: ‘‘ Cut not the cone in the triads of Menaech- 
mus ’’*; and the others were discovered by Perseus,° 
who wrote an epigram on the discovery— 


Three spiric lines upon five sections finding, 
Perseus thanked the gods therefor. 


Now the three conic sections are the parabola, the 
hyperbola and the ellipse, while of the spiric sections 
one is interlaced, resembling the horse-fetter, another 
is widened out in the middle and contracts on each 
side, a third is elongated and is narrower in the 
middle, broadening out on either side. The number 
of the other mixed lines is unlimited ; for the number 
of solid figures is infinite and there are many different 
kinds of section of them. 


Ibid., ed. Friedlein 356. 8-12 


For Apollonius shows for each of the conic curves 


what is its property, as does Nicomedes for the 
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t@v tetpaywrlovody, kal 6 Ilepoevs emi trav 
OTTELPLK OV. 
Ibid., ed. Friedlein 119. 8-17 


“a ‘ 4 ‘ A ‘ 4 9 
O dé cupBaivew dapev kara THY oTrELp_KHY EmL- 
dpdvevay' Kata yap KUKAov voetrar otpodnv opfod 
A ‘ \ ~ 
SvaplevovTos Kal OTpEedopevov TEpt TO AUTO ONLELOV, 
San) \ ~ e 
6 py éore Kévtpov Tod KUKXov, dt0 Kal TpLXY@s 7 
A > 4 ~ , 3 ‘ A 
omeipa yiverat, 7) yap emt THS TEpipEpeEtas EoTL TO 
KevTpov 1) évros H ExTOS. Kal El ev ETL THS TMEpt- 
4 , 
dhepeias €oTl TO KEVTpOV, ‘yiveTaL OTEipA GvVEXTS, 
> 4 9 / e€ 3 U > \ > 4 e , 
el d€ EvTOS, 7 EpmeTrAcypévy, et de ExTOS, 7) Svex7s. 
~ e ‘ ‘ ~ 4 
KQL Tels Al OTTELpLKaL TOPAL KATA TAS TpEls TAUTAS 


dadopas. 





® Obviously the work of Perseus was on a substantial 
scale to be associated with these names, but nothing is known 
of him beyond these two references. He presumably 
flourished after Euclid (since the conic sections were probably 
well developed before the spiric sections were tackled) and 
before Geminus (since Proclus relies on Geminus for his 
knowledge of the spiric curves), He may therefore be 
placed between 300 and 75 B.c. 

Nicomedes appears to have flourished between Eratosthenes 
and Apollonius. He is known only as the inventor of the 
conchoid, which has already been fully described (vol. i. 
pp. 298-309). 

It is convenient to recall here that about a century later 
flourished Diocles, whose discovery of the cissoid has already 
been sufficiently noted (vol. i. pp. 270-279). He has also 
been referred to as the author of a brilliant solution of the 
problem of dividing a cone in a given ratio, which is equi- 
valent to the solution of a cubic equation (supra, p. 162 n. a). 
The Dionysodorus who solved the same problem (ibid.) may 
have been the Dionysodorus of Caunus mentioned in the 
Herculaneum Roll, No. 1044 (so W. Schmidt in Bibliotheca 
mathematica, iv. pp. 321-325), a younger contemporary of 
Apollonius; he is presumably the same person as the 
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conchoid and Hippias for the quadratices and Perseus 
for the spiric curves.* 


Ibid., ed. Friedlein 119. 8-17 


We say that this is the case with the spiric surface ; 
for it is conceived as generated by the revolution of 
a circle remaining perpendicular [to a given plane] 
and turning about a fixed point which is not its centre. 
Hence there are three forms of spire according as the 
centre is on the circumference, or within it, or with- 
out. If the centre is on the circumference, the spire 
gencrated is said to be continuous, if within interlaced, 
and if without open. And there are three spiric 
sections according to these three differences. 


Dionysodorus mentioned by Heron, Metrica ii. 13 (cited 
infra, p. 481), as the author of a book On the Spire. 

* This last sentence is believed to be a slip, perhaps due to 
too hurried transcription from Geminus. At any rate, no 
satisfactory meaning can be obtained from the sentence as it 
stands. ‘Tannery (Aémoires scientifiques ii. pp. 24-28) inter- 
prets Perseus’ epigram as meaning “ three curves in addition 
to five sections.” He explains the passages thus: Let a be 
the radius of the generating circle, ¢ the distance of the 
centre of the generating circle from the axis of revolution, 
d the perpendicular distance of the plane of section (assumed 
to be parallel to the axis of revolution) from the axis of revolu- 
tion. Then in the open spire, in which c>a, there are five 
different cases : 

(1) c+a>d>c. The curve is an oval. 

2) d=c. ‘Transition to (3). 

3} c>d>c-a. The curve is a closed curve narrowest in 
the middle. 

(4) d=c-a. The curve is the hippopede (horse-fetter), 
which is shaped like the figure of 8 (v. vol. i. pp. 414-415 for 
the use of this curve by Eudoxus). 

(5) e-a>d>0. The section consists of two symmetrical 
ovals. 

Tannery identifies the “‘ five sections’? of Perseus with 
these five types of section of the open spire ; the three curves 
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(6) Attempts To Prove THE PaRALLEL PosTULATE 


(i.) General 
Procl. in Fuel. i., ed. Friedlein 191. 16-193. 9 


c¢ K A 94 > } , 38 / 58 ~ 3 ld 
at éav eis Svo edfetas edlcia euainrovea 
Tas évTOs Kal emt Ta adTa pepn ywrias dvo opAav 
éXdtrovas moun, exBaddopevas tras evleias én’ 
dmeipov oupminrew, ep & pepn elolv at tTa@v Sdvo 
opbav éAarroves. 

Toéro kal mavreAds Staypadew xp TeV airn- 
patwv: Jewmpyna yap €ott, woAAds pév azropias 
emdexopevov, as Kat 6 IIroAepatos ev rue BiBrAiw 
Stadtcar mpotvfero, wodrAdv dé els amdderEw 
Sedpevov Kal Opwv Kat OewpnuaTwv. Kal Td ye 
avriatpépov Kat 6 Eucdeidns ws Oedipnua Seixvucw. 
tows d€ dv TiWes amaTwpevor Kal TOOTO TaTTELW 
e€v Tots aiThpacw agimoeav, ws dia THY eAdtTwoww 
trav Sto dpbdv atirolev thy miotw mapexdpevov 


described by Proclus are (1), (8) and (4). When the spire is 
continuous or closed, c=a and there are only three sections 
corresponding to (1), (2) and (3); (4) and (5) reduce to two 
equal circles touching one another. But the interlaced spire, 
in which c<a, gives three new types of section, and in these 
Tannery sees his “‘ three curves in addition to five sections.”’ 
There are difficulties in the way of accepting this interpreta- 
tion, but no better has been proposed. 

Further passages on the spire by Heron, including a 
formula for its volume, are given infra, pp. 476-483. 

@ Kucl.i. Post. 5, for which v. vol. i. pp. 442-443, especially 


n. ¢. 
Aristotle (Anal. Prior. ii. 16, 65 a 4) alludes to a petitio 
principii current in his day among those who “ think they 
establish the theory of parallels °—7vas mapadAjAous ypddeu. 
As Heath notes (The Thirteen Books of Euclid’s Elements, 
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(6) Arrempts To Prove THE PaRaLLeL PosTULATE 


(i.) General 
Proclus, On Euclid i., ed. Friedlein 191. 16-193. 9 


“Tf a straight line falling on two straight lines make 
the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, 
meet on that side on which are the angles less than two 
right angles."’ 

This ought to be struck right out of the Postulates; 
for it is a theorem, and one involving many diffi- 
culties, which Ptolemy set himself to resolve in one 
of his books, and for its proof it needs a number 
of definitions as well as theorems. Euclid actually 
proves its converse as a theorem. Possibly some 
would erroneously consider it right to place this 
assumption among the Postulates, arguing that, as 
the angles are less than two right angles, there is 


vol. i. pp. 191-192), Philoponus’s comment on this passage 
suggests that the petitio principii lay in a direction theory of 
parallels, Euclid appears to have admitted the validity of 
the criticism and, by assuming his famous postulate once and 
for all, to have countered any logical objections. 
Nevertheless, as the extracts here given will show, ancient 
geometers were not prepared to accept the undemonstrable 
character of the postulate. Attempts to prove it continued 
to be made until recent times, and are summarized by R. 
Bonola, ‘‘ Sulla teoria delle parallele e sulle geometrie non- 
euclidee ’? in Questioni riguardanti la geometria elementare, 
and by Heath, loc. cit., pp. 204-219. The chapter on the 
subject in W. Rouse Ball’s Mathematical Essays and Recrea- 
tions, pp. 307-326, may also be read with profit. Attempts 
to prove the postulate were abandoned only when it was 
shown that, by not conceding it, alternative geometries could 
e built. 
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THs TOV eladv avvevoews Kal auumTTmcews. 
mpos ous 0 Leptvos oplads aanvrnce Aéywv tt 
Trop: avray eu dbopev Tov THs ETAT HDS TAUTNS 
‘ 

nyEHovay py mave mpoaexew Tov vody rats 
mGavats davracias ets THY TOV Aoyev TOV ev 
yewperpia Trapa5ox yy. GjLoLov yap pyar Kal 
"AptototeAns pntopikov azrodetEeus amaurety Kal 
VEwLeT pou 7 avodoyoivros avexeaUar, Kat 6 Tapa 
7T@ HAdrwve Lyupias, oT “‘ tTols ek THY etkoTwV 
TAS aTrObELEELS TrOLOUpLEVOLS GUVOLOa ova dAaldct.” 
KavTavda Toiwvy TO pev HAaTTWULevWY TeV opJdv 
cuveveww Tas eVetas adnOés Kal dvayKatov, TO 
d€ auvevovcas emt mA€ov év TH éxBadAcoIar ovp- 
meceto0at more muBavov, add’ ovK avayKaiov, el 
un Tis amodci~evey Adyos, OTe emi Tav edvOerdv 
tovdto aAnfés. To yap elvai tivas | YpapLLas 
cuviovoas pey em’ dmeipov, daoupmTwTous b€ 
bmapyovcas, Kaitot Soxotv amifavov elvat Kat 
mapadogov, Gps adynbés éore Kal mepuspara en 
aM €l0Gv THS ypappns. pyMOTE obv TovTO 
Kal ém7l TOV evderav Suvaror, Omep em exeivoy 
TOV ypappav; €ews yap av S, amodetLews avTo 
KaTadnowpucba, TEploTrg mv davraciay Ta é€7 
GAAwv Secxvijeva Ypappay. el O€ Kal OF Suappuo~ 
Bntotvres Adyou mpos TH OULTTWOW Trond 70 
aAnKTiKOV Exoev, THs odxt woAA@ wA€ov av TO 
mBavov TobTo Kat To adAoyov exBadAo.wev THs 
Huerepas _Tapavoxis 5 

OTe prev amrodere xe?) Cnrety tod Tpo- 
Keyevov Yewpryatos OfAov é€k rTovTwY, Kal ort 


* lor Geminus, v. infra, p. 370 n. ¢. 
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immediate reason for believing that the straight lines 
converge and meet. To such, Geminus @ -rightly 
rejoined that we have learnt from the pioneers of this 
science not to incline our mind to mere plausible. 
imaginings when it is a question of the arguments 
to be used in geometry. For Aristotle® says it is 
as reasonable to demand seientific proof from a 
rhetorician as to accept mere plausibilities from a 
geometer, and Simmias is made to say by Plato® that 
he “‘ recognizes as quacks those who base their proofs 
on probabilities.” In this case the convergence of 
the straight lines by reason of the lessening of the 
right angles is true and necessary, but the statement 
that, since they converge more and more as they are 
produced, they will some time meet is plausible but 
not necessary, unless some argument is produced to 
show that this is true in the ease of straight lines. 
For the fact that there are certain lines which con- 
verge indefinitely but remain non-secant, although 
it seems improbable and paradoxical, is nevertheless 
true and well-established in the case of other species 
of lines. May not this same thing be possible in the 
case of straight lines as happens in the case of those 
other lines? For until it is established by rigid 
proof, the facts shown in the case of other lines may 
turn our minds the other way. And though the eon- 
troversial arguments against the meeting of the two 
lines should contain much that is surprising, is that 
not all the more reason for expelling this merely 
plausible and irrational assumption from our accepted 
teaching ? 

It is elear that a proof of the theorem in question 
must be sought, and that it is alien to the special 


> Eth. Nic. i, 3. 4, 1094 b 25-27, © Phaedo 92 v. 
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THS TOV airnuatwy é€oriv adrddrpiov ididTHTOS, 
m@s d5€ amodeiKTéov at’To Kal dia Toiwy Adyuww 
avatpetéov Tas mpos avro epopevas evoTacets, 
Tyvikatra AeKtéov, vika adv Kal 6 oToLyelwT)s 
attod pwéeAAn rorveiofar pvipnvy ws evapyet mpoo- 
Xpajevos. ToTe yap avayKaiov abvrod deifat 
THY evapyeav OvK avamrodEelKTWS mpodatvopevny 
aAAad de’ aodeifewv yrwpysov yryvopévny. 


(ii.) Posedontus and Geminus 
Ibid., ed. Friedlein 176. 5-10 


Kai 6 pev EvxdAcidns tobrov dpilerat tov tpdtov 
\ / >] / € 4 / 
Tas mapaAddjAous edfeias, 6 dé Llocedanos, 
mapadAnvo., Pyaiv, eiolv at prjte auvevovoa pyre 
Gmovevovoat ev évi émumédw, adX’ toas exovoat 


* i.e, Eucl. i. 28. 

> Posidonius was a Stoic and the teacher of Cicero; he 
was born at Apamea and taught at Rhodes, flourishing 
151-135 B.c. He contributed a number of definitions to 
elementary geometry, as we know from Proclus, but is more 
famous for a geographical work On the Ocean (lost but 
copiously quoted by Strabo) and for an astronomical work 
Ilepi perewpwv. In this he estimated the circumference of 
the earth (v. supra, p. 267) and he also wrote a separate work 
on the size of the sun. 

¢ As with so many ofthe great mathematicians of antiquity, 
we know practically nothing about Geminus’s life, not even 
his date, birthplace or the correct spelling of his name. As 
he wrote a commentary on Posidonius’s epi perewpwv, we 
have an upper limit for his date, and “‘ the view most gener- 
ally accepted is that he was a Stoic philosopher, born prob- 
ably in the island of Rhodes, and a pupil of Posidonius, and 
that he wrote about 73-67 s.c.” (Heath, H.G.M. ii. 223). 
Further details may be found in Manitius’s edition of the 
so-called Gemini elementa astronomiae. 

Geminus wrote an encyclopaedic work on mathematics 
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character of the Postulates. But how it should be 
proved, and by what sort of arguments the objections 
made against it may be removed, must be stated at 
the point where the writer of the Elements is about 
to.recall it and to use it as obvious. Then it will 
be necessary to prove that its obvious character does 
not appear independently of proof, but by proof is 
made a matter of knowledge. 


(ii.) Postdonius ® and Geminus ® 
Ibid., ed. Friedlein 176. 5-10 


Such is the manner in which Euclid defines parallel 
straight lines, but Posidonius says that parallels are 
lines in one plane which neither converge nor diverge 


which is referred to by ancient writers under various names, 
but that used by Eutocius (Tév paénudrwv Bewpia, v. supra, 
pp. 280-281) was most probably the actual title. It is un- 
fortunately no longer extant, but frequent references are 
made to it by Proclus, and long extracts are preserved in an 
Arabic commentary by an-Nairizi. 

It is from this commentary that Geminus is known to have 
attempted to prove the parallel-postulate by a definition of 
parallels similar to that of Posidonius. The method is repro- 
duced in Heath, H.G.M. ii. 228-230. It tacitly assumes 
** Playfair’s axiom,” that through a given point only one 
parallel can be drawn to a given straight line; this axiom 
—which was explicitly stated by Proclus in his commentary 
on Eucl. i. 30 (Procl. in Fucl.i., ed. Friedlein 374. 18-375. 3)— 
is, in fact, equivalent to Euclid’s Postulate 5. Saccheri noted 
an even more fundamental objection, that, before Geminus’s 
definition of parallels can be used, it has to be proved that 
the locus of points equidistant from a straight line is a straight 
line; and this cannot be done without some equivalent 

ostulate. Nevertheless, Geminus deserves to be held in 

onour as the author of the first known attempt to prove the 
parallel-postulate, a worthy predecessor to Lobachewsky 
and Riemann. 
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N ? 4 > A ~ 
macas tas Kallérous Tas ayopevas amo THY THS 
e / > A rd 
ETEepus Onpletwv emi THY AowTHY. 


(iii.) Ptolemy 
Ibid., ed. Friedlein 362. 12-363. 18 


"AAV ows pev 6 Lrowyewwris Setkvuow ste 
dvo oplais towyv ovodr Tov evTos at evOetas 
mapaAAndAot €tL, pavepov eK TOV YEypapyprevony. 
[TroAepatos dé év ols dmodetEat trpodlero Tas an 
edarrovuy 7 7 ovo oplay exBahdopevas OUpLTinTEL, 
ed’ a HEpn eto at TOV ovo opbarv eAdoooves, 
TOOTO ™po TavTev decxvds TO Dewpnua To Sveiv 
dplais iowyv imapyovoav tav évros mapadAjdous 
elvar Tas edOetas ovTW WS SeEtKVUOLY. 

"Eotwoav dvo ed0eia at AB, TA, Kal reuvérw 
mis adtas ed0cta 7) EZHO, adore tas tro BZH 


EB 





kat t7o ZHA ywvias dvo dplais toas movetv. 
Adyw dre tapdAAndAoi ciow at edfeta, tovréoTw 
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but the perpendiculars drawn from points on one of 


the lines to the other are all equal. 


(iii.) Ptolemy ¢ 
Ibid., ed. Friedlein 362. 12-363. 18 


How the writer of the Elements proves that, if the 
interior angles be equal to two right angles, the 
straight lines are parallel is clear from what has been 
written, But Ptolemy, in the work ® in which he 
attempted to prove that straight lines produced from 
angles less than two right angles will meet on the 
side on which the angles are less than two right 
angles, first proved this theorem, that if the interior 
angles be equal to two right angles the lines are parallel, 
and he proves it somewhat after this fashion. 

Let the two straight lines be AB, I'A, and let any 
straight line EZHO cut them so as to make the angles 
BZH and ZHA equal to two right angles. I say that 


the straight lines are parallel, that is they are non- 


* For the few details known about Ptolemy, v. infra, 
p. 408 and n. b. 
> This work is not otherwise known. 
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dovpntwrot «iow. ef yap Suvarov, oupmmté- 
twoav éxBadAduevaa at BZ, HA kara 7d K. 
émet odv ev0cta 7» HZ édéorynxey emi tiv AB, Svo 
opOais toas moet tas bd AZH, BZH ywvias. 
opotws dé, evet 7» HZ edh€ornkey emi rv TA, dvo 
opbais toas move? tas tro THZ, AHZ ywvias. 
ai téooapes apa at to AZH, BZH, THZ, AHZ 
tétpacw opbais toa cioiv, wv ai dvo ai tno BZH, 
ZHA dvo dpbais tmdxewrat toa. Aoimal apa 
at tro AZH, [HZ xai atrat S00 épbais toa. 
ei otv at ZB, HA évo epbais towv obody tayv 
evtos exkBadAdpevat auvémecov Kara To K, xa 
ai ZA, HI éxBaAAdopevar oupmecobvrat, dvo 
yap Spats kat at v1o AZH, THZ toa etoiv. 
7) yap Kat’ apddrepa ouptrecobvrat al evdectar, 
n KaT ovderepa, eimep Kal abrat Kaxelvar dto 
oplats eiow toa. ovpmimrérwoav odv ai ZA, 
HD xara ro A. ati dpa AABK, ATAK ed@etar 
ywplov Tmepiexovow, O7ep aodvvaTov. ovK apa 
duvatév €otiw dvo opbais iowy ovodv tadv evrds 
ouprinrew tas ev0eias. mapadAndAor apa eiaiv. 


Ibid., ed. Friedlein 365. 5-367. 27 


"Hdn peév obv Kal dAdo twes ws Bewpnua mpo- 
ratavres TOOTO aitnua Tapa TH Lroryewwrh Anpbev 
amrodeifews n&iwoav. doKxet dé Kai o Irodepaios 
¢ There is a Common Notion to this effect interpolated in 
the text of Euclid; v. vol. i. pp. 444 and 445 n. a. 

> The argument would have been clearer if it had been 
proved that the two interior angles on one side of: ZH were 
severally equal to the two interior angles on the other side, 
that is BZAH=THZ and AHZ=AZH; whence, if ZA, HT 
meet at A, the triangle ZHA can be rotated about the mid- 
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secant. For, if it be possible, let BZ, HA, when pro- 
duced, meet at K. ‘Then since the straight line HZ 
stands on AB, it makes the angles AZH, BZH equal 
to two right angles [Kucl. i. 13]. Similarly, since 
HZ stands on IA, it makes the angles [HZ, AHZ 
equal to two right angles [zbid.]. Therefore the four 
angles AZH, BZH, 'HZ, AHZ are equal to four right 
angles, and of them two, BZH, ZHA, are by hypo- 
thesis equal to two right angles. Therefore the 
remaining angles AZH, I‘'HZ are also themselves 
equal to two right angles. If then, the interior 
angles being equal to two right angles, ZB, HA meet 
at K when produced, ZA, HI will also meet when 
produced. For the angles AZH, [HZ are also equal 
to two right angles. Therefore the straight lines will 
either meet on both sides or on neither, since these 
angles also are equal to two right angles. Let ZA, 
HI meet, then, at A. Then the straight lines AABK, 
ATAK enclose a space, which is impossible. There- 
fore it is not possible that, if the interior angles be 
equal to two right angles, the straight lines should 
meet. Therefore they are parallel.® 


Ibid., ed. Friedlein 365. 5-367. 27 


Therefore certain others already classed as a 
theorem this postulate assumed by the writer of the 
Elements and demanded a proof. Ptolemy appears 


point of ZH so that ZH lies where HZ is in the figure, while 
ZK, HK lie along the sides HI’, ZA respectively ; and there- 
fore Il, ZA must meet at the point where K falls. 

The proof is based on the assumption that two straight 
lines cannot enclose a space. But Kiemann devised a geo- 
metry in which this assumption does not hold good, for all 
straight lines having a common point have another point 
common also, 
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> Av & , 9 “~ A lo A > > 9% / 
avTo Seikvuvar ev T@ TEpt TOU Tas am eAaTTévewy 
bo) S , bd Q “A > AA / lj q Py , 
7 Sv0 opbav éexBadAopéevas ovprintew, kat Seikvvat 
70AAG mpodaPwr T&v péxpt ToGde Tob Oewpraros 
bo Tod LtTowyewwrot mpoamrodsederypevwv. Kal 
tToKkeioOw mavra elvar ddnOh, wa ph Kal apets 
oxAov erreccdywpev adov, Kal ws Anupdriov TobTo 
decxvucbat Sia TOV mpoeipnuevwv: ev Sé Kai TobTo 
Tov mpodederypevwv TO Tas amd Svely dpbats towv 
exBadropévas pndayds ovprinrew. éyw toivey 
id 4 A 9 4 > s 4 A 4 
OTL Kal TO avavadw adAnfés, Kal 7d mapadAjrAwy 
ovody tav ev0adv Kal Tepvonerwy bad pias 
evdeias Tas evTds Kat emt Ta atta pépn ywvias 
“a > / A 
dvo0 dplais tcas elvar. avdyKn yap THY Téuvovoar 
; “~ ~ 
Tas mapadArAous  dvo dpbais toas movety Tas 
evTos Kal emt Ta adTa péepn ywrias 7) dvo dpbadv 
3 , ha! bad a / 
é\dacous 7 peilovs. éoTwoay otv mapddAndor 
at AB, TA, kat éumarérw eis adtas 4 HZ; 
Aéyw OT od Travet bo dpOdyv peilous tas evTos 
Kal emt TA avtd. ei yap ai two AZH, THZ duo 


A Z B 


P H A 


dp0av peilous, ai Aowral ai tnd BLZH, AHZ 8vo 
3 “~ 3 / > 4 A 4 9 ~ / 
opbav €éAdocovs. aAdka Kai do dpOdv peilous 
at avrac’ obdev yap paddAdov at AZ, TH zapd)- 
Andro. 4 ZB, HA, dote ei 7 eumecoioa eis tas 
AZ, VH 8vo dpOdv peifous moved tas éevtds, Kal 
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to have proved it in his book on the proposition that 
straight lines drann from angles less than two right 
angles meet tf produced, and he uses in the proof 
many of the propositions proved by the writer of 
the Elements before this theorem. Let all these be 
taken as true, in order that we may not introduce 
another mass of propositions, and by means of the 
aforesaid propositions this theorem is proved as a 
lemma, that straight lines drann from two angles to- 
gether equal to two right angles do not meet when pro- 
duced *—for this is common to both sets of preparatory 
theorems. I say then that the converse is also true, 
that ¢f parallel straight lines be cut by one straight line 
the interior angles on the same side are equal to two right 
angles.” For the straight line cutting the parallel 
straight lines must make the interior angles on the 
same side equal to two right angles or less or greater. 
Let AB, [A be parallel straight lines, and let HZ cut 
them ; I say that it does not make the interior angles 
on the same side greater than two right angles. For 
if the angles AZH, [HZ are greater than two right 
angles, the remaining angles BZH, AHZ are less 
than two right angles.°. But these same angles are 
greater than two right angles; for AZ, [TH are not 
more parallel than ZB, HA, so that if the straight line 
falling on AZ, 'H make the interior angles greater 
than two right angles, the same straight line falling 


* This is equivalent to Eucl. i. 28. 

» This is equivalent to Eucl. i. 29. : 

* By Eucl. i. 13, for the angles AZH, BZH are together 
equal to two right angles and so are the angles THZ, AHZ. 
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> 4 ~ 
» ets tas ZB, HA eurintovoa S00 dpfdv moujoe 
4 ‘ > , 3 >] € 5 ‘ ‘ 4 > ~ 
petlous tas evtds: GAN’ at adrat Kat dvo0 opbav 
é\docous: ai yap técoapes at tro AZH, HZ, 
BZH, AHZ rérpactw dpbats toa: omep advvarov. 
€ 4 ‘ / o >] \ 
duotws 8) Setfopev ote ets tas mapaAAnjdous 
€unimrovoa ov moet dSv0 opbdv eéddaaovs Tas 
évros Kat em Ta avTa pépy ywvrias. et Sé prjte 
petlovs pyte éeAdocous moet t&v dv0 opbdr, 
a ” a 
Aeimerar THY eumintovcav dv0 opbais icas zovety 
Tas €vTos Kal emt TA avTa pLépyn ywvrias. 
s 
Tovrov 57 otv mpodecdevypevou TO mTpoketpevov 
> / > / / A @ oN 
avapdioByTyTws amodetkvuTar. Aéyw yap OTe €ay 
“~ 9 
eis S00 edfetas edOeia eumintovoa tas evTos Kal 
4 ~ ~ 
emt ra adTa pépyn ywvrias dvo0 dpIav €Aacoovas moun, 
~ ~ > 
ouptrecobvTar at ed0etar exBadAdcpevar, ep’ a pep 
elolv at trav dvo opOdy eAdcooves. py yap cup- 
, »\\? > oo + , > 2972 A 
martérwoav. daAd’ et acvpumTwro etow, ed a 
4, € ~ } / 3 Q ~ 7 ? dA ~ ~ 
pépy at ta&v S00 opOdy EAdcaoves, 7TOAA@ paAov 
€covrat aovpntTwroa emt Oarepa, ep a Ta&v Svo 
9 UN > ~ e€ / @ 7479 e , " 
cio opbdv at peiloves, wore eb Exatepa ay elev 
> , € 9 A 9 ‘ ~ , t 
dovpntwro at edletar. ef d€ todro, wapaddAndAoi 
ciow. aAAa dédexTat ore 4) Els TAS apaAArjAous 
> N 
éumintovoa Tas €vTos Kal emt Ta atta pepy Svo 
6pbais toas Troujoe ywrias. at adrat dpa Kal dvo 
9 ~ ” . ov > AG Ad. @ 
dpbats toat Kat dvo opbdv €Aacaoves, Orep 
GOUVaTOV. 
™~ 4 e nm 4 
Taira mpodedeyws o IItoAewatos Kai Katav- 





@ See note c on p. 377. 

’ The fallacy lies in the assumption that “ AZ, TH are not 
more parallel than ZB, HA,”’ so that the angles BZH, AHZ 
must also be greater than two right angles, This assump- 
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on ZB, HA also makes the interior angles greater 
than two right angles ; but these same angles are less 
than two right angles, for the four angles AZH, ['HZ, 
BZH, AHZ are equal to four right angles * ; which is 
impossible. Similarly we may prove that a straight 
line falling on parallel straight lines does not make 
the interior angles on the same side less than two 
right angles. But if it make them neither greater 
nor less than two right angles, the only conclusion 
left is that the transversal makes the interior angles 
on the same side equal to two right angles.° 

With this preliminary proof, the theorem in ques- 
tion is proved beyond dispute. I mean that if a 
straight line falling on two straight lines make the interior 
angles on the same side less than two right angles, the two 
straight lines, if produced, nill meet on that side on which 
are the angles less than two right angles. For (, if 
possible,] let them not meet. But if they are non- 
secant on the side on which are the angles less than 
two right angles, by much more will they be non- 
secant on the other side, on which are the angles 
greater than two right angles, so that the straight 
lines would be non-secant on both sides. Now if this 
should be so, they are parallel. But it has been 
proved that a straight line falling on parallel straight 
lines makes the interior angles on the same side equal 
to two right angles. Therefore the same angles are 
both equal to and less than two right angles, which 
is impossible. 

Having first proved these things and squarely faced 
tion is equivalent to the hypothesis that through a given 
pent only one parallel can be drawn to a given straight line ; 

ut this hypothesis can be proved equivalent to Euclid’s 


postulate. It is known as “ Playfair’s Axiom,” but is, in 
‘fact, stated by Proclus in his note on Eucl. i. 31. 
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Thoas «is TO mpoKeimevov axpiBearepdsv te mpoc- 
“a , 4 a ¢ LA! 9 4 > , 
Betvar BovAerat Kai Setar dri, cay eis So edOelas 
ev0cia €umintrovoa tas évtds Kat emi ra atra 
wépn ovo opbdv movh eAdocovas, od pdvov ovk 
elaiv adavpmtwrot at edbeiar, ds SéSeuxrar, GAXA 
Kal 9 ovpmtwois abtdv Kar’ éxeiva ylverar 7a 
4 >y7> A e ~ ? bd ~ >i , ? Le ae 
wepn, <p a al trav So dpbdv edAdaaoves, od ed 

C3) € , sd a 4 > a e 
d ai peiloves. eotwoav yap So edbeciar ai AB, 
A > f > I= i? , 
PA kat éuminrovoa eis abras 4} EZHO zovetrw 
4 ~ 
tas v0 AZH kai to THZ 8vo dpO&v eAdaaous. 





@ A 


ai Aowat dpa peilovs Svo0 dpOdv. drt pev [odv}! 
ovk aovpmrutor at edOeiar SéSexrar. ef Sé cup- 
mimtovow, ) emt 7a A, T° ovprecotvra, 7) emi 
7a B, A. cupmarérwoav éni 7a B, A Kata 76 
K. eet odv ai pev bro AZH cai THZ Svo 
op§av etaw €Adaoous, ai S¢ id AZH, BZH Svo 
9 ~ ” “~ > , ~ € b 

oplais tcat, Kowns adpawpefetons ris tnd AZH, 
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the theorem in question, Ptolemy tries tomake a more 
precise addition and to prove that, if a straight line 
falling on two straight lines make the interior angles 
on the same side less than two right angles, not only 
are the straight lines not non-secant, as has been 
proved, but their meeting takes place on that side on 
which the angles are less than two right angles, and 
not on the side on which they are greater. For let 
AB, TA be two straight lines and let EZHO fall on 
them and make the angles AZH, I'HZ less than two 
right angles. Then the remaining angles are greater 
than two right angles [Eucl. i. 13]. Now it has been 
proved that the straight lines are not non-secant. If 
they meet, they will meet either on the side of A, T' 
or on the side of B, A. Let them meet on the side 
of B, Sat K. Then since the angles AZH, [HZ are 
less than two right angles, while the angles AZH, 
BZH are equal to two right angles, when the common 


angle AZH is taken away, the angle [HZ will be less 





1 ody is clearly out of place, 
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“~ 4 

4 vmod THZ édAdoowv é€orar tis bno BZH. 

iA ” a @ > A “~ > 4 A 
tprywvov dpa tod KZH 7 €xros rijs evros Kat 

, 
dmevavriov €Adcowv, Step advvaTov.  ovK apa 
KaTa TabTa cuptimtovow. GAAa pHV ovpTimrovot. 
“~ w 
Kata Odrepa apa % avunTwors abr&v éorat, Kal’ 
~ ~ > xy 7 

d at trav S00 dpbdv elow edaoaoves. 


(iv.) Proclus 
Ibid., ed. Friedlein 371. 23-373. 2 


Tovrou 579 mpourrorebévros héyw ort, €av Trapad- 
AjAwv ebOerdv thy érépay Téuver tis evOeta, TEwet 
Kat THY AouTHD. | 

"Eorwoav yap mapaddAndo. at AB, TA, kat 
reuvéerw tiv AB 4 EZH. Adyw ore riv TA 


TELLEL. 


E 


el 
> A \ 4 3 af ? > 43 eres . 
Ezet yap Svo ed@eial ciow ad’ évds onpelov 
rob Z, els dzeipov éexBadAcpevac at BZ, ZH, 
ravros peyéQous peilova éxovor didoracw, wore 
A 4 g > \ \ 4 ~ é 
Kal ToUToV, Gaov €oTl TO peTakd THY TapadAAjAwy. 
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than the angle BZH. Therefore the exterior angle 
of the triangle KZH will be less than the interior and 
opposite angle, which is impossible [Fucl. i. 16]. 
Therefore they will not meet on this side. But they 
do meet. Therefore their mecting will be on the 
other side, on which the angles are less than two 


right angles. 


(iv.) Proclus 
Ibid., ed. Friedlein 371. 23-373. 2 


This having first been assumed, I say that, if any 
straight line cut one of parallel straight lines, tt null cut 
the other also. 

For let AB, T'A be parallel straight lines, and let 
EZH cut AB. I say that it will cut PA. 

For since BZ, ZH are two straight lines drawn from 
one point Z, they have, when produced indefinitely, 
a distance greater than any magnitude, so that it will 


also be greater than that between the parallels. 
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bid > a 3 / ~ ~ 4 
orav ovv petlov adAndAwy diacTt@ow THs tovTwv 
dtacracews Tevet 7 ZH riv TA. édv dpa mapad- 
Andwy THhv érépav Téuvyn tis eBOeta, Tepe Kal THY 
Nour. 

Tov’rtov mpoamrodeiyfevros aKxodov0ws Seikopev 
TO 7pokeiwevov.  éaTwoav yap do evetar at 
AB, TA, kat éeumarérw eis attas 7 EZ éAao- 
covas dvo dp§av movotca tas bro BEZ, AZE.* 
Aéyw ore ovprecobvrar at evOetar Kata Taira Ta 

, 7? A iY ~ , 3 ~ > 9\ 7 
pépn, ef & at T&v Sto dpOdv eiaw éAdaaous. 

*"Emeid7) yap at tro BEZ, AZE édAdooous eit 
dvo copay, TH bTEpoyn THV SvVo opOdv éoTw ton 
n 070 OLB. kat ékPePAjcdw 7 OE emi ro K. 
emet ovv ets Tas KO, TA éuméntwxev 7) EZ Kal 

~ A > A 4 > a“ ¥ A € A 
movet Tas evTos So dplats toas tas bro OEZ, 
AZE, maparAndoi ciow at OK, TA edOeiar. Kai 
réuve. THY KO 4 AB- repel dpa cat tHy TA dia 
TO mpodederypéevov.  ocuptecotvTat apa at AB, 
TA Kara 7a pépn exeiva, ed’ & at TMV dU0 dpbav 
é\docoves, Wore SéderkTal TO TMpoKEtpeEvor. 


1 AEZ codd., correxi. 





@ The method is ingenious, but Clavius detected the flaw, 
which lies in the initial assumption, taken from Aristotle, that 
two divergent straight lines will eventually be so far apart 
that a perpendicular drawn from a point on one to the other 
will be greater than any assigned distance; Clavius draws 
attention to the conchoid of Nicomedes (v. vol. i. pp. 298- 
301), which continually approaches its asymptote, and there- 
fore continually gets farther away from the tangent at the 
vertex 3; but the perpendicular from any point on the curve 
to that tangent will always be less than the distance between 
the tangent and the asymptote. 
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Whenever, therefore, they are at a distance from one 
another greater than the distance between the 
parallels, ZH will cut TA. If, therefore, any straight 
line cuts one of parallels, it will cut the other also. 
This having first been established, we shall prove 
in turn the theorem in question. For let AB, A be 
two straight lines, and let EZ fall on them so as to 


A 


I Z A 


make the angles BEZ, AZE less than two right angles. 
I say that the straight lines will meet on that side on 
which are the angles less than two right angles. 

For since the angles BEZ, AZE are less than two 
right angles, let the angle OKB be equal to the excess 
of the two right angles. And let OE be produced 
to K. Then since EZ falls on KO, TA and makes the 
interior angles 9EZ, AZE equal to two right angles, 
the straight lines OK, I'A are parallel. And AB cuts 
KO; therefore, by what was before shown, it will 
also cut TA. Therefore AB, TA will meet on that. 
side on which are the angles less than two right 
angles, so that the theorem in question is proved.* 
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(c) IsopERIMETRIC FicuREs 


Theon. Alex. in Ptol. Math. Syn. Comm. i. 3, ed. Rome, 
Studi e Testi, Ixxii. (1936), 354. 19-357. 22 


“ “Qoavtws 8° ot, THv tony TEpiweTpov exovTwv 
oxnpatrwv dswaddpwv, ézeid7) peilova éorw 7a 
ToAvywroTepa, TOV ev emuiTédwv 6 KUKAOS yiveTat 
petlwv, rdv dé orepedv 7 odaipa.”’ 

Tlounoopefa. 8 tHhv TovTwv amddekw ev emToup 
>? ~ / / > ~ \ 3 
ex TOV Lyvodeipy dederypevwy ev TH Iepi loowepi- 
HETpwWY OXNLaTwY. = 

@y tonv wepipetpov €xovrwy TeTaypévwv ev- 


A 


B K I 


* Ptolemy, Afath. Syn. i. 3, ed. Heiberg i. pars i. 13. 16-19. 
’ Zenodorus, as will shortly be seen, cites a proposition by 
Archimedes, and therefore must be later in date than Archi- 
medes ; as he follows the style of Archimedes closely, he is 
generally put not much later. Zenodorus’s work is not 
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(c) IsopERIMETRIC Figures 


Theon of Alexandria, Commentary on Ptolemy's Syntaxis 
i. 3, ed. Rome, Studi ¢ Testi, Ixxii. (1936), 354. 19-357. 22 


‘‘ In the same way, since the greatest of the various 
figures having an equal perimeter is that which has 
most angles, the circle is the greatest among plane 
figures and the sphere among solid.*”’ 

We shall give the proof of these propositions in a 
summary taken from the proofs by Zenodorus ® in his 
book On Isoperimetric Figures. 

Of all rectilinear figures having an equal pertmeter— 


A 





EM A Z 


extant, but Pappus also quotes from it extensively (Coll. v. 
ad init.), and so does the passage edited by Hultsch (Papp. 
Coll., ed. Hultsch 1138-1165) which is extracted from an 
introduction to Ptolemy’s Syntaxis of uncertain authorship 
(v. Rome, Studi e Testi, liv., 1931, pp. xiii-xvii). It is dis- 
puted which of these versions is the most faithful. 
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Guypappwv oxnpatwr, A€éyw 67 icomAedpwv re 
Kal looywriwy, TO ToAVywroTepoy petlov eorw. 
"Eotw yap toomepiwetpa todmAeupa te Kal ico- 
yova ta ABT, AEZ, srodvywvdrepov S€ éoTw 
To ABT. Aéyw, oti petfov éorw 76 ABI. 
EiAjdéw yap ra Kévrpa tov epi ra ABT’, 
AEZ zodvyova teptypadopévwy Kixawy ra H, 
©, Kat emelevyOwoav at HB, HT, OE, OZ. kai 
ercatro TOV H, © emi tas BI’, EZ xaberor FyOwoav 
at HK, OA. ezet odv aodvywvdtepov éorw 76 
ABI’ rot AEZ, wAcovdnis 4» BI’ rhv ros ABT 
TEpipeTpov KatapeTpel nrep 7 EZ tyv tot AEZ. 
Kal €low icat at mepieTpor. pretlwy dpa 7 EZ 
tis BI: wore wat » EA ris BK. xkeio€w rH 
BK ton 7 AM, kat émeledyOw 7 OM. Kai eed 
eorw ws 7 EZ evd0cia mpos thy rob AEZ zodv- 
ywvov TrepieTpov ovTwWs H d10 EOZ apés 6 dpbas, 
dua TO tadmAevpov elvat 76 troAvywvov Kai icas 
dmodapBavew epipepeias Tot mreprypadopevou 
KUKAOU Kal Tas TPOS TH KEVTPW ywrias TOV adToV 
exew Adyov tais mepipepeias ef’ dv BeBryxaovw, 
ws 5€ 9 Tob AEZ mepipetpos, touréorw % 706 
ABI, zpos tyv BI’ odtws ai § dpbat apos riv 
tno BHI, 8° toov dpa ws 7 EZ apos BI, rov- 
téorw 7 EA zpos AM, ottws cai 7 to EOZ 
ywvia mpos Thv v7o BHT, rouréorw 4 t1o EOA 
mpos THY wmo BHK. kat eet 7 EA zpos AM 
peilova Adyov exer Hep 7 UTO EOA ywvia mpds 
thy wo MOA, ws éfis Sei€opev, ws 5é 7 EA 


* @Z is not, in fact, joined in the ms. figures. 
> This is proved in a lemma immediately following the 
proposition by drawing an arc of a circle with © as centre 
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I mean equilateral and equiangular figures—the greatest 
ts that which has most angles. 

For let ABI, AEZ be equilateral and equiangular 
figures having equal perimeters, and let ABI’ have 
the more angles. I say that ABI’ is the greater. 

For let H, 8 be the centres of the circles circum- 
scribed about the polygons ABI’, AEZ, and let HB, 
HI’, OE, OZ 4 be joined. And from H, 9 let HK, OA 
be drawn perpendicular to BI, EZ. Then since ABP 
has more angles than AEZ, BI’ is contained more 
often in the perimeter of ABI’ than EZ is contained 
in the perimeter of AEZ. And the perimeters are 
equal. Therefore EZ>BI'; and therefore KA> BK. 
Let AM be placed equal to BK, and let OM be joined. 
Then since the straight line EZ bears to the peri- 
meter of the polygon AEZ the same ratio as the 
angle KOZ bears to four right angles—owing to the 
fact that the polygon is equilateral and the sides cut 
off equal arcs from the circumscribing circle, while the 
angles at the centre are in the same ratio as the arcs 
on which they stand [Eucl. iii. 26]—and the peri- 
meter of AEZ, that is the perimeter of ABI’, bears to 
BI’ the same ratio as four right angles bears to the 
angle BHI’, therefore ex aequal (Fucl. v. 17] 


EZ: BI’ =angle KOZ : angle BHI’, 
$.€.5 KA: AM=angle KOZ: angle BHT, 
£.€., EA :AM=angle KOA : angle BHK. 
And since EA: AM> angle KOA: angle MOA, 
as we shall prove in due course,? 


and ©M as radius cutting ©E and OA produced, as in Eucl. 
Optic. 8 (v. vol. i. pp. 502-505) ; the proposition is equivalent 
to the formula tana:tan B>a:fif ta>a>68. 
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mpos AM % dro E@A zpos riv tad BHK, % bad 
E@A mpos tiv do BHK peilova Adyov exe 
nmep mpos thy t7d MOA. petlwy dpa % vid 
MOA ywvria ris trod BHK. éorw 8€ Kai dpb 
" mpos TO A dp0q rH mpos TH K ton. our} dpa 
7 tro HBK petlwy €ora ris td OMA. xKeloOw 
7H vo HBK ton 4 trod AMN kai dujyOw 7 AO 
emt TON. Kai émel ion eoriv 4 bad HBK 7H tad 
NMA, dAda kai  mpos tO A ton tH mpos TO 
K, éore S€ kal 4 BK zAeupa 7H MA ion, ion dpa 
kai 9» HK 7H NA. peilwy dpa 4 HK ris OA. 
petlov apa Kai to bao THs ABI’ wepieérpov Kal 
ths HK tod tro ris AEZ aepipérpov Kal rijs 
OA. Kai €orw 7d péev dxd THs ABI’ wepiperpov 
Kat THs HK dimAdovov rob ABI zodvyuvou, éemet 
kat to bro THS BI cai ris HK SumAdordv éorw 
tob HBT zptywvov. 7o 6€ bao tHe AEZ mepi- 
petpov Kai THs OA SemAdorov rob AEZ rodvywvou. 
peilov dpa 76 ABL rodvywvov rot AEZ. 


Jbid. 858. 12-360. 3 


Tovrov SeSerypévou éyw, Gri edav KudKdos 
ev0vypappw icomAevpw te Kal icoywriw laomepi- 
jLeTpos 7), peilwv e€otar 6 KvKAos. 

Kudos yap 6 ABT isomAedpw te Kat icoywvieo 

~ ? , > s 4 w 4 re 
7T@ AZ evOvypappw tootepivetpos éatw éyw, 
ore peilwy é€otiv 6 KUKXos. 

KiaAndbw tod péev ABI’ kvKdov Kévtpov 76 H, 
tot de mept ro AEZ modvywrov meprypadopévov 

4 A s A 4 ? 

To O, Kai mepryeypddbw epi tov ABI’ xuKdAov 
390 


LATER DEVELOPMENTS IN GEOMETRY 


and KA: AM=angle KOA : angle BHK, 
oe aes KOA : angle BHK> angle EOA : MOA. 
angle MO.A> angle BHK. 


Now the right angle at A is equal to the right angle 
at K. Therefore the remaining angle HBK is greater 
than the angle OMA [by Eucl. i. 32]. Let the angle 
AMN be placed equal to the angle HBK, and let AO 
be produced to N. Then since the angle HBK is 
equal to the angle NMA, and the angle at A is equal 
to the angle at K, while BK is equal to the side MA, 
therefore HK is equal to NA [Eucl.i. 26]. Therefore 
HK>O0A. Therefore the rectangle contained by the 
perimeter of ABI’ and HK is greater than the rect- 
angle contained by the perimeter of AEKZ and OA. 
But the rectangle contained by the perimeter of 
ABI and HK is double of the polygon ABI’, since the 
rectangle contained by BI‘ and HK is double of 
the triangle HBI’ [Eucl. i. 41]; and the rectangle 
contained by the perimeter of AKZ and OA is double 
of the polygon AEZ. ‘Therefore the polygon ABI’ is 
greater than AKZ, 


Ibid. 358. 12-360. 3 


This having been proved, I say that tifa circle have 
an equal perimeter with an equilateral and equtangular 
rectilineal figure, the circle shall be the greater. 

For let ABI be a circle having an equal perimeter 
with the equilateral and equiangular rectilineal figure 
AEZ. I say that the circle is the greater. 

Let H be the centre of the circle ABI’, 8 the centre 
of the circle circumscribing the polygon AEZ; and 
let there be circumscribed about the circle ABI’ the 
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moAvywrov Cnowov tH AEZ ro KAM, kal éze- 
f ¢ A 4 > A ~ > A A 
Cevy0w 7 HB, nai ndderos amd tod © exi rip 


EZ 7nx8@w 7 ON, cal éemeledyOwoayv ai HA, OE. 


K 





A B M 


émet odv 4 ToS KAM odvydvou mepiperpos 
petlwy €orw tis tot ABI’ xdxdov mepiérpov 
ws €v T@ Ilept adaipas Kal xvdrivdpou ’Apyyudns, 
ion d€ 7» TOO ABI kvxAou aepietpos TH Tod 
AEZ zodvydvouv mepyrétpw, peilwv dpa Kai 7 
Tob KAM aodvyuwvov mepivetpos tis tob AEZ 
ToAvywvou TEepyérpov. Kai elotv Guowa Ta TOAV- 
ywva: peiCwv apa 7 BA ris NE. Kat dpowov 76 
HAB tptywvov 7H OEN rprydvw, émet Kai ta 
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polygon KAM similar to AEZ, and let HB be joined, 
and from 9 let ON be drawn perpendicular to EZ, 
and let HA, OE be joined. Then since the perimeter 


A 


EM 


of the polygon KAM is greater than the perimeter of 
the circle ABI’, as Archimedes proves in his work On 
the Sphere and Cylinder,* while the perimeter of the 
circle ABI’ is equal to the perimeter of the polygon 
AEZ, therefore the perimeter of the polygon KAM is 
greater than the perimeter of the polygon AEZ. And 
the polygons are similar ; therefore BA>NE. And 
the triangle HAB is similar to the triangle OEN, 


© Prop. 1, v. supra, pp. 48-49, 
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dda TroAvywva. pellwy dpa Kai 7 HB ris ON. 
Kat €otw ton 7» Tob ABI’ xuxdou mepipetpos TH 
tod AEZ Trohvya@vov TEpyLeTpwW. TO apa UTO THS 
TTEPLLET POV Tob ABP KdKov Kal Tijs HB petlov 
éoTw To’ vm THs TTEPULET POV Tob AEZ mroAv- 
ywvou kat THs ON. adda To pev bao THs TeEpt- 
HéTpov tod ABY kuKdov kat tis HB Sum Adovov 
Tob ABI’ KvKdAov “Apxyundns edergev, od Kal THY 
detgw ef95 exOnodpeba: 70 dé bd THs TEPULET POV 
tod AEZ zodvywvou Kal Tis ON SuAdovov Tob 
AEZ modvywvov. peilwy dpa 6 ABI xKvKdos 
tod AEZ modvywvov, omep der Set&a. 


Ibid. 364. 12-14 


Adyw 8) Kat Ort Ta&v icomepisétpwr edbvypap- 
peo oXNPaT ev Kal Tas mAeupas loomAn Gets 
eXOvTINV TO peytotov todmAeupdv Té e€aTW Kal 
icoyaviov. 

Ibid, 374. 12-14 


Adéyw 67 67t Kat 4% odaipa peilwy doriv mavTwv 
ToV tonv éemddveray éyovTwy oTepedv oynpatwr, 
mpooxpnodpevos tots vo “Apyiysndouvs dedevy- 
pevas ev TO Wlepi odaipas Kai KvAtivdpov. 


(d) Division or Zopiac CircLE INTo 360 Parts: 
Hypsic Les 


Hypsicl. Anaph., ed. Manitius 5. 25-31 
Tod tv ZwSiwv KiKrov eis TE mepupepelas iaas 
® Dim. Cire. Prop. 1, v. vol. i. pp. 316-321. 
> The proofs of these two last propositions are worked out 


by similar methods. 
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since the whole polygons are similar; therefore HB> 
ON. And the perimeter of the circle ABI is equal 
to the perimeter of the polygon AEZ. Therefore the 
rectangle contained by the perimeter of the circle 
ABI and HB is greater than the rectangle contained 
by the perimeter of the polygon AEZ and ON. But 
the rectangle contained by the perimeter of the 
circle ABI’ and HB is double of the circle ABI as 
was proved by Archimedes,? whose proof we shall 
set out next; and the rectangle contained by the 
perimeter of the polygon AEZ and ON is double 
of the polygon AEZ [by Eucl. i. 41]. Therefore the 
circle ABI’ is greater than the polygon AEZ, which 
was to be proved. 


Ibid. 364. 12-14 


Now I say that, of all rectilineal figures having an 
equal number of sides and equal perimeter, the greatest is 
that which is equilateral and equtangular. 


Ibid. 374. 12-14 


Now I say that, of all solid figures having an equal 
surface, the sphere is the greatest; and I shall use the 
theorems proved by Archimedes in his work On the 
Sphere and Cylinder.® 


(d) Division or Zopiac Circie into 360 Parts? 
HypsicLes 


Hypsicles, On Risings, ed. Manitius ° 5. 25-31 
The circumference of the zodiac circle having been 


¢ Des Hypsikles Schrift Anaphorikos nach Uberlieferung 
und Inhalt kritisch behandelt, in Programm des Gymna- 
siums zum Heiligen Kreuz in Dresden (Dresden, 1888), 1° Abt. 
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Sunpnjzevov, ExdoTn TaV TrepipepeL@v jLoipa ToTLK 
KaAciaOw. dpotws 57 Kal Tod xpovov, ev @ oO 
Cwdiakos ad od éruye onpetov émt To adro 
anueiov mapaylyverat, eis TE xpdvous tcous dinpy- 
pévov, ExaoTos THY xpdvwy poipa xpoviK) Ka- 
deiobw. 


(e) Hanpsooxs 
(i.) Cleomedes 
Cleom. De motu circ. ii. 6, ed. Ziegler 218. 8-224. 8 


s ‘ \ ~ A a | 4 ~ , 
Tovovtrwy dé trav epi thy Exreupw THs ceAnvys 
elvat éemdederypévwy doxel éevavtTiotaba. TH Aoyw 
T@ KatacKkevalovts exreimew THY cEedrjvynV Eis THY 
oKiay éunintovaay THs ys Ta Aeyoueva Kata Tas 
“ “~ > U .Y / Ld 
mapaddgous Tav eKArcifewv. pact yap Tives, OTL 
yiverat cedAnvns ékAcis Kat apypotépwv TaY 
dutav trép tov opilovta Dewpovpévwv. Ttodrov 
\ ~ ~ / A > / ¢€ S ~ o~ 
dé SiAov move? Sudte py EkAEizrer Y ceATVN TH oKd 





* Hypsicles, who flourished in the second half of the 
second century B.c., is the author of the continuation of 
Euclid’s Elements known as Book xiv. Diophantus attri- 
buted to him a definition of a polygonal number which is 
equivalent to the formula 4 n{2+(n-1)(a-2)} for the nth 
a-gonal number. 

The passage here cited is the earliest known reference in 
Greek to the division of the ecliptic into 360 degrees. This 
number appears to have been adopted by the Grecks from 
the Chaldaeans, among whom the zodiac was divided into 
twelve signs and each sign into thirty parts according to one 
system, sixty according to another (v. Tannery, A/émoires 
scientifiques, ii. pp. 256-268). The Chaldaeans do not, how- 
ever, seem to have applied this system to other circles ; 
Hipparchus is believed to have been the first to divide the 
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divided into 360 equal arcs, let each of the ares be 
called a degree in space, and similarly, if the time in 
which the zodiac circle returns to any position it has 
left be divided into 360 equal times, let each of the 
times be called a degree in time.* 


(e) HanpBooxs 
(i.) Cleomedes ® 


Cleomedes, On the Circular Motion of the Heavenly 
Bodies ii. 6, ed. Ziegler 218. 8-224. 8 


Although these facts have been proved with regard 
to the eclipse of the moon, the argument that the 
moon suffers eclipse by falling into the shadow of 
the earth seems to be refuted by the stories told 
about paradoxical eclipses. For some say that an 
eclipse of the moon may take place even when both 
luminaries are seen above the horizon. This should 
make it clear that the moon does not suffer cclipse by 


circle in general into 360 degrees. The problem which 
Hypsicles sets himself in his book is: Given the ratio between 
the length of the longest day and the length of the shortest day 
at any given place, to find how many time-degrees it takes any 
given sign to rise. A number of arithmetical lemmas are 
proved. 

> Cleomedes is known only as the author of the two books 
Kukdtxn Sewpia peredpwv. This work is almost wholly based 
on Posidonius. He must therefore have lived after Posidonius 
and presumably before Ptolemy, as he appears to know 
nothing of Ptolemy’s works. In default of better evidence, 
he is generally assigned to the middle of the first century B.c. 

The passage explaining the measurement of the earth by 
Eratosthenes has already been cited (supra, pp. 266-273). 
This is the only other passage calling for notice. 


397 


GREEK MATHEMATICS 


THs yHs Tepimimtovaa, arN’ Erepov TpoTOv. . . . 26 
TaAaoTepo. THY palypaTiKBv ovTws emexelpouv 
Avew THY atopiay TavTyV. Edacav ydp, OTL... 
ot 8° éml yas eoTares oddev av KwAvowTo dpav 
dupotépous avTovs emi Tots KUpTapacr THs ys 
€aT@tes. . . . ToLavTHY prev ovv of madatdrEpoL 
Tov pabnpatiKOv Thy THs Tpooayouevns atopias 
Avow éeroujoavTo. py mote 8” ody bys elow 
evnveypevor. ep vysous pev yap H oxis Apav 
yevonern Svvait’ av tobto maleiv, Kwvoedots Tob 
dptlovros ywopevou modu aro Tis yijs ék Tov dépa 
nav e€aplértwy, emt dé Ths yhs éorwrwy 
ovdayds. «i yap Kal xupropd cOTW, ep od 
BeBrnxapev, dpaviterar nav 7 opses bmr0 T08 
peyebous Ths yhs. ... adda mparrov piev ar 
avrnTeov Aéyovras, OT. mémAacrat ° Adyos ovTos 
tad Twwv amoptav Bovdopévwv €umoufoa rots 
mept Taira KaTaywopévois TOV aoTpoAdywv Kai 
dirocddwv. . . . moAAdv S€ Kal TavTodamav mepl 
tov aépa maldv avvioractar medpuxdtwv ovK av 
ein advvarov, 7On KatadeduKdtos Tod Alou Kal 
bao Tov opilovra ovtos pavTaciav huiv mpootrecety 
ws pndémw KatadeduKdTOS avTod, 7 védous Taxu- 
répov mpos TH Svcer dvTos Kai Aaympuvopevou 
bo TOV HAvaKkav axrivwv Kai HAiov jpiv daytaciay 
dnoméumovtos 7 avOynAtov yevouevov. Kat yap 





@ i.e., the horizon would form the base of a cone whose 
vertex would be at the eye of the observer. He could thus 
look down on both the sun and moon as along the generators 
of a cone, even though they were diametrically opposite 
each other. 
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falling into the shadow of the earth, but in some other 
way. .. . The more ancient of the mathematicians 
tried to explain this difficulty after this fashion. They 
said that persons standing on the earth would not be 
prevented from seeing them both because they would 
be standing on the convexities of the earth... . 
Such is the solution of the alleged difficulty given by 
the more ancient of the mathematicians. But its 
soundness may be doubted. For, if our eye were 
situated on a height, the phenomenon in question 
might take place, the horizon becoming conical ¢ if 
we were raised sufficiently far above the earth, but it 
could in no wise happen if we stood on the earth. 
For though there might be some convexity where we 
stood, our sight itself becomes evanescent owing to 
the size of the earth. . . . The fundamental objection 
must first be made, that this story has been invented 
by certain persons wishing to make difficulty for the 
astronomers and philosophers who busy themselves 
with such matters. . . . Nevertheless, as the con- 
ditions which naturally arise in the air are many and 
various, it would not be impossible that, when the 
sun has just set and is below the horizon, we should 
receive the impression of its not having yet set, if 
there were a cloud of considerable density at the 
place of setting and if it were illumined by the solar 
rays and transmitted to us an image of the sun, or if 
there were a mock sun.? For such images are often 


> Lit. “‘ anthelion,” defined in the Oxford English Dic- 
tionary as ‘a luminous ring or nimbus seen (chiefly in 
alpine or polar regions) surrounding the shadow of the 
observer’s head projected on a cloud or fog bank opposite 
the sun.”” The explanation here tentatively put forward by 
Cleomedes is, of course, the true one. 
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- 4 , 3 ~ > ae ‘ / 
totavra ToAAa pavralerar ev TH aépt, Kal arora 
mept tov Ilovrov. 


(ii.) Theon of Smyrna 
Ptol. Math. Syn. x. 1, ed. Heiberg i. pars ii. 296. 14-16 . 


"Ev pev yap Tats Tapa O€wvos TOU pabnuariKos 


SoFeicaus nuty evpopev avayeypaypevyv THphow 
T@ is’ é€res “Adptavod. 


Theon Smyr., ed. Hiller 1. 1-2. 2 


"Ort pev ody oldv TE ouveivat TOY pabypariKds 
Aeyopevay mapa HAdrwve Tey Kab adrov noKn- 
Hévov ev 7H Gewpia TavTn, mas av aou opodo- 
yijoevev® ws Sé ovSe 7a da avugeAns ovde€ 
avovnros 7 rept Taira €paetpia, Ova. ToAA@Y avros 
enpaviler € EOLKE. TO pev obv oupmdaons yewperpias 
Kal oupmdons povatkhs Kal aoTpovoytas é€ €E[LTTELpoVv 
YEvopmevov Tots [Adrwvos ovyypaypacty evrvy- 
xavew paKaptoTov prev et Tw yevoro, ov pay 
EUTOPOV ovde pad.ov adda. Tavu mood Tod éx 
maidwy movou Seduevov. wore 5é Tovs Sunuaprn- 
KéTas Tob €v Tots pabjpaow doKxnOHvat, dpeyo- 
pevous O€ Tis yvwoews THY ovyypappdatwr adbrod 
pn Tavraracww dv roOoda Stapapreiv, Kepadawdy 
Kal OUVTO{LOV mrouoopeba TOV avayKaiwy Kal wy 
det jeddvora, tois evrevfopnevors TlAdtwu juaby- 
pariK@v Dewpnparey Trapadoow, dpOunrucdy TE 
Kal povotK@v Kal yewpeTpiK@v TOV TE KaTa 
OTEPEOMETPLaY Kat GoTpovoyiav, wy xwpis odvx 
4:00 
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seen in the air, and especially in the neighbourhood 
of Pontus. 


(ii.) Theon of Smyrna 
Ptolemy, Syntaxis x. 1, ed. Heiberg i. pars ii. 296. 14-16 


For in the account given to us by Theon the mathe- 
matician we find recorded an observation made in 
the sixteenth year of Hadrian.* 


Theon of Smyrna, ed. Hiller 1. 1-2. 2 


Everyone would agree that he could not under- 
stand the mathematical arguments used by Plato 
unless he were practised in this science ; and that the 
study of these matters is neither unintelligent nor 
unprofitable in other respects Plato himself would 
seem to make plain in many ways. One who had 
become skilled in all geometry and all music and 
astronomy would be reckoned most happy on making 
acquaintance with the writings of Plato, but this 
cannot be come by easily or readily, for it calls for 
a very great deal of application from youth up- 
wards. In order that those who have failed to 
become practised in these studies, but aim at a 
knowledge of his writings, should not wholly fail in 
their desires, I shall make a summary and concise 
sketch of the mathematical theorems which are 
specially necessary for readers of Plato, covering not 
only arithmetic and music and geometry, but also 
their application to stereometry and astronomy, for 


¢ i.e, in a.p. 132. Ptolemy mentions other observations 
made by Theon in the years a.p. 127, 129,and 130. In three 
places Theon of Alexandria refers to his namesake as “‘ the 
old Theon,” 6 @éwyv wadads (ed. Basil. pp. 390, 395, 396). 
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/ ? “ “a > 7# / A 
olév te elvai dyot tvxeiv Tod apiorov Biov, dia 
ToAAOv tavu dndwaas ws od xp} TOV pabyudrwv 
oped. 


* By way of example, Theon proceeds to relate Plato’s 
reply to the craftsmen about the doubling of the cube (v. 
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without these studies, as he says, it is not possible to 
attain the best life, and in many ways he makes 
clear that mathematics should not be ignored.* 


vol. i. p. 257), and also the Hpinomis. Theon’s work, which 
has often been cited in these volumes, is a curious hotch- 
potch, containing little of real value to the study of Plato 
and no original work. 
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XXI. TRIGONOMETRY 


1, HIPPARCHUS AND MENELAUS 


Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. Rome, 
Studi e Testi, lxxii. (1936), 451. 4-5 


Aédexrat péev ovv kai ‘Immdpyw mpaypareta 
tov ev KUKAw ev0erdy év LB BiBXjlows, Erte TE Kal 
MeveAdw ev =. 


Heron, Metr. i. 22, ed. H. Schine (Heron iii.) 58. 13-20 


"Eotw éevvaywrov isdmAevpov Kal icoywviov To 
ABTAEZHOK, od éxdorn t&v wrevpdv povadwy 


- ¢ ~ > ~ A b] } tA , s 
t. evpeity avtod To euBaddv. trepvyeypadbw epi 
A ? 


b A , & 4 ” A 
avTd KUKAos, o0 KévTpov E€oTw tro A, Kal éme- 


¢ The beginnings of Greek trigonometry may be found in 
the science of sphaeric, the geometry of the sphere, for which 
v. vol.i. p. 5 n. 6. It reached its culminating point in the 
Sphaerica of Theodosius. 

Trigonometry in the strict sense was founded, so far as we 
know, by Hipparchus, the great astronomer, who was born 
at Nicaea in Bithynia and is recorded by Ptolemy to have 
made observations between 161 and 126 s.c., the most im- 
portant of them at Rhodes. His greatest achievement was 
the discovery of the precession of the equinoxes, and he made 
a calculation of the mean lunar month which differs by less 
than a second from the present accepted figure. Unfortun- 
ately the only work of his which has survived is his earl 
Commentary on the Phenomena of Eudoxus and Aratus. It 
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1. HIPPARCHUS AND MENELAUS 


Theon of Alexandria, Commentary on Ptolemy’s Syntaxie 
i. 10, ed. Rome, Studi ¢ Testi, Ixxii. (1936), 451. 4-5 


An investigation of the chords in a circle is made by 
Hipparchus in twelve books and again by Menelaus 
in s1x.% 


Heron, Metrics i. 22, ed. H. Schine (Heron iii.) 58. 13-20 


Let ABrAEZHOK be an equilateral and equi- 
angular enneagon,° whose sides are each equal to 10. 
To find its area. Let there be described about it a 
circle with centre A, and let EA be joined and pro- 


is clear, however, from the passage here cited, that he drew 
up, as did Ptolemy, a table of chords, or, as we should say, 
a table of sines ; and Heron may have used this table (v. the 
next passage cited and the accompanying note), 

Menelaus, who also drew up a table of chords, is recorded 
by Ptolemy to have made an observation in the first year of 
Trajan’s reign (a.p. 98). He has already been encountered 
(vol. i. pp. 348-349 and n. c) as the discoverer of a curve 
called ‘“* paradoxical.”’ His trigonometrical work Sphaerica 
has fortunately been preserved, but only in Arabic, which 
will prevent citation here. A proof of the famous theorem 
in spherical trigonometry bearing his name can, however, be 
given in the Greek of Ptolemy (infra, pp. 458-463); and a 
summary from the Arabic is provided by Heath, H.G. M. ii. 
269-273. 

>» 4.¢., a figure of nine sides, 
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LevyOw 47 EA xat éexBeBAjobw emi to M, xa 
emelevy$w 7 MZ. tod apa EZM cpiywvov do06év 
€oTw Tod evvaywrov. Sédeckrar d5é€ €v Tots wept 
tay ev KiKkrdw edberdv, dt. 7 LE tHe EM spiro 
pLépos eaTiv ws eyyora. 


_2. PTOLEMY 


(a) GENERAL 
Suidas, s.v. T7oAdepatos 


IIroAepatos, 6 KAavésos xpnparioas, “Areg- 
avdpevs, grrdaogos, yeyoves emt TOY xpdvuy 
Mdpxov rod Paatréws. 070s eypaipe Mnyxavuxa 
BiBria y, Wepi dacewr Kai eTLONLAcLay aorTé pwr 
aTrAavav BuBAco B, “ArrAwow emipaveias opaipas, 
Kavova MPoxELpov, tov Méyay aorpovopov rot 
Mvvragw: Kat adda. 


* A similar passage (i. 24, ed. H. Schine 62. 11-20) asserts 
that the ratio of the side of a regular hendecagon to the 


diameter of the circumscribing circle is approximately a ; 


and of this assertion also it is said S€dexrat 5é éy trois rept 
tay ev xvii evdedv. These are presumably the works of 
Hipparchus and Menelaus, though this opinion is contro- 
verted by A. Rome, “‘ Premiers essais de trigonométrie 
rectiligne chez les Grecs”’ in L’ Antiquité classique, t. 2 (1933), 
pp. 177-192. The assertions are equivalent to saying that 
sin 20° is approximately 0-333... and sin 16° 21’ 49” is 
approximately 0-28. 

® Nothing else is certainly known of the life of Ptolemy 
except, as can be gleaned from his own works, that he made 
observations between a.p. 125 and 141 (or perhaps 151). 
Arabian traditions add details on which too much reliance 
should not be placed. Suidas’s statement that he was born 
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duced to M, and let MZ be joined. Then the triangle 
EZM is given in the enneagon. But it has been 
proved in the works on chords in a circle that 
ZE : EM is approximately 4.4 


2. PTOLEMY 


(a) GENERAL 
Suidas, s.v. Ptolemaeus 


Ptolemy, called Claudius, an Alexandrian, a philo- 
sopher, born in the time of the Emperor Marcus. He 
wrote Mechanics, three books, On the Phases and 
Seasons of the Fixed Stars, two books, Explanation of the 
Surface of a Sphere, A Ready Reckoner, the Great 
Astronomy or Syntaxis ; and others.® 


in the time of the Emperor Marcus [Aurelius] is not accurate 
as Marcus reigned from a.p. 161 to 180. 

Ptolemy’s Mechanics has not survived in any form; but 
the books On Balancings and On the Elements mentioned by 
Simplicius may have been contained in it. The lesser astro- 
nomical works of Ptolemy published in the second volume 
of Heiberg’s edition of Ptolemy include, in Greek, Ddcets 
andavav dorépwv Kal ouvvaywy) émonpacidy and IIpoyetpwy 
Kavovey Siaragts Kai Ympodopia, which can be identified with 
two titles in Suidas’s notice. In the same edition is the 
Planisphaerium, a Latin translation from the Arabic, which 
can be identified with the “AzAwois émdavelas odatpas of 
Suidas; it is an explanation of the stereographic system of 
projection by which points on the heavenly sphere are repre- 
sented on the equatorial plane by projection from a pole— 
circles are projected into circles, as Ptolemy notes, except 
great circles through the poles, which are projected into 
straight lines. 

Allied to this, but not mentioned by Suidas, is Ptolemy’s 
Analemma, which explains how points on the heavenly sphere 
can be represented as points on a plane by means of ortho- 
gonal projection upon three planes mutually at right angles— 
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Simpl. in De caelo iv. 4 (Aristot. 311 b 1), 
ed. Heiberg 710. 14-19 


“a A ¢ A > ~ 1‘ ¢ “a 
IIroAepatos 5€é 6 pabnparikos ev TH epi poradv 
> a ~ 
THv evavtiay éxwyv TH "AptorotéAe dd€av weiparar 
KaTaoKkevalew Kal avTos, OTL Ev TH EauTm@Y YwWpa 
” 4 ¢ ” € >A 4 4 s \ @ ‘ 
ovre TO VOwp ovTE 6 anp exer Bdpos. Kal OTL peV 
4 4 cd > on A 
TO Vowp ovK exe, SelxvucWW €K TO Tods KaTa- 
, \ ~ > 
dvovras pin atobdvecbas Bdpovs tot éemKerpévov 
vdaros, Kaito. Twas eis 7roAD Katadvovras Babos. 


Ibid. i. 2, 269 a9, ed. Heiberg 20. 11 


IIroAe A 9 a \ ~ ; /; 
roAepaios ev 7p Ilepit t&v oroixetwy PiPrcw 
kat €v tots “Omrixots . . . 


Ibid. i. 1, 268 a 6, ed. Heiberg 9. 21-27 


‘O dé Oavpacrds IItoAcpaios ev rH Ilept 
Ug i 3 4 e 3 > A 
Siactdcews povoBiPrAw amédecEev, ott ovK eiat 


the meridian, the horizontal and the “ prime vertical.” Only 
fragments of the Greek and a Latin version from the Arabic 
have survived ; they are given in Heiberg’s second volume. 

Among the “ other works ” mentioned by Suidas are pre- 
sumably the Inscription in Canobus (a record of some of 
Ptolemy’s discoveries), which exists in Greek ; the ‘Ysodécets 
tav tAavwpevwv, Of which the first book is extant in Greek 
and the second in Arabic; and the Optics and the book On 
Dimension mentioned by Simplicius. 

But Ptolemy’s fame rests most securely on his Great 
Astronomy or Syntaxis as it is called by Suidas. Ptolemy 
himself called this majestic astronomical work in thirteen 
books the Ma@nuaricy advragis or Mathematical Collection. 
In due course the lesser astronomical works came to be called 
the Mixpés darpovopovpevos (rdz0s), the Little Astronomy, and 
the Syntaxis came to be called the MeydAn otvraéis, or Great 
Collection. Later still the Arabs, combining their article Al 
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Simplicius, Commentary on Aristotle’s De caelo iv. 4 
(311 b 1), ed. Heiberg 710. 14-19 


Ptolemy the mathematician in his work On Balan- 
cings maintains an opinion contrary to that of Aris- 
totle and tries to show that in its own place neither 
water nor air has weight. And he proves that water 
has not weight from the fact that divers do not feel 
the weight of the water above them, even though 
some of them dive into considerable depths. 


Ibid. i. 2, 269 a9, ed. Heiberg 20. 11 


Ptolemy in his book On the Elements and in his 
Optics . . .* 


Ibid. i. 1, 268 a 6, ed. Heiberg 9, 21-27 


The gifted Ptolemy in his book On Dimension 
showed that there are not more than three dimen- 


with the Greek superlative péytoros, called it Al-majisti; 
corrupted into Almagest, this has since been the favourite 
name for the work. 

The Syntaxis was the subject of commentaries by Pappus 
and Theon of Alexandria. The trigonometry in it appears 
to have been abstracted from earlier treatises, but condensed 
and arranged more systematically. 

Ptolemy’s attempt to prove the parallel-postulate has 
already been noticed (supra, pp. 372-383). 

 Ptolemy’s Optics exists in an Arabic version, which was 
translated into Latin in the twelfth century by Admiral 
Eugenius Siculus (v. G. Govi, L’ ottica di Claudio Tolomeo di 
Eugenio Ammiraglio di Sicilia); but of the five books the 
first and the end of the last are missing. Until the Arabic 
text was discovered, Ptolemy’s Optics was commonly sup- 
posed to be identical with the Latin work known as De 
Speculis; but this is now thought to be a translation of 
Heron’s Catoptrica by William of Moerbeke (v. infra, 
p- 502 n. a). 
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~ ~ é b] ~ ~ 
mAreloves THY Tpidv Siaordoes, ex tod Sety pev 
Tas diacTdces Wpiopevas elvar, tas 5é wpiopevas 
dtaotdcets Kar ev0eias AapPavecPar Kalérovs, 
A A 4 A ? A 3 ? ? / 4 
Tpets dé povas mpos dpbas aAArAats edOeias Svvarov 
“A ; A , a 4 >? 4 e¢ ? 
elvat AaBeiy, dVo prev kal” as TO Eemizedov opilerat, 
tpitnv dé tHhv To Balos petpotcav: wWoTe, et TIS 
ein peTa THY TpLXA Sudotacw GAAn, GpeTpos av 
ein TavTeA@s Kal adpioTos. 


(6) TasLe or Sines 
(i.) Introduction 
Ptol. Math. Syn. i. 10, ed. Heiberg i. pars i. 31. 7-32. 9 


u’. lept ris mnAtkotyTos tev ev 7TH KUKAW 
evderaov 

TI pos pev obv rHv €& Eroipou xpjow KavoviKny 
Twa petra Tadta exleow mownoopeba tis myXt- 
KéTnTOs avT@v Tv pev Tepipetpov eis TE TUNpaTa 
SueAovtes, mapatibévres Sé€ Tas bmo tas Ka 
Huyotpov trapavéyces Tv mepipeperdv d7o0- 
rewopevas ev0etas, TouTéoTL TOGWY EloWW TuNpG- 
twv ws THs Siapyerpov bia ro €€ adrav t&v éim- 
Aoytopav davnodpevov év Trois apiOuots edxpyorov 
eis pk TunpaTa Sunpnuevns. mpotepov Se dei€oper, 
mas av ws ev padtora & dXriywy Kat Tov adrav 
Dewpnudtrwv evpelddevtov Kal Taxelav THY E7- 
Bodny Thy mpos Tas THALKOTHTAS adTaV mrovoimeba, 
émws py peovov extefeéeva ta peyeln trav 
ev0erav exwpev avemotdtws, adda Kat dia Tis 
ex tTav ypayudv peDoducns adtadv avotdacews 
tov eAeyxov €€ edxepots peraxerprlwpefa. Kalddrov 
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sions; for dimensions must be determinate, and 
determinate dimensions are along perpendicular 
straight lines, and it is not possible to find more than 
three straight lines at right angles one to another, 
two of them determining a plane and the third 
measuring depth ; therefore, if any other were added 
after the third dimension, it would be completely 
unmeasurable and undetermined. 


(6) Taste or SINE 


(i.) Introduction 
Ptolemy, Syntazis i. 10, ed. Heiberg i. pars i. 31. 7-32. 9 
10. On the lengths of the chords in a circle 


With a view to obtaining a table ready for im- 
mediate use, we shall next set out the lengths of 
these [chords in a circle], dividing the perimeter 
into 360 segments and by the side of the arcs placing 
the chords subtending them for every increase of 
half a degree, that is, stating how many parts they 
are of the diameter, which it is convenient for the 
numerical calculations to divide into 120 segments. 
But first we shall show how to establish a systematic 
and rapid method of calculating the lengths of the 
chords by means of the uniform use of the smallest 
possible number of propositions, so that we may not 
only have the sizes of the chords set out correctly, 
but may obtain a convenient proof of the method of 
calculating them based on geometrical considera- 
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4 4 a ~ > “~ 2 4 b) 
pevroar xpnoopeba rats tOv apibudv épddas Kara 
Tov ths é€nkovrddos tpdmov da TO SvaxpnoTov 
TOY popiacuay ere Te Tots trodumAactacpols Kal 
peptapots aKxoAov@jcopev tot ouveyyilovros aet 
KaTaoToxalopevor, Kal Kal’ Goov av To tTrapa- 

4 a. > , ld ~ 4 
Aeiropevov pnoevi aktordyw Siaddpy tot mpos 
aicOnaw axpiBods. 


(ii.) sen 18° and sin 36° 
Ibid. 32. 10-35. 16 


"Hotw 517 mpa@rov tukikAcov ro ABD emi 
Stapérpou THs AAT wepi Kévrpov to A, Kai amo 
tod A rH AT mpos apbas ywvias yy8w 7 AB, 
Kat TeTLNGOW diva 7 AT kara 76 E, Kat érelevy Ow 
7 EB, kal KetoOw aith ion 7 EZ, xai érelevy Ow 
» ZB. Aéyw, ore y péev ZA Sexayuvou eoriv 
tAeupa, 7) S€ BZ mevrayuvov. 





* By &a ris ex trav ypappdv peboduxfs svordcews Ptolemy 
meant more than a graphical method; the phrase indi- 
cates a rigorous Spoor by means of geometrical considera- 
tions, as will be seen when the argument presen cf. 
the use of 8a radv ypaypdy infra, p. 434. It may be in- 
ferred, therefore, that when Hipparchus proved ‘*‘ by means 
of lines’? (8a 7av ypappadv, On the Phaenomena of Eudoxus 
and Aratus, ed. Manitius 148-150) certain facts about the 
risings of stars, he used rigorous, and not merely graphical 
calculations ; in other words, he was familiar with the main 
formulae of spherical trigonometry. 

> 4.¢., ZA is equal to the side of a regular dccagon, and BZ 
to the side of a regular pentagon, inscribed in the circle ABT’. 
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tions. In general we shall use the sexagesimal 
system for the numerical calculations owing to the 
inconvenience of having fractional parts, especially 
in multiplications and divisions, and we shall aim at 
a continually closer approximation, in such a manner 
that the difference from the correct figure shall be 
inappreciable and imperceptible. 


(ii.) sen 18° and sin 36° 
Ibid. 32. 10-35. 16 


First, let ABI be a semicircle on the diameter AAT 
and with centre A, and from A let AB be drawn per- 


B 


pendicular to Al’, and let AI" be bisected at E, and 
let EB be joined, and let EZ be placed equal to it, 
and let ZB be joined. I say that ZA is the side of a 
decagon, and BZ of a pentagon.® 
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“Erret yap evfeta YPapeyn) 9 AY _TETHATAL diva 
Kara TO BE, Kat mpoakertat tis abdrn «v0cia 4 AZ, 
To v0 Tov TZ cai ZA reprexopevov dpboyesveay 
peta Tod amo THS EA terpayavou tcov eoTly TH 
amo THs EZ retpaywv@, tovréotw TQ amo THs 
BE, eel ton eorty 7 EB rH ZE. GAAa 7H azo 
Ths EB retpaywvw toa €ort ta amo Tav KA Kau 
AB rtetpdywva: To apa om TOV r Z kat ZA 
TE PLE XOPEVOV oployanov pera Tob amo ths AK 
TETpaywvov icov €oTiw Tots amo Ttav EA, AB 
TETpAywVols. Kat KoLWoD adatipeévros Tob arto 
Ths EA rerpaywvov Aourov to tao THY TZ Kai 
ZA igov early TQ a0 ths AB, tovréotww T@ a.7r0 
THS Ar’ 7 LL a apa di pov Kal | LETOV Adyov TET UNTO 
kata To A, émet ovv i) Tob eSayusvov Kat ” TOD 
Sexaywvou mAevpa Tov eis Tov adrov KuKAov 
eyypadopevwy emt THS adths edfetas akpov Kat 
pécov Adyov répvovrar, 7 d¢ TA €x tod Kévtpou 
otoa THY Tod EeLaywvou mepréxer mAcvpav, 7 AZ 
dpa €oTlw ton TH TOU Sexaywvou mAcupG. oproiws 
dé, Emel TOD TEVTOYOVOU TAcupa dvvaTat THY 
Te Tob eSayovov Kal THY TOO dexayuvou TOV €tS 
Tov avTov KUKAov eéyypadopéevwr, Tod oé BAZ 
oploywviov TO a7r0 Tijs BZ Tetpdyawvov t igov €oTLV 
T@ TE azo Tijs BA, ares cory efaywvou mAcupa, 
Kau TO dio Tis AZ, Hrs early Oexaywvou mAeupa, 
n BZ apa. ion €oTly TH TOD TEVTAYOVOV TAcupG. 

*"Ezret obv, ws epyy, , UTo7 De nela THY Too KvKAou 
OudyueTpov TUNLGATWV pK, yiverau Oud TO TpoKetpLeva 
n pev AE ayioewa ovca Tis €k Tob KévTpoU 





* Following the usual practice, I shall denote segments 
(rpyjpara) of the diameter by ”, sixtieth parts of a tyjjpa by 
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For since the straight line AT’ is bisected at E, and 
the straight line AZ is added to it, 
TZ .ZA +EA?= EZ? [Eucl. ii. 6 
= Bhi, 
since EB=ZE. 
But EA2 + AB? = KB? ; [Eucl. i. 47 
therefore TZ.ZA+EA?=EA? +AB?, 
When the common term EA? is taken away, 
the remainder ITZ.ZA=AB? 
1.€., = AI; 


therefore ZI is divided in extreme and mean ratio 
at A [Kucl. vi., Def. 3}. Therefore, since the side of 
the hexagon and the side of the decagon inscribed in 
the same circle when placed in one straight line are 
cut in extreme and mean ratio [Eucl. xiii. 9], and ['A, 
being a radius, is equal to the side of the hexagon 
[Eucl. iv. 15, coroll.], therefore AZ is equal to the side 
of the decagon. Similarly, since the square on the 
side of the pentagon is equal to the rectangle con- 
tained by the side of the hexagon and the side of 
the decagon inscribed in the same circle [Eucl. xiii. 
10], and in the right-angled triangle BAZ the sqfiare 
on BZ is equal [ Kucl. i. 47] to the sum of the squares 
on BA, which is a side of the hexagon, and AZ, which 
is a side of the decagon, therefore BZ is equal to the 
side of the pentagon. 

Then since, as I said, we made the diameter # con- 
sist of 120?, by what has been stated AE, being half 
the numeral with a single accent, and second-sixtieths by the 
numeral with two accents. As the circular associations of 
the system tend to be forgotten, and it is used as a general 
system of enumeration, the same notation will be used for the 
squares of parts. 
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Tenatwv X Kal 70 az’ abris , 7) S¢ BA ek rod 
Kévrpov ovca Tunudtay — Kal 7d amd adris Ty, 
To 8€ amo Tis EB, touréorw 76 ano ths EZ, rev 
émt to abro dd: paper dpa ecrar 7 EZ TpQpar ey 
El 8 ve eyyiora, Kal Aon) 7 AZ trav abtadyv rC 

ve. 1) apa Too dexayavou TAcupa, vioTeivovca 
d€ Trepipeperav TovovTwy AS, oiwy éeativ 6 KUKAoS 
rE, TowovTwrv éorat AC 8 FE, ofwv 7 SudpreTpos pr. 
madw €mel 7 pev A AZ TpNar oo eoTl A 5 vé, 70 
5¢ dad adris TaToe 6 te, ears S€ Kal TO amd Tis 
AB rév atray yx, & ovvrebévta moet 7d ard 
Tis BZ TETpayOvoY OP rAv€ 6 d te, pice apa éorat 
7» BZ THNaTEOY 6 AB y eyyiora. Kal ) TOD TEVTA~ 
yoivov: dpa mdeupa, bmoteivovoa dé poipas_ of, 
olwy éoriv 6 KvKdos TE, ToLovTwy eotiv 6 AB F, 
Olwy  dudpeTpos pK. 

Mavepov Sé adrdobev, Gtr Kai 7» Tot éEaywvov 
meupad, b7oretvovaa 5é polpas £, Kal ton obca 
Th €x Too Kévtpov, TenpdTrwy éotiv E. dpoiws 
Sé, émet 7) ev TOO TeTpaywvou TAEupa, broTEivovca 
Sé poipas G, Suvaper Sidacia eotiv ris ex rob 
Kévtpov, 7 S€ Tob Tprywvov mAEevpa, broTEtvouca 
5é polpas pk, Suvdpe Tis abris €orw rpimdAaciwy, 
To 8€ amd THs eK TOO KévTpou TENLATWY EoTly [yX, 
cuvayOycerar TO prev ano THs Tob TeTpaywvou 

_ a 
mAeupas fo, Td S€ dd THs Too tTprywvov M &. 
MOTE Kal pyKEL Y pev Tas G polpas vmoTElvovca 
€ 


>] ” ta A eguueree’ ~- ” (4 
ev0eia TowovTwy éorar 7S va i eyyioTa, olwy 7 
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of the radius, consists of 30? and its square of 900?, 
and BA, being the radius, consists of 60? and its 
square of 3600”, while KB, that is EZ, consists of 
4500? ; therefore EZ is approximately 67? 4’ 55”,4 
and the remainder AZ is 37? 4’ 55", Therefore the 
side of the decagon, subtending an arc of 36° (the 
whole circle consisting of 360°), is 377 4’ 55” (the 
diameter being 120”). Again, since AZ is 37? 4’ 55”, 
its square is 1375? 4’ 15”, and the square on AB is 
3600”, which added together make the square on BZ 
4975? 4’ 15”, so that BZ is approximately 70? 32’ 3”. 
And therefore the side of the pentagon, subtending 
72° (the circle consisting of 360°), is 70? 32’ 3” (the 
diameter being 120). 

Hence it is clear that the side of the hexagon, sub- 
tending 60° and being equal to the radius, is 60°. 
Similarly, since the square on the side of the square, 
subtending 90°, is double of the square on the radius, 
and the square on the side of the triangle, subtending 
120°, is three times the square on the radius, while 
the square on the radius is 3600”, the square on the 
side of the square is 7200? and the square on the side 
of the triangle is 10800?. Therefore the chord sub- 
tending 90° is approximately 84? 51’ 10” (the diameter 

* Theon’s proof that 4/4500 is approximately 67? 4’ 55” 
has already been given (vol. i. pp. 56-61). 

> This is, of course, the square itself; the Greek phrase is 
not so difficult. We could translate, “the second power of 


the side of the square,” but the notion of powers was outside 
the ken of the Greek mathematician. 
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| ‘ 


Siduerpos pk, 7) S€ Tas pK Ta&v adtrav py 
ve KY. 


(iii.) sen? 6 +cos? O=1 
Ibid. 35. 17-36. 12 


Aide pév ovTws nuiv €x mpoxeipov Kat Kal” 
eae, ? 4 . w A J “~ 
attas eiAnd@woav, Kal é€orar davepov evreider, 

iA ~ 4 3 ~ 3 3 ~ i 
6Te TOV Stdopévwy edOerdv €€ evdyepots Sidovrat 
Kal at bo Tas AevTovoas eis TO HutKUKALOV TrEpL- 
depelas vroreivovoa dua TO TA am’ adbTadv ovvti- 
Oéueva movetv TO amo THS SiapeTpov TeTpd'ywvor: 
e ’ Ase en ae ee , DA , 
olov, eerd7) 7) UT Tas AS poipas evHEeta TUNATwY 
29 74 yy &F— ‘ 4 9 > A —_—_ 5 —_ ‘ 
edeixGn AC 0 VE Kal TO am adTHs jaToE O te, TO 
a 
d€ amd Ths Siayérpov Tunydrwy éeortiv M_ ov, 
8 4 > 4 “a e 4 ‘ 
€oTat Kal TO plev amo THS VaToTEWovons Tas AeL- 
, ae ~ ~ 
movoas eis TO TULKUKALOY poipas ppd TMV AouTra@v 





* Let AB be a chord of a circle subtending an angle a at 
the centre O, and let AKA’ be drawn perpendicular to OB so 
as to meet OB in K and the circle 

B again in A’. Then 


. a _AK AA’ 
A na sin a (=sin AB) = an ahOL 
ales And AA’ is the chord subtended by 


double of the are AB, while Ptolemy 
expresses the lengths of chords as so 
many 120th parts of the diameter ; 
therefore sin a is half the chord sub- 
tended by an angle 2a at the centre, 
which is conveniently abbreviated by 
Heath to 3(erd. 2a), or, as we may alternatively express 
the relationship, sin AB is “half the chord subtended by 
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consisting of 120%), and the chord subtending 120° is 
103? 55’ 23".¢ 


(iii.) sin? 6 +cos? 0=1 
Ibid. 35. 17--36. 12 


The lengths of these chords have thus been obtained 
immediately and by themselves,’ and it will be thence 
clear that, among the given straight lines, the lengths 
are immediately given of the chords subtending the 
remaining arcs in the semicircle, by reason of the fact 
that the sum of the squares on these chords is equal 
to the square on the diameter; for example, since the 
chord subtending 36° was shown to be 37? 4’ 55” and 
its square 1375? 4’ 15”, while the square on the 
diameter is 14400?, therefore the square on the chord 
subtending the remaining 144° in the semicircle is 


double of the are AB,” which is the Ptolemaic form; as 
Ptolemy means by this expression precisely what we mean 
by sin AB, I shall interpolate the trigonometrical notation in 
the translation wherever it occurs. It follows that cos a 
{ =sin(90-a)]=4 crd. (180°-—2a), or, as Ptolemy says, 
‘half the chord subtended by the remaining angle in the 
semicircle.” Tan a and the other trigonometrical ratios 
were not used by the Greeks. 

In the passage to which this note is appended Ptolemy 
proves that 


side of decagon (=crd. 36°=2 sin 18°)=37? 4’ 55”, 
side of pentagon (=crd. 72°=2 sin 36°)=70? 32’ 3’, 
side of hexagon (=crd. 60°=2 sin 30°) =60?, 
side of square (=crd. 90°=2 sin 45°)=84? 51’ 10’, 
genes (=crd. 120°=2 sin 60°) = 103? 55’ 23”. 
> j.¢., not deduced from other known chords. 
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a 


Myxd ve fre, atti) Sé prjcer rdv atrav pid € AL 
ww 4 3 \ ~ ” e 4 
eyyioTa, Kal emt THY GAdAwy bpolws. 
*O de 4 b) A / 4 ¢ r A ~ 
v d€ TpdTOV amo TovTwWY Kal ai AoLTal TaY 
Kata pépos So0yjcovrat, Seifopev efeEns mpoexbé- 
pevot Anupdriov evypnorov mdvu mpos THY Tapodaay 


TpayLareiav. 


(iv.) “ Ptolemy's Theorem ™ 


Ibid. 36. 13-37. 18 


"Eotw yap KvKdros éeyyeypappevov éxwy reTpa- 
mAevpov tvxov to ABTA, kai éemelevyOwoav af 
AI xai BA. dexrdov, ott to U0 thy AT kai 
BA zeptexdpevov cpfoydvov toov earl avvapdo- 
tépois T@ te bo THv AB, AT Kat 7@ bad rdv 
AA. BI. 

Keiodw yap rH br6 tov ABT ywria ton 7 v0 
ABE. éay ody Kownyv mpoobGpev riv ind EBA, 





* i.e. crd. 144°( =2 sin 72°)=114" 7’ 37%. If the given 
chord subtends an angle 20 at the centre, the chord sub- 
tended by the remaining arc in the semicircle subtends an 
angle (180 — 26), and the theorem asserts that 

(crd, 26)? +(crd. 180 — 2@)* =(diameter)’, 
or sint'@ + cos? @ =I, 
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13024” 55’ 45” and the chord itself is approximately 
114? 7’ 37”, and similarly for the other chords.¢ 

We shall explain in due course the manner in which 
the remaining chords obtained by subdivision can be 
calculated from these, setting out by way of preface 
this little lemma which is exceedingly useful for the 
business in hand. 


(iv.) “ Ptolemy’s Theorem” 
Ibid. 36. 13-37. 18 
Let ABA be any quadrilateral inscribed in a 
circle, and let AI’ and BA be joined. It is required 
to prove that the rectangle contained by AI’ and BA 
is equal to the sum of the rectangles contained by 


AB, AT’ and AA, BY. 
For let the angle ABE be placed equal to the angle 


B Tt 


A 


ABP, Then if we add the angle EBA to both, the 
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gota Kal 7) vzo ABA yeovia ton TH v70 EBY. 
€or dé kai 7 bo BAA .77j bz BIE ¢ ton TO yap 
avTo Tp Apa dmroTeivovow icoydvtov dpa eorly 
To ABA tpiywrov 76 BYE tprydévw. dote Kal 
avddoydv €orw, ws 7 BY apds tiv TE, odtws 7 
BA zpos rHv AA: 76 dpa tazo BI, AA toov éoriv 
7® vo BA, TE. addAw éxet ton €oTly 7 dmr0 
ABE yeovia TH v7r0 ABIL ywovia, cot dé Kal 7 
b770 BAE ¢ ton 7H vo BAY, i tooywviov dpa eoriv 
70 ABE zpiywvov 7H BLA sprydvw- dvadoyov 
dpa eoriv, ws 7 BA apos AE, 7 BA zpos AT: 
to apa td BA, AT ioov éeoriv 7H ive BA, AE. 
edeixOn dé Kai to bad BI, AA icov 7H zd BA, 
PE: «kai cAov dpa ro bad AT, BA toov éoriv 
cuvaypotrépas TH Te dd AB, AT’ kal 7H tréep 


AA, BI: omep Seu detEa. 


(v.) sen (O— p)=sin 6 cos f—cos O sin pd 
Ibid. 37. 19-39. 3 


Tovrov ampoexrebévtos €otTw yuKtKdLov 76 
ABDA emt diaperpov ris AA, Kat amo tod A 
dvo dinxOwoav ai AB, AT, Kal éoTw EKATEpA 
auTa@v dobcioa TO peyéber, Olwy 7 OudjLeTpos 
Sobeioa pr pk, Kal emeledy bu » BI. Aé€yw, Gre Kal 
avtyn dédorat. 

"EzelevxOwoav yap ai BA, TA: dedouévar dpa 
eto SxyAovdere Kai abrau Sud TO Acimew éxetvwy 
es TO jpucdicAov. eel ovv ev KUKAw® TeTpaTAcupov 
eorw tO ABTA, ro dpa tzo AB, TA pera rod 
4.24 
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angle ABA=the angle EBT. But the angle BAA= 
the angle BIE [Eucl. iii. 21], for they subtend the 
same segment ; therefore the triangle ABA is equi- 
angular with the triangle BIE. 

. BI: TE=BA:AA3 [Eucl. vi. 4 

: BI. AA=BA.TE. (Eucl. vi. 6 

Again, since the angle ABE is equal to the angle 
ABI’, while the angle BAE is equal to the angle BAT 
(Eucl. iii. 21], therefore the triangle ABE is equi- 
angular with the triangle BIA ; 

: BA :AE=BA;:AT's [Kucl. vi. 4 
ie BA.AID=BA. AE. {[Eucl. vi. 6 
But it was shown that 

BI. AA=BA.TE; 
and .*% AI. BA=AB.AI'+AQA.BIr; 
[Euel. ii. 1 
which was to be proved. 


(v.) sin (9-)=sin 6 cos b~cos 6 sin dh 
Ibid. 37. 19-39. 8 


This having first been proved, let ABI'A be a semi- 
circle having AA for its diameter, and from A Ilct 
the two [chords] AB, AI’ be drawn, and let each of 
them be given in length, in terms of the 120? in the 
diameter, and let BI’ be joined. I say that this also 
is given. 

For let BA, TA be joined ; then clearly these also 
are given because they are the chords subtending 
the remainder of the semicircle. Then since ABI'A 
is a quadrilateral in a circle, 
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bro tav AA, BI toov éorivy 7H tro AT, BA. 


Kai €oTw 76 Te td THOV AI’, BA 60@ev Kal ro 


ib 


d7o AB, TA: Kat Aouncv dpa ro tro AA, BYP 
dofev €orw. Kal eotw 7% AA Sidperpos: Sobetoa 
cd > \ 1 ¢ ? ~ 

apa eorw Kai 7 BI edéeia. 

Kai davepov nyiv yéyovev, 6rt, éav S08Gow S¥o 
TrEpipeperat Kai ai bm’ avtas edvbetar, Sofetca 
€ora. Kal 7 THY drepoxiv tov Svo TeEpipeperdv 
e U 9 a ~ / ef A , ~ 
uToretvovoa evleta. SAov bé, Ste Sia TovTOV Tob 
Gewpnparos dAdas re ovK ddAlyas edOeias éyypd- 
yowev amo tav ev rais Kal’ atras Sedopévwv 
uTepoxa@v Kat 81) Kal TH dad Tas Sddexa poipas, 
emevonmep Exonev THY Te UO Tas E Kal Thy bm6 
Tas of. 
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AB.PTA+AA.BI'=AT'. BA, 


[‘‘ Ptolemy's theorem ”’ 


And AI’. BA is given, and also AB.T'A; therefore 
the remaining term AA. BI is also given. And AA 
is the diameter; therefore the straight line BI 
is given.® | 

And it has become clear to us that, if two arcs are 
‘given and the chords subtending them, the chord 
subtending the difference of the arcs will also be 
given. It is obvious that, by this theorem we can 
inscribe > many other chords subtending the differ- 
ence between given chords, and in particular we 
may obtain the chord subtending 12°, since we have 
that subtending 60° and that subtending 72°. 


* If AT subtends an angle 29 and AB an angle 2¢ at the 
centre, the theorem asserts that 


cerd. 29 — 24) . (erd. 180°) =(erd. 26) . (erd. 180° — 24) - 
(crd. 24) . (erd. 180° — 24) 
4.6.5 sin (@- ¢) =sin @ cos ¢- cos @ sin ¢. 


> Or “calculate,” as we might almost translate éyypdyopev; 
cf. supra, p. 414 n. @ on éx Trav ypappodr. 
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(vi.) sin? 10=4(1—cos 6) 
Ibid. 39. 4-41. 3 


IldAw mpoxeicbw So00etons twos evbeias &v 
KUKA@ THY bd TO HLLOV THS UToTEWOMEeVNS TEpL- 
gepeias evOetay evpetv. Kal €orw hurKdKALov TO 
ABD émi dvapérpov tis AT Kai So8cica edbeia 4 
IB, cat 7 TB aepiddpeca Siya retpnobw Kara 
to A, Kal émeledyOwoav ai AB, AA, BA, AT, 
kat amo tod A én rhv AT Kdderos nyPw 7 AZ. 
Aéyw, ore Hy ZT juiced eat tis tTav AB xat 
AI’ tzepoyfs. 

Ketc8w yap 7H AB ton 7» AE, kal éemelevyOw 
7 AE. ézet ton éoriv 7 AB 7H AE, cow dé 7 
AA, 8vo 67 at AB, AA dvo tats AE, AA tom 
Eloi é€xaTépa exatépa. Kal ywrvia 7 two BAA 
ywvia th td EAA ion éoriv: Kal Bdow dpa 7 
BA face 7H AE toy €oriv. adda 7 BA 7H AT 
ion eotty: kat 7 AI‘ dpa rH AE ton éoriv. ézet 
otv tcooKeAots ovtos tprymvouv rob AET azo 
Tis Kopuphs ent rhv Bdow Kdberos Hera 7 AZ, 
ion eorty 9 EZ rH ZV. GAN 4 ED 6An % drep- 
oxn eorw TOv AB cai AT edOecdiv- y dpa ZT Hyi- 
ced, €oTw Ths TOV attav Urepoyhns. wore, eet 
Ths bro THv BI’ wepupepevay edOeias droKeypéevyns 
4.28 
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(vi.) sin? 40=4(1 —cos 0) 
Ibid. 39. 4-41. 3 


Again, given any chord in a circle, let it be required 
to find the chord subtending half the arc subtended 
by the given chord. Let ABI be a semicircle upon 
the diameter AI and let the chord I'B be given, and 


B 
A 


A |e ae 


let the arc I'B be bisected at A, and let AB, AA, BA, 
AY be joined, and from A let AZ be drawn perpen- 
dicularto AI. I say that ZI is half of the difference 
between AB and ATI. 

For let AE be placed equal to AB, and let AE be 
joined. Since AB=AKE and AA is common, [in the 
triangles ABA, AEA] the two [sides] AB, AA are 
equal to AE, AA each to each; and the angle BAA is 
equal to the angle EAA [Eucl. iii. 27] ; and therefore 
the base BA is equal to the base AE [Eucl.i. 4). But 
BA=AI; and therefore AT=AE. Then since the 
triangle AET is isosceles and AZ has been drawn from 
the vertex perpendicular to the base, EZ=ZT [Eucl. 
i. 26]. But the whole ET is the difference between 
the chords AB and AI; therefore ZI is half of the 
difference. Thus, since the chord subtending the are 
BI is given, the chord AB subtending the remainder 
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avrdbev dédoTar Kat 7, Actrrovoa. eis TO judo 
7» AB, Sofijoerae kat 9 ZT jpicera odoa THs Ta 
AT xai AB dzrepoytis: add’ éexet ev opGoyaviep 
T@ ATA Kkablérov axleions Tis AZ i iooycbviav ye 
VETOL TO AAD opfoywnov TH AY Z, Kat coTUy, ws 
7 AT apos TA, oy TA apos YZ, 706 _ apa d70 TOV 
AD, TZ sreprexopevov Epler cet tcov €orly TH 
amo THs TA TeTpayave. Sobev Oe TO U0 TOV Ar, 
PZ. bobev apa eorly Kal 0 amo THs TA rerpa- 
ywvov. WwaoTEe Kal pnket n TA eddeta S00joerat 
THv npiceav vmoTeivovea THs BI’ wepipepeias. 

Kai dea tovtouv 57 mdduw Tob Jewprjparos aAAat 
te AndOyjcovrat mhetorau Kara Tas: Tpscetas TOV 
mpoexreDerpevonv, Kat 67 Kal dao Tis Tas B 
poipas vmoTewovons edOcias 4 TE 70 Tas F Kab 
7 bo Tas y Kal 1 O70 THY piav qptou Kal 4 v7 
TO Tpsov _TETAPTOV THs pds poipas. evpioKopey 
dé €k TOV emtAoyiopay THY pev bo THY piay 
Hutcv potpav towtrwy & AS te éyyora, otwy 
early 7) Sidpuetpos pk, THV dé bd TO LZ’ 8 Tay 
avtav O pl 7 

(vii.) cos (8 +¢)=cos 0 cos P-sin 0 sin 
Ibid. 41, 4-43. 5 

TldXwv é€otrw xixdos 6 ABTA epi S8idperpov 
pev thy AA, Kévrpov dé To Z, Kal dao Too 
drei bOarcar duo Trepubepevat Sobeioas KaTa TO 
éSis at AB, BY, Kai _eneledx$woar ai AB, BP 
im’ avras edbeia: wal adral dedopeévas. Neveu 
if 3A 3 , 4 ? 4 b] , 
ort, eav emlevEwpev THY AT, SoOijoerar Kat adT7. 

¢ If BI subtends an angle 26 at the centre the proposition 
asserts that 
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of the semicircle is immediately given, and ZI will 
also be given, being half of the difference between 
AI and AB. But since the perpendicular AZ has 
been drawn in the right-angled triangle AIA, the 
right-angled triangle AAT is equiangular with AT'Z 
[Eucl. vi. 8], and 
AT : TA=TA:TZ, 
and therefore AP. TZ LA". 


But AI .TZ is given; therefore I'A? is also given. 
Therefore the chord I'A, subtending half of the arc 
BI, is also given.* 

And again by this theorem many other chords can 
be obtained as the halves of known chords, and in 
particular from the chord subtending 12° can be 
obtained the chord subtending 6° and that subtend- 
ing 3° and that subtending 14° and that subtending 
4° 44°( = 38°). We shall find, when we come to make 
the calculation, that the chord subtending 14° is 
approximately 1? 34’ 15” (the diameter being 120?) 
and that subtending ?° is 0? 47’ 8”.® 


(vii.) cos (0 +4)=cos 0 cos f—sin O sin 
Ibid. 41. 4-43. 5 


Again, let ABA be a circle about the diameter 
AA and with centre Z, and from A let there be cut off 
in succession two given ares AB, BI’, and let there 
be joined AB, BI’, which, being the chords subtending 
them, are also given. I say that, if we join AI’, it 
also will be given. 


(erd. 6)? = 3(erd. 180) . {(crd. 180°) —erd. 180° - 26} 
i.e., sin? 46 =3(1-cos 6). 
> The symbol in the Greek for O should be noted; », 
vol. i. p. 47 n. a. 
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AwnyOw yap da Tod B &apetpos rod KvKAov 
7 BZE, nat éreledyOwoav ai BA, AT, TE, AE: 
dfAov 67 adrdbev, ore Sia prev rHY BY’ SoOncerau 
kat 7 TE, dca 6é€ tHv AB SoOjoera 4 te BA kal 
7 AE. Kat da ta adra tots éumpocbev, émel év 
KUKAw TeTpamAeupov €otw 76 BLAE, rat dinypévar 
etow at BA, TE, 76 trod rdv 8inypévwv zepi- 

4 > ‘4 ww > A 4 
exopevov opfoywuov taov €oriv auvaydorépots 

~ € 4 ~~ 3 , te 4 > A , 
tots Umno Ta&v amevayTiovy woTe, éemel Sedopevou 
tot wm0 Tov BA, TE dé607ra Kai 76 td tev BI, 
AE, déd0Ta dpa Kai ro trod BE, TA. 8€8o0rar 
dé Kal 7 BE dtdperpos, Kal Aor 4 TA éora 
dedopevy, Kat Sia Todro Kal 4 Aetmovca eis TO 
nuckvkAcov 7 TA: wore, eav dSofdaw Sv0 mepi- 

a ‘ e e 93 3 4 9 a - A 
péperat Kat at vm’ adbras evOeiar, SoOjoerar Kal 
¢ 4 A / A 4 
4 ovvapporépas Tas tepipepeias Kara otvOeow 


¢€ Ul 9 a ‘ ? A , 
Uroretvovea evleia dia ToUTOV Tod Bewpyparos. 





* If AB subtends an angle 20 and BI an angle 2¢ at the 
centre, the theorem asserts that 


(crd. 180°) . (erd. 180° - 26 - 24) =(erd. 180° - 26) . (erd. 


180° — 2¢) - (erd. 24) . (erd. 24), 
4.6.5 cos (8+ ¢) =cos 8 cos $~sin @ sin ¢. 
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For through B let BZE, the diameter of the circle, 
be drawn, and let BA, AT’, TE, AE be joined ; it is 





then immediately obvious that, by reason of BI being 
given, IE is also given, and by reason of AB being 
given, both BA and AE are given. And by the same 
reasoning as before, since BI'AE is a quadrilateral in 
a circle, and BA, PE are the diagonals, the rectangle 
contained by the diagonals is equal to the sum of the 
rectangles contained by the opposite sides. And 
so, since BA.I'E is given, while BI’. AE is also 
given, therefore BE. TA is given. But the diameter 
BE is given, and [therefore] the remaining term [A 
will be given, and therefore the chord P'A subtending 
the remainder of the semicircle * ; accordingly, if two 
arcs be given, and the chords subtending them, by 
this theorem the chord subtending the sum of the 
arcs will also be given. 
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Mavepov dé, ore auvTievres ael pera TMV Tpo- 
exTebeypévwy tracey 7yv t70 a ZL’ potpay Kal 
Tas auvantopmévas emAoylopuevor macas amdAds 
eyypayoper, doa dis ‘yuvdprevan Tpitov pépos 
efovaw, KaL peovan eve meptAepOyjaovrar at pera€v 
Tov ava a LZ" poipay OvaoTnarwy dvo Kal? 
EKQOTOV eoopmevar, eTELONTEP Kal? 7 etpotprov 
Trovovpie Ba THY eyypagyy. Ware, ea THY 570 TO 
TLLLLoLpLov evdeiav EUPWHEV, QUT KATA TE THY 
avvOecw Kal THY UmEpoxnY THY pos Tas Ta 
SiaoTHMATA Teptexovoas Kat Oedopevas edOeias 
Kal Tas Aoitas tas petakd mdcas Huty ocvvava- 
mAnpwae. eet Sé dobcions Tivos evOeias ws THS 
bo Thy GX potpay 7 TO Tpizov THs abThs TreEpt- 
dhepeias UToretvovoa dua TOV ypapypadv od didorad 
TOs et O€ ye Suvarov HV, elxopiev av avTobev Kat 
THY v70 TO TpLeLotpLov™ TpOorepov HeBodedoopev 
THY b70 THY a potas and Te THS bo THY a LZ’ 
jotpay Kal ths oo L’ 8’ drorebepevor Anppariov, 
o, Kav [L1) pos TO KaboAov duvnTau Tas mA 
KOTNTAS opitew, emi ye TMV OUTWS eAaxloTwY TO 
mpos Tas wptopevas anapdAA\akrov Sdvvair’ dav 
guvTypetv. 

(viii.) Method of Interpolation 
Ibid. 43. 6-46. 20 

Aéyw yop, OTL Eav eV KUKhy diayOaow aricot 
dvo evbetar, 7 petleov mpos Thy eAdooova éAdcoove, 
Adyov eXel HrEp 7 emt Ths petlovos edOeias mepi~ 
pepera Tos TH emt Tis eAdcoovos. 

"Eorw yap KuKdAos 6 ABTA, kat di7y@woar ev 
ait@ dto evleiar dvico eAdoowy pev 7 AB, 
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It is clear that, by continually putting next to all 
known chords a chord subtending 14° and calculating 
the chords joining them, we may compute in a simple 
manner all chords subtending multiples of 14°, and 
there will still be left only those within the 14° 
intervals—two in each case, since we are making the 
diagram in half degrees. Therefore, if we find the 
chord subtending 4°, this will enable us to complete, 
by the method of addition and subtraction with 
respect to the chords bounding the intervals, both 
the given chords and all the remaining, intervening 
chords. But when any chord subtending, say, 14°, is 
given, the chord subtending the third part of the 
same arc is not given by the [above] calculations—if 
it were, we should obtain immediately the chord sub- 
tending 4°; therefore we shall first give a method 
for finding the chord subtending 1° from the chord 
subtending 14° and that subtending 3°, assuming a 
little lemma which, even though it cannot be used 
for calculating lengths in general, in the case of such 
small chords will enable us to make an approximation 
indistinguishable from the correct figure. 


(viii.) Method of Interpolation 
Ibid. 43. 6-46. 20 


For I say that, :f two unequal chords be drawn in a 
circle, the greater null bear to the less a less ratio than that 
which the arc on the greater chord bears to the arc on the 
lesser. 

For let ABTA be a circle, and in it let there be 
drawn two unequal chords, of which AB is the lesser 
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petlwv dé 7 BL. Adyw, dre 7) TB edbeta apos 
tv BA edfeiav €Adcoova Adyov exes Hrep 7 BI 
mepipépera mpos THY BA mzrepidéperav. 

Terpyjodw yap 7 t7o ABT ywvia diya tao ris 
BA, kai emelevyPwoar 7 te AEDT cai 7 AA kai 
4 TA. kai émet » tao ABT ywria diya rérpyras 
imo ths BEA evdbeias, ton pév eorw 7 TA cdbeta 
ah AA, peilwy dé 4 TE ris EA. qy8w 57) azo 
tod A Kdberos emi tiv AEDT 7 AZ. ezet roivev 
preilwy é€oriv 7 pev AA ris EA, y dé EA ris AZ, 
6 dpa Kévtpw pev 7H A, dStacripare dé 7H AE 
ypadopevos KUKAos THY pev AA Tepet, daepme- 
ceiras b€ THY AZ. yeypadlw o) 6 HEO, kai 
exBeBAjobw 7 AZO. Kai évet 6 pev AEO topeds 
peilwy eoriv tod AZ zprvywvov, to de ABA 
tpiywrov peilov trod AEH ropéws, to dpa AEZ 





@ Lit. ‘* let AZO be produced.” 
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and BI the greater. I say that 
I'B: BA <are BI': are BA. 
For let the angle ABI’ be bisected by BA, and let 


B 


| \ /) 
A 
AED and AA and TA be joined. Then since the 
angle ABI is bisected by the chord BEA, the chord 
TA=AA [Eucl. iii. 26, 29], while PE> KA [Eucl. vi. 3]. 
Now let AZ be drawn from A perpendicular to 
AEI. Then since AA> EA, and EA> AZ, the circle 
described with centre A and radius AE will cut AA, 


and will fall beyond AZ. Let [the arc] HEO be 
described, and let AZ be produced to 9.4 Then since 


sector AEO> triangle AEZ, 
and triangle AEA> sector AEH, 
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tpiywvov mpos To AEA tpiywvov éAdacova Adyov 
eyes nmep 6 AEQO ropeds mpos tov AEH. add’ 
ws pev to AEZ tpiywvov mpos to AEA tpiywvor, 
ovrws 7 EZ edleia mpds tiv EA, ws 5é 6 AEO 
Topevs mpos Tov AEH topéa, otrws 7 tad ZAE 
ywria mpos THY to KAA: 7 dpa ZE edeta mpos 
mv KA eAdooova Adyov exer yep 7 bao ZAE 
ywvia mpos thy t1od KAA. kai ouvlévt dpa 7 
ZA ev0cia mpos tHv EA éddccova Adyov éxer 
nmep 7 to ZAA ywvia mpos thy bd AAE: kat 
TOV nyovpevwy ta SiTrAdota, 7 TA ed@eia pos 
mv AE €Adooova Adyov eyes rep 4» tro TAA 
ywria mpos thy bao EAA: kal dveAdvre TE 
evfeia mpos Tv KA eAdooova Adyov exer Hrep % 
d7o TAE ywvia mpos tiv tro EAA. GAd’ ods 
pev 7 TE ed@eta mpos rnv EA, otrws 7 TB edbeia 
ampos tHv BA, ds Sé 4 bad TAB ywvia mpds rh 
do BAA, ovtws 7 TB mepipépera mpos rv BA: 
7 I'B dpa ed@eita mpos tiv BA éAdooova Adyov 
exes nrrep » TB mepiddpera pos trav BA zept- 
pépevav. 

Tovrov 67 odv troKxeyuévov éorw KvKAos 6 
ABP, kat di7jx@woar ev abt Svo edvfeiar 7 Te 
AB xat 7 AT, daoxetcOw 5€ mpdrov 7 péev AB 
dmoTewovoa pias poipas <’ 6’, » dé AL potpay 
a. emer 4» ADT ed0eta apos tyv BA edéetav 
éXdcoova Adyov exer nrep 7 AI’ repidépera mpos 
tv AB, 7 d¢ AI wepipdpeca emizpirds éorw ris 
AB, 4 TA dpa ed6eia ris BA eAdcowy dor 7 
emitpitos. adda 4 AB edvdeia edelyOn rTovovTwr 
O pg 7, ctw €oriv 4 Siduetpos pk: 7 dpa TA 
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. triangle AEZ ;: triangle AEA <sector AEO: 
sector AEH. 
But triangle AKZ : triangle AEA =EZ: EA, 
[Eucl. vi. 1 


and 
sector AKO : sector AEH =angle ZAE: angle EAA, 
ie ZE : KA <angle ZAE ; angle EAA. 
*. componendo, ZA: KA <angle ZAA : angle AAE ; 
and, by doubling the antccedents, 

YA: AE <angle TAA : angle EAA ; 
and dirimendo, VE: KA <angle TARE: angle EAA. 


But TE: EA=VB: BA, {Eucel. vi. 3 
and 
angle TAB : angle BAA =arc I'B: are BA ; 
[Eucl. vi. 33 
*e CB: BA<are TB: are BA. 


On this basis, then, let ABI be a circle, and in it 
let there be drawn the two chords AB and ATI, and let 
it first be supposed that AB subtends an angle of #° 
and AI’ an angle of 1°. Then since 

AI: BA <are AI’: are AB, 
while arc Al’=4.are AB, 
2 TA: BA <4, 
But the chord AB was shown to be 0? 47’ 8” (the 
diameter being 120); therefore the chord TA 

* If the chords 'B, BA subtend angles 26, 2¢ at the centre, 
this is equivalent to the formula, 

sin o- 0 
sin A ¢° 





where 0<¢<4z. 
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ed0eia éAdcowv eotiv trav abtév a B vb ratra yap 
> 7 9 ” ~ ~~ = 
emiTpiTa €oTw eyytoTa TOY O pl 7. 

IlaAw émi tis adtis Kataypadis 4» pev AB 
ev0eia drroxeiobw vroreivovoea poipav a, 7 5¢ AI 
poipay a Z’, Kata Ta adra 5%, emet » AI wrepi- 
depeca tHS AB eorw jytodia, 4 TA dpa ed0eta 
Tis BA €Adoowv eotiv 7 Tyiddvos. aAAa THY 
AI azedeiEapev tovotrwy otcav a XO te, olwv 
eotiy 4» Suduetpos px: 7 dpa AB edécia peilwy 
bd \ “~ ? A - - , ‘ e 
corly trav altav a B b TovTwy yap wu 
oe ae \ , - yo =— e aPhis 
Aud e€oTW Ta mMpoKeiueva a AO ie. WaTE, EerEt 

~ 3 ~ b] 4 ‘ U . 3 , € ‘ 
TOV adTa@v edeixOn Kat peilwv Kal eAdoowr % Ti 

; A e U 4€ A ‘ / } 
jutay potpay vmoTetvovca evleia, Kal TavTnv dnAov- 
/ Lf / - -~ 4 4 > ‘ € 
dm. ELopev TorovTwy a B ¥ éyyiora, olwy eotiv 
OudjLeTpos pK, Kal dia TA mTpodcdetypéva Kal THY 
€ \ ‘ ¢ ; oe e 7 ~ 7 -~ 
UTO TO TpLpoiptoy, ATis evploKeTas THY abTav 
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<1” 2’ 50”; for this is approximately four-thirds of 
OP 47’ 8”. 
Again, with the same diagram, let the chord AB 


B 


be supposed to subtend an angle of 1°, and AT an 
angle of 14°. By the same reasoning, 
since arc Spat a arc AB, 
TA : BA <8. 
Bat we have proved AI’ to be 1? 34’ 15” (the diameter 
being 120?) ; therefore the chord AB> 1? 2’ 50” ; for 
1? 34’ 15” is one-and-a-half times this number. There- 
fore, since the chord subtending an angle of 1° has 
been shown to be both greater and less than [ap- 
proximately] the same [length], manifestly we shall 
find it to have approximately this identical value 
1? 2’ 50” (the diameter being 120”), and by what has 
been proved before we shall obtain the chord sub- 
tending 4°, which is found to be approximately 
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O da KE eyyioTa. Kal ouvavarrAnpwOijaerat Ta. 
Aoura, ws ePaper, Siaornpara eK pv Tijs Tpos 
Thy pilav nic potpay Adyou evekev ws emi Tob 
mpwrov dtacTtypatos avvldcews Tov Fytpmoupiov 
Seucvupcevns THs v7r0 Tas B poipas, eK be Tis 
dmepox is THS ™pos Tas y jotpas kal Tijs to Tas 
B 2’ Siopevns: doattws bé Kai eal rdv Aowrdv. 


(ix.) The Table 
Ibid. 46. 21-63. 46 


‘H pev ovv mpaypareia tov ev TH KVKAW evOerdv 
ovTws av oljwat pGora Hetaxerpradein. iva b€, 
ws ednv, ep Exdorns TeV xpea@v €& ETOCUOV Tas 
myruKornras eXupev Tov ev0erav EKKELLEVAS, 
Kavovia vmoTagopev ava otiyous pe Sia TO ovp- 
jueTpov, Gv TA pwev mpara, HEpn mepteger Tas myA- 
KornTas Trav Trepupeperv Kal” nutpotprov Trapyven- 
pevas, Ta O€ SevTEpa Tas TOV TOpaKerfLevoov Tats 
mrepipepetacs ev0eray mAuKornras Ue: ws Tis SapeTpou 
TOV pk THNPaT Ww UrroKxeyLerns, Ta de Tpira To XN’ 
pépos THS Kal” ExaoTov yummoiptov TOY ederdv 
TrapavejoEws, iva €xovTes Kal THY Tod évos e&n- 
KooTOU peony em BoAny ddiapopotcav mpos aiobn- 
ow Tis aKxpiBobs Kal T&v petald Tob jpicous 
pepa@v e€ éroipov Tas emBaddovoas mAtKornras 
emudoyilecOar SuvvwpeOa.  evKatavonrov 8°, ott 
bua Trav avT@v Kal TpoKeyevev Dewpnudrwv, 
Kav ev StoTaypL® yevapeba ypaduchs dpaprias 
mept Tia TOV ev TH Kavoviw TOPAkelpLevenv ev- 
Bevav, padlav momnaducba tiv re eféracw Kab THY 
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OP 31’ 25". The remaining intervals may be com- 
pleted, as we said, by means of the chord subtending 
14°—in the case of the first interval, for example, by 
adding 4° we obtain the chord subtending 2°, and 
from the difference between this and 3° we obtain the 
chord subtending 24°, and so on for the remainder. 


(ix.) The Table 
Ibid. 46. 21-63. 46 


The theory of the chords in the circle may thus, 
I think, be very easily grasped. In order that, as I 
said, we may have the lengths of all the chords in 
common use immediately available, we shall draw 
up tables arranged in forty-five symmetrical rows.% 
The first section will contain the magnitudes of the 
arcs increasing by half degrees, the second will con- 
tain the lengths of the chords subtending the arcs 
measured in parts of which the diameter contains 
120, and the third will give the thirtieth part of the 
increase in the chords for each half degree, in order 
that for every sixtieth part of a degree we may have 
a mean approximation differing imperceptibly from 
the true figure and so be able readily to calculate the 
lengths corresponding to the fractions between 
the half degrees. It should be well noted that, by 
these same theorems now before us, if we should 
suspect an error in the computation of any of the 
chords in the table,® we can easily make a test and 

* As there are 360 half degrees in the table, the statement 
appears to mean that the table occupied eight pages each 
of 45 rows; so Manitius, Des Claudius Ptolemdus Handbuch 
der Astronomie, 1 Bd., p. 35 n. a. 

’ Such an error might be accumulated by using the ap- 
proximations for 1° and 3°; but, in fact, the sines in the 
table are generally correct to five places of decimals. 
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erravopOwow Ato amo THs bro THY SimAactova Tis 
> , hal ~ A bd 8 ~ 
emCyntoupevns 7 THs mpos GAAas twas TOV Sed0- 
pevwv vrepoxis 4 THs THY Acizovaav els Td 
e 


4 , e lA 9 lg a 
nptKUKALOV TEpipepeLay DrroTewwovans evOelas. Kal 
€oTW 1) TOO Kavoviou Kataypag? ToLavTn’ 


4 4 ~ > , +] ~ 
tG . Kavoviov TWV EV KUKA® evbeva@v 








evderdy éfnrooTa@v 





Tmepipeperaav 


Po ————re | i | esti Fees, 
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apply a correction, either from the chord subtending 
double of the arc which is under investigation, or 
from the difference with respect to any others of the 
given magnitudes, or from the chord subtending 
the remainder of the semicircular arc. And this is 
the diagram of the table: 


11. Taste or THE CyorDs IN A CIRCLE 


Sixtieths 


Q” 


2 
2 


119 
119 
119 


Ooo 


119 
119 
119 


| 119 
119 
120 


oco 
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(c) MeneLaus’s THEOREM 
(i.) Lemmas 


Ibid. 68. 14-74. 8 


wy’. IlpoAapBavopeva eis tas odaipuxds 
deifets 


"Akodrovbov 8 dvros amodei~at Kat Tas KaTa 

4 / , A > 
pépos ywopevas mnAtKdTnTas THv azoAapPavo- 
/ ~ \ ~ > lol 4 
pévwy rrepideperdv prerakvd tod te ionuepwod Kai 
Tob dia peeowy TOV LZwoiwy KvKrov tav ypado- 
, 4 / \ ~ ~ 3 ~ 
péevav peylotwy KikAwy bia Tav Tob lonuepivod 
4 4 - 4 4 # 
moAwy mpoeKOnodpeba Anppatia Bpaxéa Kal €v- 
xpyota, dv wy tas mreioras oxedov Sei€ers Tav 
adaipixds Oewpovpevwy, ws eve pdAtora, amdov- 

A 4 4 

oTepov Kal peBodixwrepov moinoopeba. 

Eis dvo 6 edfetas tas AB Kat AI" d1axGeioa 


dvo evbeiar 7 ve BE cai 4 TA repvérwoav adAAjdAas 
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(c) MeneLaus’s THEOREM 
(i.) Lemmas 
Ibid. 68. 14-74. 8 


13. Preliminary matter for the spherical proofs 


The next subject for investigation being to show 
the lengths of the arcs, intercepted between the 
celestial equator and the zodiac circle, of great circles 
drawn through the poles of the equator, we shall set 
out some brief and serviceable little lemmas, by 
means of which we shall be able to prove more simply 
and more systematically most of the qnestions 
investigated spherically. 

Let two straight lines BE and I'A be drawn so as 


A 





B it 


to meet the straight lines AB and AT and to cut one 
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kata To Z onpetov. Aéyw, ort 6 tis TA apos AE 
Aoyos cuvAmtTar ex Te TOG THS TA apos AZ Kai 
tot THs ZB mpos BE. 

"Hydw yap dia rod E 77 TA mapaddndos 4 EH. 
emet tapdAAnAoi etow at TA xai EH, 6 rijs TA 
mpos EA Adyos 6 atros eorw 7t@ THs TA ampds 
EH. e€wlev d¢ 7 ZA: 6 dpa ris TA apes EH 
Adyos ovyKeipevos eoTa ex te Tod tTHS TA apos 
AZ Kat tot tis AZ mpos HE: wore kai 6 ris 
TA apos AE Adyos ovyKeitas ek te Tod rhs TA 
apos AZ Kai Tob tis AZ ampos HE. éorw dé Kai 
6 ths AZ mpos HE Adyos 6 abrés 7G tis ZB mpds 
BE é&ta 76 trapadAjAous madw elvar tas EH xai 
ZA: 6 dpa tis TA mpos AE Xoyos otyKetrae x 
re tod tTHS TA apos AZ kai rot ris ZB mpos 
BE: ézep mpoéketro Setéat. 

Kara 7a attra dé devyOyoerat, Ste Kal Kara 
Staipeow 6 THs TE pos EA Adyos ovvijnrat x 
ze To0 THS TZ mpos AZ Kat rot ris AB mpés 
BA, da tod A rH EB mapaddAjAov aybeions Kai 


* Lit. ‘‘ the ratio of TA to AE is compounded of the ratio 
of TA to AZ and ZB to BE.”’ 
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another at the point Z. I say that 
TA: AE=(TA : AZ)(ZB : BE).¢ 
For through E let EH be drawn parallel to T'A. 

Since I'A and EH are parallel, 

TA:EA=CA: EH. {Eucl. vi. 4 
But ZA is an external [straight line] ; 

TA; EH =(V'A : AZ\AZ : HE); 
a TATA SEAS AZALI). 
But AZ:HE=ZB: BE, (Eucl. vi. 4 
by reason of the fact that KH and ZA are parallels ; 
: TA:AE=(CA:AZ)\(ZB: BE); . (1) 
which was set to be proved. 


With the same premises, it will be shown by trans- 
formation of ratios that 


TE: EA=('Z : AZ)(AB : BA), 





B 


a parallel to EB being drawn through A and TAH 
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apooeKkBAnfeians én’ abriv tis TAH. ézet yap 
addw trapadAndds éorw 7 AH 7H EZ, eee ws 
9 TE apos EA, 4 WZ mpds ZH. adda ris ZA 
eEwbev AapBavonevns 6 ris TZ mpos ZH Adyos 
ovyKeta. €x Te TOO THS TZ mpos ZA Kai rod rips 
AZ mpos ZH: €orw 5€ 6 ris AZ mpos ZH Adyos 
6 avtos TH THS AB mpos BA 8a 76 els wapad- 
Andovs tas AH kat ZB dupyOar tas BA wai ZH- 
6 dpa THs TZ apos ZH Adyos ovvijmra: ex re 
rod THs TZ mpos AZ xai tod ris AB apos BA. 
adra. TH THs TZ mpos ZH dAoyw 6 adrés éorw 6 
ths TE mpos EA: xai 6 ras TE dpa mpos EA 
Adyos ovykerrar Ex re Tod THs TZ ampos AZ 
kat Tob Tis AB mpos BA* émep der Sei€ac. 

IIddw €orw Kixdos 6 ABI’, 05 Kévrpov 76 A, 


Kat etAndbw émi ras mepupepeias adrod tuydvra 
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being produced toit. For, again, since AH is parallel 


to EZ, 
TE: BA=1Z: ZH. (Eucl. vi. 2 


But, an external straight line ZA having been taken, 
TZ: ZH=(1Z : ZA)(AZ : ZH) $ 
and AZ :ZH=AB: BA, 
by reason of BA and ZH being drawn to meet the 
eer AH and ZB; 
TZ : ZH =(UZ : AZ)(AB: BA). 


But TZ:ZH=TE:EKA; [supra 
and .* TE: BA=(TZ: AZXAB: BA); . (2) 


which was to be proved. 
Again, let ABI’ be a circle with centre A, and let 


B 


ee, 
ipsa 


there be taken on its circumference any three points 
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tpia onpueta Ta A, B, I, dore éxarépay tHv AB, 
BY zepidpepedy éAdcoova clvac nutxuKdAiov: Kat 
emt taV EES Sé AapBavopevwy tepipeperd@v TO 
Opotov vmaKkovécbw: Kai émelevyPwoav ai AT 
Kat AEB. dAéyw, Gru early, ws H bo THY SimAqv 
THs AB mepidhepeias zpos Thy 76 THY Sunday Tis 
BI, odrws 4 AE ed6cia apos riv ED’ edbetar. 

"Hy@woav yap Kafero. amo tav A kai T on- 
peiwy emt thv AB 7 te AZ wat 4 PH. eet 
maparAndds €or 7 AZ 7H TH, wat duAKrar eis 
auras ev0eta 4 AEDT, eotw, ws 7 AZ mpos rH 
TH, ovrws 7 AE apos ET. aX’ 6 atrés eorw 
Adyos 6 ris AZ apos TH kai rs ba0 Thy Serdqjv 
Ths AB wepidepeias zpos thy bao tH SimAnv ris 
BI: Hpicea yap éxarépa éxatépas’ Kal 6 THs AE 
dpa mpos ED Adyos 6 adres €otw TH THs bm0 THY 
SurAnv tis AB apos rHv bro Thy SimdAjv Tips 
BI: oep edeu detEa. 

IIapaxodovbet S’ adrdev, S71, Kav So00ow 7 
re AI’ GAn zrepiddpera Kat 6 Adyos 6 THs UO THY 
dumAnv ris AB mpos thy vio rH SurAqv ris BY, 
doPjcerar Kat éxatrepa tHv AB kat BI zepi- 
depaadyv. exreDeions yap tis abtis Karaypadijs 
erelevyOw 7 AA, Kal jy8w amo tod A Kaleros 
ext tHv AET 7 AZ. ore pev odv ris AD mepe- 
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A, B, I’, in such a manner that each of the arcs AB, 
BI is less than a semicircle ; and upon the arcs taken 


in succession let there be a similar relationship ; and 
let AI be joined and AEB. I say that 


the chord subtended by double of the are AB: 
the chord subtended by double of the arc BI 
[t.e., sin AB: sin BI'2)=AE: EL. 
For let perpendiculars AZ and I'H be drawn from 
the points A and I’ to AB. Since AZ is parallel to 
I'H, and the straight line AET has been drawn to 


meet them, 
AZ: TH=AE: ETD’. (Eucl. vi. 4 


But AZ:TH=the chord subtended by double of the 
arc AB: 
the chord subtended by double of 
the are BI’, 
for each term is half of the corresponding term ; 
and therefore 
AE:EI’=the chord subtended by double of 
the arc AB: 
the chord subtended by double of 
the are BP. , ° - (3) 
{=sin AB: sin BI}, 
which was to be proved. 

It follows immediately that, if the whole are AI’ be 
given, and the ratio of the chord subtended by double 
of the arc AB to the chord subtended by double of 
the are BI [2.e. sin AB:sin BI'], each of the arcs 
AB and BI’ will also be given. For let the same 
diagram be set out, and let AA be joined, and from 
A let AZ be drawn perpendicular to AET. Ifthe are 


* v. supra, p. 420 n. a 
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depeias Soletons 4 te bd AAZ yovia tiv jpi- 
cecav adrns dmotelvovca Sedopevn Eorar Kal 


dAov ro AAZ tpiywvrov, dHAov- eet S€ ris AT 


S-: 
Zz 


> , ¢? ¢ ¢€ f A ¢€ ~ 
ev0eias GAns Sedopevns drroKetrar Kat 6 THs AE 

\ Ld e 9 ‘ ba! ~ a) e ‘ \ ~ 
apos EY Adyos 6 atros wy TH TIS bro THY SurrAHv 
ths AB mpos thy tro thy durAnv ris BY, 9 ve 
AE €ovat do8cica Kai Aowrh  ZE. Kai dua tobro 

A ~ f f ‘ ¢ e€ A 
kai THs AZ Sdedopéevns SoPncerar Kai Hn Te v70 
EAZ ywvia to6 EAZ dpfoywviov Kat 6An 7 dao 
AAB: dote kai 7 te AB mepidépera So0jnoceras 

\ ‘ ¢€ “ ” A 
Kal Aor 7» BI'- émep der detEar. 

IldAw gorw Kvkros 6 ABI epi Kévrpov ro A, 
Kal emi Tihs mepidbepetas atrod «iAjdlw pia 
onueta ta A, B, T, wore éxarépay trav AB, AT 
mepipepera@v é€Adccova elvar yytxuKdAiov: Kal eri 
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AT is given, it is then clear that the angle AAZ, sub- 
tending half the same arc, will also be given and 
therefore the whole triangle AAZ; and since the 
whole chord AT is given, and by hypothesis 


AE:EI=the chord subtended by double of the 

arc AB: 
the chord subtended by double of the 

arc BI, 

{t.e.=sin AB: sin BI], 
therefore AE will be given [Eucl. Dat. 7], and the 
remainder ZE. And for this reason, AZ also being 
given, the angle EAZ will be given in the right-angled 
triangle EAZ, and [therefore] the whole angle AAB ; 
therefore the arc AB will be given and also the 
remainder BI’ ; which was to be proved. 

Again, let ABI be a circle about centre 4, and let 





three points A, B, I’ be taken on its circumference so 
that each of the arcs AB, AT is less than a semicircle ; 
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ta&v e€ns S€ AapPavopévey wepideperdv To Spovov 
e , A 3 ~ ? A € 
vraKovecbw: Kal emlevybeicas 7 te AA kat 
PB éxpePAjcOwoav Kal cupmntérwoav Kata TO 
E onpetov. A€yw, ore eoriv, dbs 4 bad THy SendAjv 
THs LA mepudepeias apos tHv bro Thy Sumdjy rijs 
AB, ovtws 7 TE edéeia zpos rHv BE. 

‘Opotws yap 7& mpotépw Anppatiw, éav dae 
Tav B kat P dydywpev xabérous ent tiv AA rH 
te BZ xat tiv VH, €arac 81a +O wapadAnjdous 
avras elvar, ws 7 TH apos rv BZ, otrws 7 TE 

A ) Y , € € ¢ ‘ A ~ ~ 
apos THY EB- wore Kat, ws 4 bd Thy SumAnv Tis 
TA mpos ryv tro tiv dumdqv ris AB, otrws 7 
TPE zpos tiv EB: émep Seu detEar. 

Kai é€vraifa dé adrofev mapakodrovbe?, dxd70, 

w € / / ~ A ¢ 4 ¢ 
Kav 7 ['B mepupépera provyn S007, Kat 6 Adyos 6 
Ths vno THY Sundjv tis TA mpos tiv tao Thy 
Sirdqv rijis AB 5007, Kai 4 AB repidépera 806%- 
cera. madw yap él Tis opoias Kataypadis 
9 / A 4 f ? , >? A 
emlevxBetans tis AB Kai Kabérov aybelans ext 





mv BI ris AZ 4 pev bard BAZ ywvia rv Hyl- 
getav vumoteivovoa tis BI mepidepeias eoras 
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and upon the arcs taken in succession let there be a 
similar relationship; and let AA be joined and let 
I'B be produced so as to meet it at the point EK. I 
say that 


the chord subtended by double of the arc TA: 
the chord subtended by double of the arc AB 


[t.e., sin PA : sin AB]=TE : BE, 


For, as in the previous lemma, if from B and T' we 
draw BZ and TH perpendicular to AA, then, by 
reason of the fact that they are parallel, 


T'H : BZ=ITE: EB. (Eucl. vi. 4 


.. the chord subtended by double of the are TA: 
the chord subtended by double of the are AB 
(z.e., sin TA: sin ABJ=TE:EB;. ° » (4) 
which was to be proved. 

And thence it immediately follows why, if the are 
I'B alone be given, and the ratio of the chord sub- 
tended by double of the are I'A to the chord sub- 
tended by double of the are AB [i.e., sin TA : sin AB], 
the arc AB will also be given. For again, in a similar 
diagram let AB be joined and let AZ be drawn per- 
pendicular to BI’; then the angle BAZ subtended by 


half the arc BI’ will be given; and therefore the 
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Sedopevry Kal OAov dpa TO BAZ dpboywvov. erret 
dé Kal é te ths TE mpos mhv EB Adyos dédorae 
Kal ETL 7 r'B eveia, doOjoerat Kal » te EB kai 
ett OAn 1 EBZ. dare Kat, €TTEL 7 AZ dédorar, 
doOncerar Kal i) TE bro EAZ yovia | Tob avrob 
dpboywriov Kal Aowr) % tro EAB. wore kai 7 
AB mepidpépera ora: Sedopevn. 


(ii.) The Theorem 
Ibid. 74. 9-76. 9 


Tovrwy mpodnpbévresv veypad0waav emt adpat- 
puis emupavetas peylorwy KUKAwY TEpupepear, 
WOTE ets dvo Tas AB xat AT Svo ypagetiaas Tas 
BE Kal PA Tépvew adAnras Kata TO Z onpetov’ 
EoTW be exon avtav éAdcowv yyiKuKdriou: TO 
dé avto Kal emi mac@v tdv Kataypaddyv tr- 
axovéobw. 

Aéyw 48y, ort 6 Tijs v70 THY SumAjv Tijs TE 
Trepupepetas mpos THY wT Thy Sum Ajy ays EA 
déyos ouvamrat eK Te TOD THs bo THY Sum Aqy Tis 
TZ mpds tHv bro tHv SirAqv ris ZA Kat Tob rijs 
do THY OiTAnV THS AB apos THY bad THY Surv 
This BA 

Eidjndéw yap To Kévrpov ris odaipas Kai €oTw 
7o H, kal y@woav azo rob H emi ras B, Z, E 
TOMAS TOV KUKAWwY 7 te HB xai 4 HZ xai 7 HE, 
Kal emleuxleica AA exBeBAjobu Kal out 
TTETW TH HB 2BdnBelon Kal avrh KATO TO © 
onpetov, opotws dé emlevybetoat ae AD Kal AD 
reuverwoav tas HZ nai HE nara ro K Kai A 
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whole of the right-angled triangle BAZ. But since 
the ratio TE: EB is given and also the chord IB, 
therefore EB will also be given and, further, the 
whole [straight line] EBZ; therefore, since AZ is 
given, the angle EAZ in the same right-angled tri- 
angle will be given, and the remainder EAB. There- 
fore the are AB will be given. 


(ii.) Zhe Theorem 
Ibid. 74. 9-76. 9 


These things having first been grasped, let there be 
described on the surface of a sphere arcs of great 
circles such that the two arcs BE and IA will meet 
the two arcs AB and AT and will cut one another at 
the point Z; let each of them be less than a semi- 
circle ; and let this hold for all the diagrams. 

Now I say that the ratio of the chord subtended by 
double of the arc ITE to the chord subtended by 
double of the arc EA is compounded of (a) the ratio 
of the chord subtended by double of the are IZ to 
the chord subtended by double of the are ZA, and 
(6) the ratio of the chord subtended by double of the 
arc AB to the chord subtended by double of the are 
BA, 








k é sin PK sinTZ sin mA | : 

“sin EA sin ZA sin BA 
For let the centre of the sphere be taken, and let 
it be H, and from H let HB and HZ and HE be drawn 
to B, Z, E, the points of intersection of the circles, 
and let AA be joined and produced, and let it meet 
HB produced at the point 0, and similarly let AI and 
AI be Joined and cut HZ and HE at K and the point 
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A | “~ \ , b] 4 \ 
onpetov’ emt puds d7 yivetat ed0eias ra ©, K, A 
onucia dua TO ev Svolv dpa elvar émmédos TH rE 
tod ALA rprydvou cat r@ Tob BZE KvKdov, Wris 





H 


enlevyleioa moet ets dvo edleias tas OA kal 
TA dunypévas tas OA Kat TA repvovcas aAdijras 
Kara To K onpetov: 6 dpa ris TA apds AA Adyos 
ouvimrar €x re to THs TK apos KA kat rod rijs 
A® zpos OA. add’ as pev 7 TA apds AA, 
ovTws 7 b10 THY OiTAqy THs TE mpos tiv bao rH 
dumAjnv ths EA aepipepeias, ws 5é€ % IK zpos 
KA, otrws 7 bro tH SerAnv ris TZ mepidepeias 
mpos THY bro THV Oirdqv tis ZA, ws dé 7 OA 
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A; then the points 9, K, A will lie on one straight 
line because they lie simultaneously in two planes, 
that of the triangle ATA and that of the circle BZK, 
and therefore we have straight lines OA and TA 
meeting the two straight lines OA and I'A and cutting 


one another at the point K ; therefore 
TA : AA=(I'K : KA)(A6 : OA). [by (2) 
But TA: AA=the chord subtended by double of 
the arc TE: 


the chord subtended by double 
of the arc EA 


(z.e., sin TE: sin EA], 
while [TK : KA=the chord subtended by double of 
the are ['Z: 


the chord subtended by double of 
the are ZA [by (3) 


[t.e., sin TZ : sin ZA}, 
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mpos OA, ovrws 4 bao THv SimAqv ris AB zepi- 
pepeias mpos THY bro THY SuTAnv THs BA: Kal 6 
Aoyos apa 6 Tis bro tHy SurAqv rs TE apos tiv 
vo THY Sundjv tis EA ovvimra: ex te tod Tis 
bro THY Sumdnv ris TZ apos tHv bao rHv Siumdjv 
tis ZA Kat tot ths bro THY SeumAnY ris AB mpos 
Thy vo THY SimAnv THs BA. 

Kara va adra 81) Kal womep ent rhs émumédou 
Kataypagpys TOV evOedv SeikvuTar, OTe Kal 6 THs 
b70 tTHv Surdjv tAS TA apos rHv bao Thy SumAqv 
THs EA Adyos ovvijnta é« te tod tis bard Th 
duAnv tis TA apos riv bao thy Sundqv ris AZ 
Kal Tob THs bro THY SumARv tHs ZB mpos Ti dao 


thy dundjv tis BE: dmep ampoéxerto SetEar. 


* From the Arabic version, it is known that ‘‘ Menelaus’s 
Theorem ” was the first proposition in Book iii. of his 
Sphaerica, and several interesting deductions follow. 
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and @0A:0A=the chord subtended by double of 


the arc AB: 
the chord subtended by double of 
the are BA [by (4) 


[t.e.,sin AB : sin BA], 

and therefore the ratio of the chord subtended by 
double of the arc TE to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the arc 'Z to 
the chord subtended by double of the arc ZA, and 
(b) the ratio of the chord subtended by double of the 
arc AB to the chord subtended by double of the 
are BA, 





; sin ‘EK sin T'Z_ sin AB 
E sin EA sin ZA ra |" 

Now with the same premises, and as in the case of 
the straight lines in the plane diagram [by (1)], it 
is shown that the ratio of the chord subtended by 
double of the are I'A to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are TA to 
the chord subtended by double of the are AZ, and 
(6) the ratio of the chord subtended by double of 
the arc ZB to the chord subtended by double of the 
chord BE, 


[i sin IA sinTA _ sin mE | 


9 





"9 Sin BA sin AZ * sin BE 
which was set to be proved. 
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XXIT. MENSURATION : 
HERON OF ALEXANDRIA 


XXII. MENSURATION : HERON OF 
ALEXANDRIA 


(a2) DEFINITIONS 
Heron, Deff., ed. Heiberg (Heron iv.) 14. 1-24 


Kai 7a, ev mpo Ths yewperpixfs aroryewoews 
Texvoroyovpeva vTroypadwv aot Kal vmoTuTOU- 
Levos, ws exes udAtora ovvrduws, Atovicre Aap~ 
MpoTaTe, THV TE apxnv Kal THY OAnVv odvra~w 
Tojcopat Kata THY TOD EdKAciSou tod Urowyew- 
Tob THs ev yewper pia. Dewpias dwacKaNiar: ofuat 

oe 
yap ovTws od povoy Tas ekeivov mpaypareias 





* The problem of Heron’s date is one of the most disputed 
questions in the history of Greek mathematics. The only 
details certainly known are that he lived after Apollonius, 
whom he quotes, and before Pappus, who cites him, say 
between 150 B.c. and a.p. 250. Many scraps of evidence 
have been thrown into the dispute, including the passage 
here first cited; for it is argued that the title Aapmpéraros 
corresponds to the Latin clarissimus, which was not in com- 
mon use in the third century a.p. Both Heiberg (Heron, 
vol. v. p. ix) and Heath (7.G. M. ii. 306) place him, however, 
in the third century a.p., only a little earlier than Pappus. 

The chief works of Heron are now definitively published in 
five volumes of the Teubner series. Perhaps the best known 
are his Pneumatica and the Automata, in which he shows 
how to use the force of compressed air, water or steam; they 
are of great interest in the history of physics, and have led 
some to describe Heron as “ the father of the turbine,” but 
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ALEXANDRIA 2 


(a) DeriniTions 
Heron, Definitions, ed. Heiberg (Heron iv.) 14, 1-24 


In setting out for you as briefly as possible, O most 
excellent Dionysius, a sketch of the technical terms 
premised in the elements of geometry, I shall take as 
my starting point, and shall base my whole arrange- 
ment upon, the teaching of Euclid, the writer of the 
elements of theoretical geometry ; for in this way I 
think I shall give you a good general understanding, 


as they have no mathematical] interest they cannot be noticed 
here. Heron also wrote a Belopoeica on the construction of 
engines of war, and a Mechanics, which has survived in 
Arabic and in a few fragments of the Greek. 

In geometry, Heron’s elaborate collection of Definitions 
has survived, but his Commentary on Euclid’s Elements is 
known only from extracts preserved by Proclus and an- 
Nairizi, the Arabic commentator. In mensuration there are 
extant the Afetrica, Geometrica, Stereometrica, Geodaesia, 
Mensurae and Liber Ge‘ponicus. The Metrica, discovered 
in a Constantinople ms. in 1896 by R. Schéne and edited by 
his son H. Schéne, seems to have preserved its original form 
more closely than the others, and will be relied on here in 
preference to them. Heron’s Dioptra, describing an instru- 
ment of the nature of a theodolite and its application to 
surveying, is also extant and will be cited here. 

For a full list of Heron’s many works, v. Heath, H.@.M. 
ii. 308-310. 
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evovvorrous eveobai got, aAAd Kal mAciotas aAAas 
TOV Els yewpeTpiay dvnkdvTwy. apfopar Toivuv 
amo onciov. 
2unpLetov EoTW, ov HHEpos ovdev 4 mépas 

iBdoraror n mépas yeas, TEpuKeE dé dtavoia 
jLovn Anrrov elvat woavel dyrepés TE Kal ducyees 
Tuyxavov. Tovodtov obv adto daoww elvar olov ev 
xpovw TO éeveatos Kal olov ovdda Péow Exovoar. 
€OTL pLev OvV ai ovata TaBTOov TH Hovde: ddvaipera. 
yap dpupen Kab Low UAT 0. Kab duépiara: TH de em 

au cig Kal TH oxEoet Ovageper  pev yap povas 
dpxi) api od, TO O€ onuetov Tijs YewpeTpouperns 
odotas apxy, dpXn | d€ Kata Eexbeou, oux ws }€pos 
ov THS YPappAS, ws Tot apiOuod }4€pos 7 pLovas, 
7 poeTrLvOOUPEVOV b€ avras* Kun Gévtos yap n paMov 
von bevros év pooet voeiTat ypapipn, Kal ovrw 
onpelov apy? eat. ypappns, emupavera de orepeod 

f 
CWpaTos. 


Ibid. 60. 22-62. 9 


CC’. Lmetpa yiverar, drav KUKAos emi KdKXov 
TO KévTpov exwv doplds dv mpds TO TOO KUKAOU 
emrimedov trepteveyGels eis TO adTO Tad atroKaTa- 
oral: TO Oe airo TOTO Kal Kpikos KaXetrat. 
OvexT)S pev ov €or o7reipa n exovoa didAermpa, 
cuveyns d€ 7 Kal” év onpetov ovpminrovoa, emran- 
Adtrovea Sé, Kal? Hv 6 mepipepdpevos KvKAoS 


1 €ort Friedlein, ére codd.. 





@ The first definition is that of Euclid i. Def. 1, the third 
in effect that of Plato, who defined a point as apy) ypappis 
(Aristot. Metaph. 992 a 20); the second is reminiscent of 
Nicomachus, Arith. Introd. ii. 7. 1, v. vol. i. pp. 86-89. 
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not only of Euclid’s works, but of many others per- 
taining to geometry. I shall begin, then, with the 
point. 

1. A pont is that which has no parts, or an ex- 
tremity without extension, or the extremity of a line,® 
and, being both without parts and without magnitude, 
it can be grasped by the understanding only. It is 
said to have the same character as the moment in 
time or the unit having position.’ It is the same as 
the unit in its fundamental nature, for they are both 
indivisible and incorporeal and without parts, but in 
relation to surface and position they differ ; for the 
unit is the beginning of number, while the point is 
the beginning of geometrical being—but a beginning 
by way of setting out only, not as a part of a line, 
in the way that the unit is a part of number—and 
is prior to geometrical being in conception ; for when 
a point moves, or rather is conceived in motion, a 
line is conceived, and in this way a point is the be- 
ginning of a line and a surface is the beginning of a 


solid body. 
Ibid. 60. 22-62. 9 


97. A spire is generated when a circle revolves and 
returns to its original position in such a manner that 
its centre traces a circle, the original circle remaining 
at right angles to the plane of this circle ; this same 
curve is also called a ring. A spire is open when there 
is a gap, continuous when it touches at one point, and 
self-crossing when the revolving circle cuts itself. 


® The Pythagorean definition of a point: ». Proclus, in 
Eucl. i., ed. Friedlein 95. 22. Proclus’s whole comment is 
worth reading, and among modern writers there is a full 
discussion in Heath, The Thirteen Books of Euclid’s Elements, 
vol. i. pp. 155-158, 
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avTOS avTOV TéuvEeL. yivovTat d€ Kal TOUTwWY To"al 
ypappal tives ididlovoar. ot bé Terpaywvor 
Kpixcou EKTIPLOLATA €LCL KvAwdpwr: yivovtat O€ 
Kal dda Twa TrouKiAa mpiopaTta eK Te ohaipwv 
KQL EK [LUKT@Y ETLpavera@v. 


(6) MeasuREMENT oF AREAS AND VOLUMES 


(i.) Area of a Triangle Given the Sides 
Heron, Metr. i. 8, ed. H. Schine (Heron iii.) 18. 12-24. 21 


"Eore 5€ Kabodixy pélodos wore tpidv mAev- 
pav doevoav olovdnmotobv Tprywvou TO eu Badov 
evpetv xwpis Kaberov: ot EoTwoav at rob Tpeywvov 

mAeupa povadery (, 7, 9. ovvOes ra € Kal ra F 
Kal 7a O- yiyverar Kd. Tovtwv AaBé rd Tpwov: 
yiyverar oP. dpehe ras € _povadas: Aural i. 
mad adeAe azo Trav LB Tas a Aourrat 5. «al ére 
ras 6: Aourat 7. Tmoinaov Ta UB emi Ta E° yiyvovrat 
E. ratra ém rov & yiyvovrar Gf: tabra emt tov 
vy: ylyveras wr ToUTwWY AaBe BS Lad Kal €oTat TO 


euPpadov Tob Tprywvou. Emel ovv at ip pnTHVv THY 
mAevpav ovK €xovot, AnipopeBa peta dtaddopov 
aneere? THY mAevpav oUTWS* Emel 6 ouveyyilev 
TO YK TeTpayaves EOTL O iucb Kat mAcupav EXEL 
TOV Ke, uepisov Tas WK ets TOV Ko: ylyverat KS 
Kat Tpita dvo* mpoaves Tas KC: ylyvetas vy TpiTa. 
dvo. ToUTwY TO HuLoU: ylyverat KS Ly’. EeorTar 
¥ a , Co —— , A ‘ 
dpa tod pK 4 mAevpa eyyvoTa Ta KS Ly’, Ta yap 
Ks Ly’ éf éauta ylyverar pn As’> wore TO dia- 
/ > \ ? , oA 4 , 

dopov povddos €oti popiov AS”, eav dé Bovrwpeta 
470 


MENSURATION: HERON OF ALEXANDRIA 


Certain special curves are generated by sections of 
these spires. But the square rings are prismatic 
sections of cylinders ; various other kinds of prismatic 
sections are formed from spheres and mixed surfaces.¢ 


(6) MrAsuREMENT oF AREAS AND VOLUMES 


(i.) Area of a Triangle Given the Sides 
Heron, Metrica i. 8, ed. H. Schéne (Heron iii.) 18. 12-24. 21 


There is a general method for finding, without 
drawing a perpendicular, the area of any triangle 
whose three sides are given. For example, let the 
sides of the triangle be 7, 8 and 9. Add together 
7,8 and 9; the result is 24. Take half of this, which 
gives 12. Take away 7; the remainderis 5. Again, 
from 12 take away 8; the remainder is 4. And 
again 9; the remainder is 3. Multiply 12 by 5; the 
result is 60. Multiply this by 4; the result is 240. 
Multiply this by 3; the result is 720. Take the 
square root of this and it will be the area of the tri- 
angle. Since 720 has not a rational square root, we 
shall make a close approximation to the root in this 
manner. Since the square nearest to 720 is 729, 
having a root 27, divide 27 into 720; the result is 
262; add 27; the result is 532. Take half of this ; 
the result is 261 +3(=268). Therefore the square 
root of 720 will be very nearly 268. For 263 multi- 
plied by itself gives 720, ; so that the difference 
is zg. If we wish to make the difference less than 3, 


* The passage should be read in conjunction with those 
from Proclus cited supra, pp. 360-365 ; note the slight differ- 
ence in terminology—self-crossing for interlaced. 
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ev eAdcaovt popiw tod AS’ rHv Stadopay ylyvecbar, 
avrt Tob WKO rafopev Ta viv edpeBévTa YK Kai AS’, 
A % ‘ , € , ~ 3 , 
Kal TAavTA ToLicavTEs EvpHoopeYv TOAA éAdTToVa 
<rov» As’ tiv dtadopay yuyvopevny. 
‘H d€ yewperpixn TovTov amddekis dorw 7Sde° 
, S @ A ~ r ~ ¢€ “~ \- LD: / 
tTprywvou dSoevoav Tav Acupav cdbpetv TO éuBadov. 
A \ a 9 9 , 2 , , 
duvatov pev ovv eat ayayovtals]’ play Kaberov 
Kat mopioapevov attis to péyebos edpeivy too 
, ‘ 3 4 / sy wv A ~ 
Tptywvou To eupaddov, déov d€ EoTw yuwpis Tis 
/ A 3 ‘ / 
Kallérov 76 euPadov topicacbat. 
"Eotw To Sdobév rpiywvov ro ABT kat €orw 
exaoTn Tav AB, BY, PA dodeioa: ctpety 76 euBa- 


1 roo add. Heiberg. 
* dyaydvra(s] corr. HH. Schine, 





* If a non-square number A is equal to a*+6, Heron's 
method gives as a first approximation to VA, 


a, =3(a +2), 


and as a second approximation, 


a= (a, +=) . 


a, 


An equivalent formula is used by Rhabdas(v. vol. {. p. 30 
n. 6) and by a fourteenth century Calabrian monk Barlaam, 
who wrote in Greek and who indicated that the process could 
be continued indefinitely. Several modern writers have used 
the formula to account for Archimedes’ approximations to 
1/3 (v. vol. i. p. 322 n. a), 

> Heron hadi previously shown how to do this, 
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instead of 729 we shall take the number now found, 
7203,, and by the same method we shall find an 
approximation differing by much less than .}, .4 

The geometrical proof of this is as follows: In a 
triangle whose sides are given to find the area. Now it is 
possible to find the area of the triangle by drawing 
one perpendicular and calculating its magnitude,® 
but let it be required to calculate the area without 
the perpendicular. 

Let ABI’ be the given triangle, and let each of 





‘\ 


AB, BP, PA be given; to find the area. Let the 
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doy. eyyeypaplw es TO Tplywvov KUKXos 6 AEZ, 
ob KévTpov €oTw TO H, Kat emelevxGwoav at AH, 
BH, Hy AH. EH; TH c6 pev apa dao BI, 
Bil cen iceaus core co BHT Tpiywvou, TO oe 
dro TA, ZH rot AVH zpeycivov, (70 5é€ tao AB, 
AH rod ABH  rpvyoivov)': 76 apa dao ths Tept- 
pétpov Tod ABI tpiywvov Kai rHs EH, tovréore 
Ths €k tot Kévtpov tod AEZ kvxdov, dimAdcov 
éort TOO ABT rptywvov. éxBeBrAjobw 4 TB, Kae 
Tn AA ton Keicbw 7 BO: 4 dpa TBO Hyiced eore 
Ths mepyserpov tot ABI’ rpeyodvou dia To tonv 
elvar tHv pev AA 77H AZ, tHv dé AB 77H BE, ry 
6¢ ZI 7H TE. 76 dpa two trav TO, EH icov dori 
7® ABI tptydvw. adda ro tnd THY TO, EH 
meupa eoTw Tob amo ths TO émi 70 a0 THS 
EH: éoTau cpa Tou ABP Tpuyevou TO €uBadov 
ep EQUTO yevo"Eevov iaov TO amo TIS or em TO 
ano THs EH. x0 TH pev [CH mpos opbas uy) 
HA, 77 6é [By BA, Kat emeledyOw 7 TA. eet 
otv opby éeatw Bape tav toro HA, TBA, ev 
KUKAw apa eott TO HBA terpazdAcupov: at apa 
dro THB, TAB dvoiv dpbais etow toa. eto dé 
kat at v7d THB, AHA dvalv dpbais icar 81a To 
dixa TetpHo8a Tas mpos TH H.ywvias tats AH, 
BH, TH kat toas efvat tas bao tov THB, AHA 
tats ono TOv AHT’, AHB kai ras macas rérpacw 
oplats toas elvat ton apa eotiv 7 bro AHA 77 
v7o TAB. éore d€ Kai opby 4 dvd AAH p07 
7 v7o I'BA ton: Gpowov dpa €art ro AHA zpi- 
ywrov 7 TBA tpiydivm. ws dpa 7 BI’ zpos 


1ro 8€ . ~~ Tprywrov: these words, along wiih several 
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circle AEZ be inscribed in the triangle with centre H 
[Eucl. iv. 4], and let AH, BH, TH, AH, EH, ZH be 
joined. Then 

BI. EH=2. triangle BHT, [Eucl. i. 41 

TA .ZH=2. triangle AHT, (zbed. 

AB. AH=2. triangle ABH. [ebed. 
Therefore the rectangle contained by the perimeter 
of the triangle ABI and EH, that is the radius of 
the circle AEZ, is double of the triangle ABI. Let 
I'B be produced and let BO be placed equal to AA; 
then I'BO is half of the perimeter of the triangle ABT 
because AA=AZ, AB=BE, ZI =LE [by Eucl. iii. va 
Therefore 


TO. EH=triangle ABI. (ibid. 
But Té. EH=4/TO?. EH? ; 


therefore (triangle ABT')?=0T?. EH, 


Let HA be drawn perpendicular to TH and BA per- 
pendicular to 'B, and let TA be joined. Then since 
each of the angles THA, I'BA is right, a circle can be 
described about the quadrilateral [HBA [by Eucl. 
iil. 31]; therefore the angles THB, AB are together 
equal to two right angles [Eucl. iii. 22]. But the 
angles 'HB, AHA are together equal to two right 
angles because the angles at H are bisected by AH, 
BH, PH and the angles THB, AHA together with 
AHP, AHB are equal to four right angles; therefore 
the angle AHA is equal to the angle TAB. But the 
right angle AAH is equal to the right angle TBA; 
therefore the triangle AHA is similar to the triangle 
DBA. 





other obvious corrections not specified in this edition, were 
rightly added to the text by a fifteenth-century scribe. 
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BA, 7» AA mpos AH, TOUTEOTLV y) BO mpos EH, 
Kal evardé, WS 7 rB 7 pOs BO, 7 BA «pos EH, 
TOUTEOTL y BK ™pos KE dca 70 TrapaAdAnhov elvar- 
THY BA TH EH, Kal ouvdervre, ws 7. MC) mpos BO, 
OUTWS y) BE mpos EK: wore Kai ws TO d7r0 Tis 
ro mpos TO v70 trav TO, OB, ovTWs TO vm0 
BET mpos TO U0 DEK, TouTEoTt 7 pos TO dao 
EH: e& opboywvicy yap dimr0 | THIS opOis emt THY 
Baow Kaberos 7 KTaO 1” EH: WOTE TO amo Tis Yr 
é7ml TO amo Tijs EH, od mAcupa Hy TO eu Badov 
tod ABL tpuydivov, toov €orat TH tro TOB emi 
vo ovo LEB. Kal éo7t Sofcioa éxdory Tov Yo, 
OB, BE, TE- 7 pev yap TO Tpicerd eOTL THS 
TEPtLET POU Tob ABP TpLywvov, n O€ BO n viTEp- 
oxn), i) VITEPEXEL u) Tpioeca Tijs TTEPYLET POU THs 
TB, 7 dé BE n UTmEPOXN, n UiTEpeXEL n Tpicera 
TAS TTEPULET POU Tis All 95-06 EP ” UiTEpOXN, 
7 Urrepexer 7 jpioea Tijs Plaine ahs AB, 
emeSiimep i ton eorly n pev EP 7 UZ, 4 # 88 BO 
Th AZ, eet kai 7H AA eorly ion. Sober J apa Kai 
TO er Raber tot ABI’ zpiycvou. 


(ii.) Volume of a Spire 
Ibid. ii. 18, ed. H. Schéne (Heron iii.) 126. 10-130. 3 
"Eotw yap tis ev éemimédm ed0eia % AB kai 
dvo TuxXOVTA em” atTHs onueta. etAndbw o BIAE 
(ktKdos)’ dpbos wv mpos TO broKeievov émimedov, 
3 = 3 ¢€ b) “A \ 4 “~ 
ev wm eotw 7 AB ev0eta, kat pévovtos tot A 
1 xvxdos add. H. Schine. 
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Therefore BI’; BA =AA:AH 
=BO:EH, 
and permutando, I'B: BO=BA : EH 
=BK : KE, 


because BA is parallel to EH, 

and componendo T'O0:BO=BE:EK; 
therefore TO?:TO.OB=BE.EID:TE. EK, 
1.€. =BE. ED : EH?, 


for in a right-angled triangle EH has been drawn 
from the right angle perpendicular to the base; 
therefore I‘O?.. EH?, whose square root is the area 
of the triangle ABI’, is equal to ((O. OB)(TE. EB). 
And each of IO, OB, BE, TE is given ; for PO is half 
of the perimeter of the triangle ABI’, while B@ is the 
excess of half the perimeter over I'B, BE is the excess 
of half the perimeter over AI’, and ET is the excess 
of half the perimeter over AB, inasmuch as ET =TZ, 
BO=AA=AZ, Therefore the area of the triangle 
ABD is given. 


(ii.) Volume of a Spire 
Ibid. ii. 13, ed. H. Schéne (Heron iii.) 126. 10-130. 3 


Let AB be any straight line in a plane and A, B 
any two points taken on it. Let the circle BTAE be 
taken perpendicular to the plane of the horizontal, 
in which lies the straight line AB, and, while the point 

* If the sides of the triangle are a, b, c, and s=}(a+b +c), 
Heron’s formula may be stated in the familiar terms, 

area of triangle = +/s(s — a)(s - b)(s — ec). 
Heron also proves the formula in his Dioptra 30, but it is 


now known from Arabian sources to have been discovered by 
Archimedes. 
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onueiov trepipepéobw Kara TO émizedov % AB, 
dypt od els TO avTd amoxaracTabh avprrepipepo- 
pevov Kal Tob BIAE kvxdrov opfot diapevovtos 
mpos TO UToKEetevov émimedov. amoyevvncet apa 
twa emdaveray 7 BTAE zepipépera, qv dn 
orreipiKny KaAotow: Kav py 7 S€ dAos 6 KUKAos, 
ad\Aa tpHua attot, wadw anmoyervicer TO TOb 
KvKAoV TLAA aTeipiKhs émdavetas TuApa, KaQ- 
dmep eict Kat at tats Klioow vmoKelwevar omeipat: 
Tpidv yap ovody éempaverdy ev TH Kadovpévy 
avaypage?, dv dy tives Kal euBorza KaAcdow, dvo 
pev KolAwy Ta&v dxpwv, puds S€ eons Kat Kupris, 
dua mepupepopevar at tpels amoyevva@at to €ldos 
Tis Tois Kloow vroKeperns a7eEtpas. 

Adov odv éorw riv adnoyervnbetoay oretpay tio 
rob} BIAE xvxdov perpioa. Sddc0w 7 pev 
AB povddwy &k, 4 5é BI’ Siapetpos povadwy of. 


4 ; 
E (S) 


9,7 q 4 “a f A 4 9 \ ~ 
eiAndOw to Kévtpov Tob KUKAov To LZ, Kat amo THY 

, LTO broxeyevw emimédm mpos dpbas nx8woav 
ai AZE, HAQ. «al dia trav A, E 7H AB mapdd- 
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A remains stationary, let AB revolve in the plane 
until it concludes its motion at the place where it 
started, the circle BUAE remaining throughout 
perpendicular to the plane of the horizontal. Then 
the circumference BI'AE will generate a certain sur- 
face, which is called spiric; and if the whole circle 
do not revolve, but only a segment of it, the seg- 
ment of the circle will again generate a segment 
of a spiric surface, such as are the spirae on which 
columns rest ; for as there are three surfaces in the 
so-called anagrapheus, which some call also emboleus, 
two concave (the extremes) and one (the middle) 
convex, when the three are moved round simultane- 
ously they generate the form of the spira on which 
columns rest.? 

Let it then be required to measure the spire gener- 
ated by the circle BVAE. Let AB be given as 20, 
and the diameter BI’ as 12. Let Z be the centre of 
the circle, and through ® A, Z let HAO, AZE be 
drawn perpendicular to the plane of the horizontal. 
And through A, EF let AH, kO be drawn parallel to 


* The dvaypadevs or €uBorevs is the pattern or templet for 
applying to an architectural feature, in this case an Attic-Ionic 
column-base. The Attic-Ionic base 
consists essentially of two convex 
mouldings, separated by a concave 
one. In practice, there are always 
narrow vertical ribbons between the 
convex mouldings and the concave Ye 
one, but Heron ignores them. In the 
templet, there are naturally two con- 
cave surfaces separated by a convex, 4 
and the kind of figure Heron had in 
mind appears to be that here illus- 
trated. I am indebted to Mr. D. S. Robertson, Regius 
Professor of Greek in the University of eee for elp 
in elucidating this passage. ® Lit. “‘ fro 
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Andou 7XPwaoav ai AH, EO. SéSecxrar ¢ Acovu- 


} , “~ II \ “A / > , 
coowpw ev T@ llept THs ometpas emvypapopevy, 
@ a“ Xo a” e 


, \ 4 @ 
ott ov Aoyov eyes 6 BI'AE kvkdos mpos rd Hyuov 
To} AEHO zapadndoypaypov, toérov éyer Kat 
) yervnbeioa oreipa tad rob BTAE xvxdov mpds 
4 , e mM ? 3 e e | 3 
tov KvAwdpov, ob d€wv pév cor 6 HO, % 8é &x 
“A Ul “~ / e ? 4 > e 
Tov Kévtpou Tis Bdoews EO. eet odv 7) BI 
/ 3 ‘ e bd ” ? =F 
povddwy 1B €oriv, 7» dpa ZI écrar povadwv ©. 
ball A A e , =~ w ” e 
€omt Oe Kai 7 AI’ povddwy 7: éorar dpa % AZ 
/ ~ / ¢ ¢ ce 2 as 
povddwy 16, tovtéotrw 1% EO, yrs early éx rod 
Kévtpov ths PBdoews Tod cipnudvou KvrAivSpov: 
dofeis dpa eativ 6 KUKAos: GAAa Kal 6 a€wv Sobeis: 
4 Seas , pp 2. 4 1 oe ¢ 
coTly yap povddwy wf, émet kai 4» AE. adore 
dofeis Kal 6 elpnuevos KUAWSpos* Kai gor. 76 AO 
, ,\1 ¢ \ 1 °o 
mraparAnAdypappov (Sofdvy': ote Kal TO HpLov 
avrob. adda kat 6 BYAE kvdros: Sobctca yap 
7 TB dtduetpos. Adyos dpa tod BIAE kvkdAov 
4 A a / @ \ 
mpos To A® mrapadAnAdypappov Sofeis: ware Kat 
THs oTEtpas mpos Tov KUAWSpov Adyos éott Sobeis. 
A 4 / ¢ , \ » A 4 
Kat €aTt dofeis 6 KUXAwdpos: Sofév dpa Kat To 
OTEpEov THS OTeEipas. 
Luv7ebjoerat 57) axoAovdws TH avaddce ovrws. 
” > A a -=- 1:9 ed \ , 4 
agere aro tav K Ta 1B: Aoima H. Kal mpdabes +2. 
K* ylyverat K7y* Kal wétpnaov KUAWSpov, od 4 pev 
duduerpos THs Bdcews éort povadwy Ky, TO Se 
uisos uB> Kai yiyverar TO orepeov adbrod {CrGB. 
Kal péTpnoov KUKAoY, od SidpeTpds éaTe povadwy 
“Q , , 3 \ + \ , Pe 
iP yiyverat To euBaddv adrov, Kabws éuaboper, 
pty &: nat AaBé tev KH TO Hutou' yiyverar 16. 
> 4 1 o@ A “2 , aS ‘ MA 
emt TO Nutov TwYv LB yiyverat O° Kal moAAa- 
1 Sov add. H. Schine, 
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AB. Now it is proved by Dionysodorus @ in the book 
which he wrote On the Spire that the circle BCAK 
bears to half of the parallelogram AEKHO the same 
ratio as the spire generated by the circle BL'AE bears 
to the cylinder having HO for its axis and KO for the 
radius of its base. Now, since BI is 12, ZI will be 6. 
But ALT is 8; therefore AZ will be 14, and likewise 
iO, which is the radius of the base of the aforesaid 
cylinder. Therefore the circle is given; but the 
axis is also given ; for it is 12, since this is the length 
of AK. Therefore the aforesaid cylinder is also given ; 
and the parallelogram AO is given, so that its half 
is also given. But the circle BI'AE is also given ; 
for the diameter I'B is given. Therefore the ratio of 
the circle BI'AE to the parallelogram is given; and 
so the ratio of the spire to the cylinder is given. 
And the cylinder is given; therefore the volume of 
the spire is also given, 

Following the analysis, the synthesis may thus be 
done. Take 12 from 20; the remainder is 8. And 
add 20; the result is 28. Let the measure be taken 
of the cylinder having for the diameter of its base 28 
and for height 12; the resulting volume is 7392. 
Now let the area be found of a circle having a dia- 
meter 12; the resulting area, as we learnt, is 113}. 
Take the half of 28; the result is 14. Multiply it 
by the half of 12; the result is 84. Now multiply 


¢ For Dionysodorus v. supra, p. 162 n. a and p. 364 n. a. 

If AE=HO=2r and E® =a, then the volume of the spire 
bears to the volume of the cylinder the ratio 27a . rr: 2r . 2a? 
or wr: a, which, as Dionysodorus points out, is identical with 
the ratio of the circle to half the parallelogram, that is, rr? : ra 
or mr: a. 
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mAaoudoas Ta ,C7SB ent ra pry 6 Kal Ta yevopeva 
mapaBadre mapa Tov 75° ylyverar OAs :. TOG= 


4 A ~ 
OUTOUV E€OTAL TO OTEpPEOV Tis O7Eipas. 


(iii.) Division of a Circle 
Ibid. iii. 18, ed. H. Schdne (Heron iii.) 172. 18-174. 2 


Tov d00évra KuKdrov duedeiv els tpla toa Sdvolv 
evleiais. TO pev ov mpoPAnpa ott od pyrdv éoTt, 
dnAov, THs evypnoTtias dé evexev SieAodpev adrov 
e sf ¢ ” € \ / e 
ws eyytora ovTw. €eoTw 6 Soleis KuUKXos, od 

, \ 1 2 tp > 24 , 
Kévtpov To A, Kat evnppdolw cis adtov tpiywvov 
iodmAevpov, od mAevpa 7 BY, kat wapddAndos atrh 
7x9w 4% AAE Kat erelevyPwoar ai BA, AT. déeya, 
¢ A ~ Uj ” , > , nA 
ore TO ABL ty Aja rpirov eyyvora é€att pépos Tob 
GAov KUKdov. emelevyPwoav yap ai BA, AT. 6 
apa ABY'ZB topeds tptrov éori pépos tod sAov 
KUKAov. Kal €or toov to ABT tpiywrov 7H 

/ A ww ~ , 
BLA sprydvw- tro apa BATZ oxjpa cpirov 

4 > A ~ 4 , t A ay ? > 
pépos €att Tod CAov KUKAov, @ 5 peilov eorw 
avrod to ABIL tynya averacOyrov svtos ws 

\ A bid 4 ¢ , A \ ¢ ¢f 
mpos Tov OAov KUKAov. cpoiws Sé Kai érépay 
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7392 by 113} and divide the product by 84; the 
result is 99567. This will be the volume of the spire. 


(iii.) Division of a Circle 
Ibid. iii. 18, ed. H. Schine (Heron iii.) 172. 18-174, 2 


To divide a given circle into three equal parts by two 
straight lines. It is clear that this problem is not 
rational, and for practical convenience we shall make 
the division as closely as possible in this way. Let 
the given circle have A for its centre, and let there be 
inserted in it an equilateral triangle with side BI’, 
and let AAE be drawn parallel to it, and let BA, AT 


be joined. I say that the segment ABT is approxi- 
mately a third part of the whole circle. For let 
BA, AI’ be joined. Then the sector ABI'ZB is a third 
part of the whole circle. And the triangle ABI is 
equal to the triangle BI‘A [Eucl. i. 37]; therefore the 
figure BAT‘Z is a third part of the whole circle, and 
the excess of the segment ABI over it is negligible 
in comparison with the whole circle. Similarly, if we 
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mAeupav - laomAevpou Tpuyevov “ev ypapavres ade- 
Aotpev ETEpOV TpiTov pépos: WOTe Kal TO KaTa=' 
Aewopevov tpitov pépos e€orat [pépos]' tod GAov 
KvKAOV. 


(iv.) Measurement of an Irregular Area 


Heron, Diopt. 23, ed. H. Schéne (Heron iii.) 
260. 18-264. 15 


To d08év ywpiov perphoa dia SidrrTpas. €oTw 
to S00év ywpiov mepteydpevov v0 ypaypis 





araxtov THs ABPAEZHO. ézet ov éepabopev 
dua THS KatacKevacbetons SidmTpas diayew aon 
Th Sofeion evleia <érépav)’ mpos dpbas, €AaBov 
Tt onpetov el THS TEpLexoVaNs TO Ywpiov ypaypTs 
48.4; 
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inscribe another side of the equilateral triangle, we 
may take away another third part; and thercfore 
the remainder will also be a third part of the whole 
circle. 


(iv.) Measurement of an Irregular Area 


Heron, Dioptra ® 23, ed. H. Schéne (Heron iii.) 
260. 18-264. 15 


To measure a given area by means of the dioptra. Let 
the given area be bounded by the irregular line 
ABPAEZHO. Since we learnt to draw, by setting 
the dioptra, a straight line perpendicular to any 
other straight line, I took any point B on the line en- 


¢ Euclid, in his book On Divisions of Figures which has 
partly survived in Arabic, solved a similar problem—to draw 
in a given circle two parallel chords cutting off a certain 
fraction of the circle; Euclid actually takes the fraction as 
one-third. The general character of the third book of 
Heron’s Metrics is very similar to Euclid’s treatise. 

It is in the course of this book (iii. 20) that Heron extracts 
the ae root of 100 by a method already noted (vol. i. pp. 
60-63). 

® The dioptra was an instrument fulfilling the same pur- 
poses as the modern theodolite. An elaborate description of 
the instrument prefaces Heron’s treatise on the subject, and 
it was obviously a fine piece of craftsmanship, much superior 
to the “ parallactic ’’ instrument with which Ptolemy had to 
work—another piece of evidence against an early date for 
Heron. 


1 wépos om. H. Schone, 
® érépay add. H. Schone. 
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7o0 6B, Kal jyayov «dOciay tvyotcay Sia Tis 
dudtTpas THY BH, Kal TavTH pos oplas my BI, 
(Kat TavTn eTépay ™pos opbas THY DZ, Kal 
opotws th IZ mpos dpbas thy ZO. Kat éAaBov 
emit TOV axOeody edOerav cuvexh onpeta, emt pev 
ths BH ra K, A, M, N, &, O- emi 6€ rH5 BI ra 

II, P- émi dé rs EZ so eth Oe re Q- 
emi be mas ZO Ta 5, GS. Kal am0 TOY Anpbevraw 
onpetav tats ev0eias, éf’ dv é€oTi Ta onpeta, 
mpos dplas nyayov tas K%, AA, MA, NLB, 
ob, UO AS The. Ps, 27 TH, Y0, OA, 


a. B 
XM, ‘YM, QE, = M, OM ovTws wore [Tas émi]* Ta 
méepata TaY axylerody pos opfas [em Cevyvupevas]? 
dmroAapBaverv ypapuas amo THs Treplexovan|s TO 
xwptov ypappys ouveyyus evdeias: Kal ToUTWwY 
yernfévtwy eorar Suvatov TO ywpiov peTpetv. TO 


pev yap BIZM TrapaAdnAdypapyLov opBoyusvidv 
€oTw* €7eiTa TAS mAcupas dAvoet  oxowiw Be- 
Bacauopévw, tovréatw pyr’ exreivecOar pyre 
avoTeAXcofar Suvapévy, peTpHoavTEs efopev To 
euBaddv Tob mapaNAnroypdypov. Ta 8 eKxTOs 
ToUTOV Tpiywva. opfoyeivra Kat Tpametia dpotws 
peTpHooper, exovres Tas meupas avTav: eorat 


yap Tpiywra pev dploywua ra BKA, BILE, 
rps, TZ,Z, ZOE, ZsM, OHM. a 8¢ Nome 


Tpaetvo. Spboyavuea. Ta pev ody Tpiywva pe- 
tpetran TOV TmEpl THY opOnv yeviay moMamAaca- 
Copeveny em’ adAnda: Kai Tot YEvopLevou TO Hypo. 
7a 6€ tparélia: cuvapdotépwy ta&v trapadAjAwy 
TO Hpsov emi tTHv em” attras KdQeTov ovcar, olov 
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closing the area, and by means of the dioptra drew 
any straight line BH, and drew BI’ perpendicular 
to it, and drew another straight line [Z perpen- 
dicular to this last, and similarly drew ZO per- 
pendicular to ['Z. And on the straight lines so 
drawn I took a series of points—on BH taking 
K, A, M, N, &, O, on BI taking IJ, P, on 'Z taking 
2, 1) Vy PX, VY, 2,.and-on.ZO taking o, S.. And 
from the points so taken on the straight lines de- 
signated by the ee I drew the perpendiculars 
KA, AASeM A, Bre =, 1, 0,4, any Pie Ly el, 


YO, A, XM, YM, QE, oM, cM in such a manner 
that the extremities of the perpendiculars cut off 
from the line enclosing the area approximately 
straight lines. When this is done it will be possible 


to measure the area. For the parallelogram BI'ZM 
is right-angled ; so that if we measure tlie sides by 
a chain or measuring-rod, which has been carefully 
tested so that it can neither expand nor contract, we 
shall obtain the area of the parallelogram. We may 
similarly measure the right-angled triangles and 
trapezia outside this by taking their sides ; ; Por BK~A, 


BILE, TPs, P22, ZOH, ZoM, OHM are right- 
angled triangles, and the remaining figures are 
right-angled trapezia. The triangles are measured 
by multiplying together the sides about the right 
angle and taking half the product. As for the 
trapezia—take half of the sum of the two parallel 
sides and multiply it by the perpendicular upon 


1 xai radrn add. H. Schine. 
2 ras émt om. H. Schone. 
3 emlevyvupévas om. H. Schone. 
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tov K>, AA ro utov emi tiv KA+ Kal ré&v 
Aoirady 5€ Gpoiws. €orar dpa peyerpyucvov dAov 
TO xwptov bud TE TOD pégov mrapahhnroypappov 
Kal TOV €xros avrob Tpuyavey Kat tpareliwv. 
eav dé rUyn moTE perago avTav tov aybeodv 
mpos op0as rats Tot Tapaddnroypdappou mAevpais 
KapTrvAn ypaypn) pn ouveyyilovoa ev0eia (olov 
peTatv TOV a), ; Ypappen 7 Wa), anAAd 


TEpLpepet, pLETPTGOMEY OUTWS* dyayovres rhy 
Ss 

O,A apos dp8as tiv ,AM, Kal én’ adrijs AaBdvtes 

6 y ? 

onueia ovveyjy ta M, M, kai am adradv pos 

S 6 t yn ¢ 
opbas ayaydvtes 7H MA ras MM, MM, Gove 
Tas petakd Tav ayJeaadv advveyyus edBeias elvat, 
Ss 

mad petpnoouey 76 Te MEQ. A zrapadAndAdypap- 

n ¢ GS @ 1 

pov kai tro MMA cpiywvov, cat ro , MMM 

tpanéluov, Kal ére TO Erepov Tpamréliov, Kal E€opev 

TO TWeEplexopuevov ywpiov tad tre THs ,TMMA 

ypappns Kat tov TR, CeO, OA edderdy 
pLepLeTpnpLevov. 

(c) Mecwanics 
Heron, Diopt. 37, ed. H. Schine (Heron iii.) 806. 22-312. 22 
TH do0beion Suvayer to Sobév Bdpos Kuhoae 
4 +7 add. H. Schine. 2 =O add. H. Schine. 





* Heron’s Mechanics in three books has survived in Arabic, 
but has obviously undergone changes in form. It begins 
with the problem of arranging toothed wheels so as to move 
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them, as, for example, half of K%, AA by KA; and 
similarly for the remainder. Then the whole area 
will have been measured by means of the parallelo- 
gram in the middle and the triangles and trapezia 
outside it. If perchance the curved line between 
the perpendiculars drawn to the sides of the parallelo- 
gram should not approximate to a straight line (as, 
for example, the curve ,I'A between & I, 0,A), but 


s” 
to an arc, we may measure it thus: Draw AM per- 
pendicular to O,A, and on it take a series of points 


6 Oe 4 
‘, M, and from them draw MM, MM perpendicular to 


Ss 
M_A, so that the portions between the straight lines 
so drawn approximate to straight lines, and again we 


= 
can measure the parallelogram MOA and the tri- 


¢ GS Oe 
angle M M_A, and the trapezium ,[MMM, and also the 
other trapezium, and so we shall obtain the area 


u$ 
bounded by the line ['MM_A and the straight lines 
Us, BO, 0A. 


(c) MEcHANICs 2 
Heron, Dioptra 37, ed. H. Schéne (Heron iii.) 306. 22-312, 22 
With a given force to move a given weight by the 


a given weight by a given force. This account is the same 
as that given in the passage here reproduced from the Dioptra, 
and it is obviously the same as the account found by Pappus 
he 19, ed. Hultsch 1060. 1-1068. 23) in a work of Heron’s 
now lost) entitled BapovAxds (‘‘ weight-lifter ’)—though 
Pappus himself took the ratio of force to weight as 4; 160 
and the ratio of successive diameters as 2:1. It is suggested 
by Heath (H.G.M. ii. 346-347) that the chapter from the 
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61a TupTdvwv ddovrwrdv mapabécews. Kate- 
oxevaobw mihypa Kkabarep yAwmocdKopov: els TOUS 
pakpovs Kal mapa jAous Toixous Svaxetofwoav 
déoves mapdAAnAo éavrois, év S:agTipac. Ketpevor 





wore Ta ovpduy adtois ddovTrwTd TUuTava Tapa- 
a A 4 > , 4 4 
KetoOar Kat ovpmremA€xOat adrrAjAois, Kaba wéAAoLEV 
SnAotv. €oTw TO eipnucvov yAwoaddKopov TO 
ABTA, & & afwv €oTw SiaKeipevos, ws eipyrat, 
A Ul b) / / ¢ 4 
Kat duvdpevos evAUTWs oTpédecba, 6 EZ. rovrw 
A A wv 4 ? , A 
be ouppves €OTW TUETTOVvOY woovrwpéevov to HO 
EXov Thv SidpeTpov, et TUYOL, mevramAaciova nS pa. 
tot EZ aSovos Svaperpov. Kal iva emt mapadety- 
patos Thy KaTacKkeunv Tornowpneba, EoTw TO pLeV 
aydopevov Bapos taAdvrwy yirtiwv, 7 dé Kivotca 
vvapts €oTw Taddvrwy €, TouvTéoTW oO KLWaYV 
bd ~ / ¢ v4 > ¢ A 
avOpwros 7 madapiov, Wore Stvacba Kal? éavrov 
dvev pnyavins eAkew tdAavTa €. ovdKodv édv Ta 
3 ~ , > 4 4 / > ~ 
Ex Tov hoptiov exdedeneva OTrAa did, Tivos Comns 
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juxtaposition of toothed wheels.* Let a framework be 
prepared like a chest ; and in the long, parallel] walls 
let there lie axles parallel one to another, resting at 
such intervals that the toothed wheels fitting on to 
them will be adjacent and will engage one with the 
other, as we shall explain. Let ABTA be the afore- 
said chest, and let EZ be an axle lying in it, as stated 
above, and able to revolve freely. Fitting on to this 
axle let there be a toothed wheel HO whose diameter, 
say, is five times the diameter of the axle EZ. In 
order that the construction may serve as an illustra- 
tion, let the weight to be raised be 1000 talents, and 
let the moving force be 5 talents, that is, let the man 
or slave who moves it be able by himself, without 
mechanical aid, to lift 5 talents. Then if the rope 


holding the load passes through some aperture in 


BapovAxés was substituted for the original opening of the 
Mechanics, which had become lost. 

Other problems dealt with in the Mechanics are the para- 
dox of motion known as Aristotle’s wheel, the parallelogram 
of velocities, motion on an inclined plane, centres of gravity, 
the five mechanical powers, and the construction of engines. 
Edited with a German translation by L. Nix and W. Schmidt, 
it is Sarai as vol. ii. in the Teubner Heron. 

9 Perhaps “rollers.” 





4 ris add. Vincentius. 
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ovens) ev T@ AB roixw emevAn Of mept tov EZ 
dfova <.... ae karedovpeva Ta €K TOU popriou 
67Aa Kwioe TO PBdpos*: wa dé Kuyb7 tO HO 
4 a“ , 4 ¢ / 4 4 
tuptravov, (et duva)puer* drapyew mAgov TaAdvTwv 
duakociwy, dua TO THY diayeTpov Tod TuUpTdvou 
THs Svayéetpov Tod aovos, ws dmeOeuceba, mevta- 
mAnv Celvar)*: tadra yap amedetyOn ev tais Ta 
é Suvduewy amobeiEeaw. GAN’ ¢......)* Exopev Th 
‘ , ? ‘ / > ‘ id 
Thy Svvayw taddvrwy dStaxooiwy, aAAa évte. 
4 > id ” LAA. A q 5 , 
yeyoveTw ody éTepos dSwv <rapaddndosy' diaxei- 
pevos TO EZ, o KA, éexywr ovpdues TUTAvov 
wWdovtwyevov TO MN. oddovT@des dé Kal tro HO 
TULLTAVOV, WOTE evapo lew Tats odovrwoect Tob 
MN TUpTavou. TO dé atTe asovu TO. KA aupdueés 
ruunavov 76 EO, EXOV Opoiws Thy dudpeT pov 
mevtattAaciova Tis Tod MN suprdvou diapeérpov. 
dua 7) TOOTO Sejae TOV BovAduevoy Kwely bia TOD 
ZO tupmdvov td Bdpos éxew Sdvapuv taddvtwy 
ji, eTevonmep TOV G TaAdyT ey TO TéLTTOV €oTt 
rdAavra pe. madw obv mapaxeicbw (TO =0 
TULTIAVY) wdovTwpevyy)® TUpeTavov odovTwhev éTe- 
pov <70 IIP, Kai €otw 7H)? TupTavw wdovTwpevyp 
a \ ° , \ 10 
T® IIP ovupdves ETEpov TUpmTavov Td xT EXoV 
dpolws mevramAjy THY ud rer pov THs LIP rupmdvov 
OvajLeTpou" v7) de a<vadoyos €oTat dvvapus)" Tod 
Tupmavov %} €xovsa To Bdpos taAdvTwy 7° 


1 omijs ovons add. Hultsch et H. Schone. 
a After dfova there is a lacuna of five letters. 
* +a €x 700 dopriov oma xujoe To Bapos H. Schine, ra éx 
708 fopriov émAaxwy ev tict To Bapos cod. 

© Sez Suvdper—"* septem litteris madore absumptis, supplevi 
dubitanter,”’ H. Schone. 


5 elvas add. H. Schine, 
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the wall AB and is coiled round the axle EZ, the rope 
holding the load will move the weight as it winds up. 
In order that the wheel HO may be moved, a force of 
more than 200 talents is necessary, owing to the 
diameter of the wheel being, as postulated, five times 
the diameter of the axle ; for this was shown in the 
proofs of the five mechanical powers. We have 
[not, however . . .] a force of 200 talents, but only 
of 5. Therefore let there be another axle KA, lying 
parallel to EZ, and having the toothed wheel MN 
fitting on to it. Now let the teeth of the wheel HO 
be such as to engage with the teeth of the wheel 
MN. On the same axle KA let there be fitted the 
wheel O, whose diameter is likewise five times 
the diameter of the wheel MN. Now, in consequence, 
anyone wishing to move the weight by means of the 
“wheel =O will need a force of 40 talents, since the 
fifth part of 200 talents is 40 talents. Again, then, let 
another toothed wheel IIP lie alongside the toothed 
wheel =O, and let there be fitted to the toothed 
wheel IIP another toothed wheel =T whose diameter 
is likewise five times the diameter of the wheel IIP ; 
then the force needing to be applied to the wheel 
2T will be 8 talents ; but the force actually available 


® The wheel and axle, the lever, the pulley, the wedge and 
the screw, which are dealt with in Book ii. of Heron’s 
Mechanics. 


* After ad’ is a special sign and a lacuna of 22 letters. 

7 gapdAAndos add. H. Schine. 

8 +6 EO tupnavrw wdovrwpévw add. H. Schéne. 

® +o TIP, wat €orw 7H add. H. Schine. 

10 r¥uravov to XT, So I read in place of the ovpdues in 
Schine’s text. 

U dyddoyos €oras Sdvayis—so H. Schine completes the 
lacuna. 
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aA’ 7 dmdpxovea nptv Suvapus dédorau TaAavrwy 
é. opoius eTEpov Tmapaketobw TUTAvov WoovTw- 
peévov TO YD 7H UT odovtwhévru tobde rod YO 
Tuutavouv TH a€ovi ovpgues EoTW TUpeTraVvoy TO 
x dSovrwpevor, ov 7 OudpueTpos mpos THY Tob 
Y® TupTravou OudpreTpov Aoyov éexérw, dv TA OKT 
TaXAavrTa mos Ta THS SoOcions Suvduews TaAavra é é. 

Kat tovtwy mapackevacbévtwy, é eay ETON O WILEY 
TO ABTA (yAwoodxopor)" }eTEwpov KElpLeEVvov, 
Kal ek pev tod EZ aEovos To Bdapos e€aywpev, 
ex d€ TOU XY Tupmrdvov Thv edkovoay dvvayuy, 
ovdoToTe poy avTav KatevexOnoerar, evAUTWS oTpe- 
fopevuy THv afdvwv, Kal Tis Tov TUETTIAVOY 
mapalécews Kadds appolovons, aan’ wor7rep Suyod 
Twos icoppomjaet % SUvapis TH Paper. av Sé 
Evi auray mpoo8apev oAtyov Erepov Bapos, katap- 
pérper Kat evexOnaerau ep’ 6 mpoaetéOn Bapos, 
Wore €av €v Tov € TaAdvTwr Suvape (...... > 
el TUXOL pvatatov mpoorebh Bapos, KaTaKpaTHcet 
Kal eMOTIATET AL to Bapos. avrt dé rijs mpoode- 
geEws ToUrw Trapaketobu KkoxAlas éexwv tHv eAixa 
dpyoarny Tots ddobar Tob TupTavov, oTpepopevos 
evAUTWS rept TOppLous evovTas ev TpHpaau orpoy- 
ywrors, dv O pmev €TEpos drepexeTon els TO €KTOS 
H€pos Too yAwocoxdpov KOTO TOV r A <Totxov 
Tov Tapakeievov)>* TH KoyAa: 7 apa DITEpOXy) 
Tetpaywviabeion AaBérw xetporaBny THY Go, ou 
Hs emiAauBavopevos Tis Kal ETAT PEP emoTpeyper 
Tov KoxAiav Kal to XY TULL TAVvOY, ware Kal TO 
Y® cuudves atT@. dia 5€ TodTO Kal 70 Tapa- 
KelpLevov To ST émotpagijaerat, Kal TO oupues 
at7@ To ILP, Kai ro to’Tw mapakeimevoy 7d ZO, 
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to us is 5 talents. Let there be placed another 
toothed wheel Y® engaging with the toothed wheel 
2T ; and fitting on to the axle of the wheel Y® let 
there be a toothed wheel XV, whose diameter bears 
to the diameter of the wheel Y® the same ratio as 
8 talents bears to the given force 5 talents. 

When this construction is done, if we imagine the 
chest ABTA as lying above the ground, with the 
- weight hanging from the axle EZ and the force rais- 
ing it applied to the wheel XY, neither of them will 
descend, provided the axles revolve freely and the 
juxtaposition of the wheels is accurate, but as in a 
beam the force will balance the weight. But if to one 
of them we add another small weight, the one to which 
the weight was added will tend to sink down and will 
descend, so that if, say, a mina is added to one of 
the 5 talents in the force it will overcome and draw 
the weight. But instead of this addition to the force, 
let there be a screw having a spiral which engages 
the teeth of the wheel, and let it revolve freely about 
pins in round holes, of which one projects beyond 
the chest through the wall ['A adjacent to the screw; 
and then let the projecting piece be made square and 
be given a handle Gs. Anyone who takes this handle 
and turns, will turn the screw and the wheel XY, and 
therefore the wheel Y® joined to it. Similarly the 
adjacent wheel 2T will revolve, and IIP joined to it, 
and then the adjacent wheel 40, and then MN fitting 


1 yAwoodxopov add. H. Schéne. 
* After durdpec is a lacuna of seven letters. 
® In Schéne’s text 8€ is printed after rovrq. 
4 rotxov Tov mapaxeipevov add. H. Schine. 
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Kal TO TOUTW oupves TO MN, Kal TO TovTW 
TOpaKetjLevov TO HO, wore Kal Oo ToUTw _ouppunjs 
a€wy 6 EZ, rept ov erevdodpeva TA éx tod hoptiov 
onda KWHOEL 70 Bdpos. ore yap Kiwwnoe, 7pdodyAov 
ek TOU mpootelhvas ETeépa duvdpet (rnv)" THis 
xetpoAdBns, HTUs Tepiypadhe. KvKAOV Tis TOD 
KoxNiov TE PU{LET POV petLove.: amedeiyOn yap ott 
ol peiLoves KvKhov Tov eXacodrvwy KaTaKpatotow, 
OTav TEepl TO avTO KévTpov KUAiwYTaL. 


(d) Optics; Equatity or ANGLES oF INCIDENCE 
AND REFLECTION 


Damian. Opt. 14, ed. R. Schéne 20. 12-18 


’"AréderEe yap 6 pNxXaveKos "Hpwr é€ ev Tois avToo 
Karomrptkois, ort aut mpos t ioas yaovias KAcpevan 
evetau eddxrorat elon Tro.aév" Tov ao THS avTis 
Kal dprovopepoils ypapptns mpos Ta abta KAwpévey 
[mapas dvicous yeovias}.* TOUTO € dmodeigas 
dyoly ore ef pon pédAdou a pvats parny TEpPLayeLv 
Thy Huetépay aisiw, mpos toas adrny avakAdcet 
yuwvias. 


Olympiod. In Meteor. iii. 2 (Aristot. 371 b 18), 
ed, Stiive 212. 5-213. 21 


*"Ezreto) yap todro wpodoynuevov éort mapa 
maaw, OTL ovoey paTnv epydlerar » Pais ovddeE 
paraotovel, eav pq) Swowpev TmpOs ioas ywrias 
yiveoOar rv avaKAacw, mpos avicovs paraotrovet 

1 +nv add. H. Schone. 


8 racav G. Schmidt, rav péowv codd. 
* apos avicouvs ywrias om. R. Schine. 
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on to this last, and then the adjacent wheel HO, and 
so finally the axle EZ fitting on to it; and the rope, 
winding round the axle, will move the weight. That 
it will move the weight is obvious because there has 
been added to the one force that moving the handle 
which describes a circle greater than that of the screw; 
for it has been proved that greater circles prevail over 
lesser when they revolve about the same centre. 


(d) Oprics: Equatity or ANGLES oF INCIDENCE 
AND REFLECTION 


Damianus,? On the Hypotheses in Optics 14, 
ed. R. Schine 20. 12-18 


For the mechanician Heron showed in his Catoptrica 
that of all [inutually] inclined straight lines drawn 
from the same homogenous straight line [surface] to 
the same [points], those are the least which are so 
inclined as to make equal angles. In his proof he says 
that if Nature did not wish to lead our sight in vain, 
she would incline it so as to make equal angles. 


Olympiodorus, Commentary on Aristotle’s Meteora iii. 2 
(371 b 18), ed. Stiive 212. 5-213. 21 


For this would be agreed by all, that Nature does 
nothing in vain nor labours in vain ; but if we do not 
grant that the angles of incidence and reflection are 
equal, Nature would be labouring in vain by following 


¢ Damianus, or Heliodorus, of Larissa (date unknown) is 
the author of a small work on optics, which seems to be an 
abridgement of a large work based on Euclid’s treatise. 
The Full title given in some mss.—Aaptavod duroaddou rod 
“HAtodeipou Aapiooatou Ilepi darixdv inobécewr PuBala B leaves 
uncertain which was his real name. 
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7 vos, Kal avTt tod dia Bpayelas epiddov 
placa: TO dpwpevov THY oY, dia waKpas mrepiddov 
TOUTO pavioerat katadapBdvovea.. edpeOyjoovrat 
yap at Tas dvicous ywvias trepi€yovoa evletat, 
airwes amd Ths diews [sepréxovoat]}? $épovras? 
pos TO KaTOTT pov KaneiBev 7 pos TO opupevor, 
preiLoves odour av Tas toas ywvias TEptexovady 
evdera@v. Kal ore TobTo adn bes, d7jAov evredbev. 
‘Vrroxetobw yap TO KaTomTpov evbeta Tis 7) AB, 
Kal EOTW TO pev opav Ibe TO oe opebpevov TO A, 
TO O€ E onpetov Tot KaTonTpou, év @ mpoomi~ 
mrovoa % dyus dvakAdrar mpos To dpdpevov, eorw, 


© 


1G ya 


kat ereledyOw 4 TE, EA. dA€yw ote 9 b7d AET 
ywvia ion eo7t 7H b7o AEB. 
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unequal angles, and instead of the eye apprehending 
the visible object by the shortest route it would do 
so by alonger. For straight lines so drawn from the 
eye to the mirror and thence to the visible object as 
to make unequal angles will be found to be greater 
than straight lines so drawn as to make equal angles. 
That this is true, is here made clear, 

For let the straight line AB be supposed to be the 
mirror, and let I’ be the observer, A the visible object, 
and let E be a point on the mirror, falling on which 
the sight is bent towards the visible object, and let 
TE, EA be joined. I say that the angle AET is equal 


to the angle AEB.* 


* Different figures are given in different uss., with corre- 
sponding small variants in the text. With G. Schmidt, I 
have reproduced the figure in the Aldine edition. 





1 xaradapBdavovoa om. Ideler. 
* mepiéxovoat om. R. Schine, zepréxoucr Ideler, Stiive. 
* $épovras R. Schone, depopdvas codd. 
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Ei yap pa cor ton, eoTw eTEpov onpetov 70d 
KaTomTpou, ev @ 7 poomimrouca 7 ous mpos 
dvicous ywrias dvakAdra, ro Z, Kal emrelevyOw 
7 UZ, ZA. dirov ét » bro TZA ywria peilwv 
eott THs UT AZE ywvias. Aéyw or ai TZ, ZA 
evletar, aitwes tas dvicovs ywvias mepiéyovaty 
e , “~ > f / / > | ~ 
u7okeyevns THS AB eddelas, peiloves elor trav 
PE, EA edéady, aitwes tas icas ywvrias arepi~ 
€xovot peta THS AB. yOw yap Kdbetos azo tot 
A emt tv AB xara ro H onpetov Kai éxBeBrAjobea 
> ? / e 254 ‘ ‘ A 4 e A 
em evleias ws emt TO ©. avepov ox Or ai mpos 
ro H yeoviat ioae etoiv: opbat yap clot. Kal €oTw 
1 ‘AH TH HO ton, Kat emelevx Ou 7) y) OZ Kad i) ®E. 
GUT [LEV 1) KATAGKEUH. e7eEl OvV ton eorly 4 AH 
77) HO, ada Kai y bro AHE ywvia rH tnd OHE 
yeovia ton €OTt, Kou) d€ 7Aevpa T&v Svo Tpuy@varv 
ay LEG [at Pao 7 OF Pacer 7TH EKA t ton eoTi, 
Kat}? to HOE zpiywvov 7@ AHE tptyadvw toov 
€oTl, Kal (at)* Aowral ywriar Tats Aowrais ywviats. 

> A ww e > “ e¢ ww A e 4 
Elolv toat, Up as at taar mAEevpal voTEivovaLW. 
ton apa 7 OK 7H HA. wddw éemedy rH HO ton 
> ‘ e . / e e 4 / nm ¢ X 
eotw 7 HA kai ywvia 4 tro AHZ ywvia rH bao 
OHZ tan eori, cow S€ 4 HZ ra&v B00 tprydvev 
tov AHZ nai OHZ, [kai Baars dpa 4% OZ Bacec 
tH ZA ton e€ari, xai}® ro ZHA Tpiywvov TS OHZ 
TpLywvm toov eoriv. ion dpa. early * OZ rH ZA: 

4 9 \ om” > \ 

Kat emret ton eotiv 7 OE 77 EA, xow mpocKkeicbw 
7 ED. dvo dpa at TE, EA Sia tais TE, EO 
igat etoiv. An dpa % I'O dvai rats TE, EA ton 


? id ‘ > A \ f e ce \ 
€oTl. Kat €TEl TAaVTOs Tprywvou at dvo mAcupal 
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For if it be not equal, let there be another point 
Z, on the mirror, falling on which the sight makes 
unequal angles, and let ['Z, ZA be joined. It is clear 
that the angle ZA is greater than the angle AZE, 
I say that the sum of the straight lines [Z, ZA 
which make unequal angles with the base line 
AB, is greater than the sum of the straight lines 
I‘E, EA, which make equal angles with AB. For let 
a perpendicular be drawn from A to AB at the 
point H and let it be produced in a straight line to 0. 
Then it is obvious that the angles at H are equal ; 
for they are right angles. And let AH =HQ9, and let 
OZ and OK be joined. This is the construction. 
Then since AH = HO, and the angle AHE is equal to 
the angle OHE, while HE is a common side of the two 
triangles, the triangle HOE is equal to the triangle 
AHE, and the remaining angles, subtended by the 
equal sides are severally equal one to the other [ ucl. 
i. 4]. Therefore OE=EA. Again, since HA=HO 
and angle AHZ=angle OHZ, while HZ is common 
to the two triangles AHZ and OHZ, the triangle ZHA 
is equal to the triangle OHZ [zbid.|. Therefore 
O0Z=ZA. And since OBE=EA, let EY be added to 
both. Then the sum of the two straight lines PE, 
KA is equal to the sum of the two straight lines I'E, 
KO. Therefore the whole IO is equal to the sum of 
the two straight lines I'E, EA. And since in any 
triangle the sum of two sides is always greater than 


1 kai... «al. These words are out of place here and 
superfluous. 
2 af add. Schmidt. But possibly kat... droreivova, 
being superfluous, should be omitted. 
kat... «al. These words are out of place here and 
superfluous, 
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THS AouTAs peiloves eiow wdvTn peraAapPavopevat, 
Tptywvov dpa tot WZ ai dvo i ee at OZ, 
ZY beds ms LO peiCoves elou. 7 (© i Lon 
€oti tats TE, EA: ot OZ, ZV oe ‘ade elou 
tov TE, EA. aA’ 7 + OZ 7H ZA €otiv ton: ai 
ZY, ZA dpa trav TE, EA peiCoves eiou. Kai elow 
ai TZ, ZA ai tas avicovs ywrias mepiéyovoat: 
at dpa Tas avicovs ywrias mepiéxovoa peiloves 
elot THY Tas loas ywrias mEptexovawy: Omep edeL 
deiEar. 
(e) QuapRaTic Equations 

Heron, Geom. 21. 9-10, ed. Heiberg (Heron iv.) 380. 15-31 


Aobévrwy ovvaudorépwv Tav apibuady yyouv THs 
Suaperpov, Tis Wepyérpov Kat Tod é€uPadod tot 
KUKAov év apiOu@ évi diactetAar Kal evpeiv Exa- 

> / / @ ” ¢ A > A 
oTov apiOuov. Toles ovTwWS: EoTw 6 Sobeis apiOpos 

/ any eh ~ ae | \ ovo , 

povades oi8. Tatra det emi Ta pvd' yivovrat 
pupiddes Y Kal ,Byun. Tovdrois mpoorife Kxab- 
oALKas Da yivovTat pupiddes 1 Tpets Kal yond: av 
mAcupa. TeTpaywvos yiveras pay: amo TovTwy Kov- 
puoov KO: Aowrd. pvd: dv pépos ta’ yiverau 18° Too- 
ovTou 7 Siudpetpos Tod KUKAov. e€av dé OédAns 

Acre 8 / ¢ oa ? J, ae 
Kal Tv Tepipeperav evdpeiv, Upetdov Ta KO ano TAY 
pry: Aowd pvd: tabra moinaov Sis: yivovrat 77H: 

/ \ , ra , a , ¢ 
rovtwyv AaBe pépos f°: yivovrat pd: TocovTou 1 


* The proof here given appears to have been taken by 
Olympiodorus from Heron’s Catoptrica, and it is substanti- 
ally identical with the proof in De Speculis 4. This work 
was formerly etuibuted to Ptolemy, but the discovery of 
Ptolemy's Optics in Arabic has encouraged the belief, now 
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the remaining side, in whatever way these may be 
taken [Eucl. i. 20], therefore in the triangle OZI' the 
sum of the two sides OZ, ZI is greater than the one 
side 'O. But 


TO=TE+EA;3 
‘* OZ + ZT >TE+EA, 
But OZ = ZA ; 
et ZI + ZA>TE+ EA, 


And I'Z, ZA make unequal angles; therefore the 
sum of straight lines making unequal angles is greater 
than the sum of straight lines making equal angles ; 
which was to be proved.? 


(e) QuapRaTiIc EQuarions 


Heron, Geometrica 21. 9-10, ed. Heiberg 
(Heron iv.) 380. 15-31 


Given the sum of the diameter, perimeter and area of 
a circle, to find each of them separately. It is done 
thus: Let the given sum be 212. Multiply this by 
154; the result is 32648. To this add 841, making 
$3489, whose square root is 183. From this take 
away 29, leaving 154, whose eleventh part is 14; this 
will be the diameter of the circle. If you wish to 
find the circumference, take 29 from 183, leaving 
154; double this, making 308, and take the seventh 
part, which is 44; this will be the perimeter. T'o 


usually held, that it is a translation of Heron’s Catoptrica. 
The translation, made by William of Moerbeke in 1269, can 
be shown by internal evidence to have been made from the 
Greek original and not from an Arabic translation. It is 
published in the Teubner edition of Heron’s works, vol. ii. 
part i. 
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TEpt[LeTpos. TO O€ epBadov evpelv. Toler oUTWS* 
7a rf) TAS | Svapérpou emt Ta, pd ris TEpt eT pov 
yivovrat xis ToUTWwY AaBe Eépos TéTApTOY: yivovTat 
pvd- tocotrov ro euBadov Tob KUKAov. pod Trav 
tTpidv apiOudy povades aif. 


(fp) INDETERMINATE ANALYSIS 


Heron, Geom. 24. 1, ed. Heiberg 
(Heron iv.) 414. 28-415. 10 


Edpeiy S00 xwpia retpaywva, otws TO Tob 
/ > A ~ ~ 4 % ~ WM 
mpwrTou eppadov Tob Tob devtépov euBadod éarat 
~ Ld A - 

TpimAac.ov. Tow ovTWs: Ta Y KUBLGOV’ yivovrat 


9 If d is the diameter of the circle, then the given relation 
is that 


P wd +1) id= 212, 


t.é. ia + Pa=a1e, 


To solve this quadratic mies we should divide by 3} so as 
to make the first term a square ; Heron makes the first term 
a square by multiplying by the lowest requisite factor, in this 
case 154, obtaining the equation 
Lid? +2.29 . lid=154%, 219. 
By adding 841 he completes the square on the left-hand side 
(11d +29)? =154. 212 +841 


= 32648 + 841 
= 33489, 

ey lld+29 =183. 

a lld = 154, 

and d = 14. 


The same equation ts again solved in Geom. 24. 46 and a 
similar one in Geom. 24. 47. Another quadratic equation is 
solved in Geom. 24. 3 and the result of yet another is given 
in Metr, iii. 4. 
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find the area. It is done thus: Multiply the dia- 
meter, 14, by the perimeter, 44, making 616; take 
the fourth part of this, which is 154; this will be the 
area of the circle. The sum of the three numbers 
is 212.4 


(f) INDETERMINATE ANaLysis ° 


Heron, Geometrica 24. 1, ed. Heiberg 
(Heron iv.) 414. 28-415. 10 


To find two rectangles such that the area of the first is 
three times the area of the second... I proceed thus : 


’ The Constantinople ms. in which Heron’s Metrica was 
found in 1896 contains also a number of interesting problems 
in indeterminate analysis; and two were already extant in 
Heron’s Geéponicus. The problems, thirteen in all, are now 
published by Heiberg in Heron iv. 414, 28-426, 29. 

¢ It appears also to be a condition that the perimeter of 
the second should be three times the perimeter of the first. 
{f we substitute any factor » for 3 the general problem 
becomes: To solve the equations 


utv=n(et+y) ‘ : e (1) 


xry=n. Uv ° ° e (2) 
The solution given is equivalent to 
2=2n> -1, Y=Tt 
u =n(4n3 - 2), V=N. 


Zeuthen (Bibliotheca mathematica, viii. (1907-1908), pp. 118- 
134) solves the problem thus: Let us start with the hypo- 
thesis that v=n. It follows from (1) that u is a multiple 
of n, say nz. We have then 


e+y=1+z, 
while by (2) xy = nz, 
whence ry =n (x+y) — n3 
or (a — n3)(y — n3) =n3(n3 ~ 1). 


An obvious solution of this equation is 

e-n=n3-1, y-n3=n3, 
which gives z=4n3-2, whence u=n(4n?-2). The other 
values follow. 
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~$ a / / as 

Kl> ratra dis: yivovras vo. vey dpov povdda, ae 
Aowrov yivovrar vy. €oTw oby H pev pia mAcupe, 
Today Vy, % Se érépa mAcvpa Today vd. Kal Tod 
” , ” \ ee, a a \ \ a 
aAAov ywpiov ovrws: Bes onoU ta VY Kat Ta vo" 
yivovTat modes pl: radra mote €rt Ta asana a 
Aourrov yivovrat 108es s TU. éoTw ovv 4 TOU TpoO- 
Tépou mAeupa TOOMY TU}, 9 O€ érépa mAeupa Trodav 
y 7a dé euBada Tob évds yiverar Todav Avs Kal 


tod dAAov moddv ,BwEP. 


Ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424. 5 


Tpvyadvou oploywviov TO euPaddov pera Tis Tepe~ 
HeTpou Too Gy om drodiacretAae Tas aeupas ka 
evpety TO ePaddv. old ouvTws: del Sires Tous 
dmapriovras dpuOpous amapriver dé TOV on 6 dis 
TOV PH © 6 8° tov 0 6, 6 € Tov vs, 6 C Tov fi, 6’ TOV 
Ae, 6’ Tov KH, 6 WS’ Tov K. coxepapny, OTL O i 
kai Ae aovjaovat 76 Sobev é emiraypa. TOV OT TO 
n’: ylvovrat 1d8es Ae. dua TravTos Aap Bave dudda 
Tov_7)" Aourrov pévovow 5 ddes. Ta obdv re Kal 
Ta > opob yivovra, modes fia. Taira mole éd’ 
éauTa* yivovrar modes lay7a. Ta re emt Ta S° 
yivovTa: 76des Gir Tabra mote del emt Ta 7° yivov- 
Tal modes jaXT tatra dpov amo Tov jaxmTa. 
Aoutrov peeve at wv mhevpa TETPAYOVEKT) yiverau a, 
apts Jés Ta joa Kat dpov povada a: Aowrov ji dv 
ZL’ yiverau K* totré éeotw 7 KdBeTos, T0ddr K. 
kat Ges mdadw ra pra Kai mpdobes a> yivovrar 7Odes 
pB> dv 2’ yiwerar mOdes Ka: €oTw 4 Bdois Today 
Ka. Kat Jes Ta re Kal dpoy Ta S* Aowmov pévovat 
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Take the cube of 3, making 27 ; double this, making 
54. Now take away 1, leaving 53. Then let one 
side be 53 feet and the other 54 feet. As for the 
other rectangle, [I proceed] thus: Add together 53 
and 54, making 107 feet : multiply this by 3, [making 
321; take away 3}, leaving 318. Then let one side 
be 318 feet and the other 3 feet. The area of the 
one will be 954 feet and of the other 2862 feet. 


Ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424, § 


In a right-angled triangle the sum of the area and 
the perimeter is 280 feet; to separate the sides and 
jind the area. I proceed thus: Always look for the 
factors; now 280 can be factorized into 2.140, 4.70, 
5.56, 7.40, 8.35, 10.28, 14.20. By inspection, we 
find 8 and 35 fulfil the requirements. For take one- 
eighth of 280, getting 35 feet. Take 2 from 8, 
leaving 6 feet. Then 35 and 6 together make 41 feet. 
Multiply this by itself, making 1681 feet. Now 
multiply 35 by 6, getting 210 feet. Multiply this 
by 8, getting 1680 feet. Take this away from the 
1681, leaving 1, whose square root is 1. Now take 
the 41 and subtract 1, leaving 40, of which the half 
is 20; this is the perpendicular, 20 feet. And again 
take 41 and add 1, getting 42 feet, of which the 
half is 21; and let this be the base, 21 feet. And 
take 35 and subtract 6, leaving 29 feet. Now multiply 

« The term “ feet,’ modes, is used by Heron indiscrimin- 


ately of lineal feet, square feet and the sum of numbers of 
lineal and square feet. 
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modes KO. aptt Des tHv Kaberov emt rhv Baoww* 
av LZ yiverar modes Gt: Kal at tpeis aAevpal 
TEplLEeTpOvpevat ExovaL TOdas O° Opod ovvOes peTa 
tot €uBadod: yivovtar modes G7. 


*¢ Heath (H.G.M. ii. 446-447) shows how this solution can 
be generalized. Let a, 6 be the sides of the triangle con- 
taining the right angle, c the hypotenuse, S the area of the 
triangle, r the radius of the inscribed circle ; and let 


s=}(a+b+0e). 
Then 
S=rs=}ab, r+s=a+b,c=s-r, 


Solving the first two equations, we have 


+} =4[r+s¥+/{(r +8)? - 8rs}], 


and this formula is actually used in the problem. The 
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the perpendicular and the base together, [getting 
420], of which the half is 210 feet ; and the three 
sides comprising the perimeter amount to 70 feet ; 
add them to the area, getting 280 feet.4 


method is to take the sum of the area and the perimeter 
S +2s, separated into its two obvious factors s(r+2), to put 
s(r +2)=A (the given number), and then to separate 4 into 
suitable factors to which s and r+2 may be equated. They 
must obviously be such that sr, the area, is divisible by 6. 

In the given problem 4 =280, and the suitable factors are 
r+2=8, s=35, because r is then equal to 6 and rs is a 
multiple of 6. Then 


a=3{6 +35 - 4/{(6 +35)? -8.6.35}]=4(41 - 1) =20, 
6=3(41 +1) =21, 
c=35-6 =29. 

This problem is followed by three more of the same type. 
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XXII]. ALGEBRA: DIOPHANTUS 


(a) GENERAL 


Anthol. Palat. xiv. 126, The Greek Anthology, ed. 
Paton (L..C.L.) v. 92-93 


Ovros ror Acddavrov éxet tados: d péya Oaipa: 
Kat Tapos ex Téxvns pétpa Bioro Aéyeu. 

exTynv Koupilery Budtou Beds wrace poipyy: 
dwoexaTyy 8” émbeis, wirAa awépev yvoaeuw: 

7H 0 ad’ ep éPdouartn TO yaunrLov Hbato déyyos, 
ex O€ yduwv méuntTw Tatd’ éemévevoev Eres. 

atat, tTHAvyerov detAcv Tékos, HuLtcv TaTpos 
Tovde KaL 7 KpvEpos pérpov éAwv PidTov. 

mrévOos 5° av muavpeco. Trapnyopéwv eviauTois 
THe TOGov codin Tépp’ énépnoe Biov. 





* There are in the Anthology 46 epigrams which are 
algebraical problems. Most of them (xiv. 116-146) were 
collected by Metrodorus, a grammarian who lived about 
a.v. 500, but their origin is obviously much earlier and many 
belong to a type described by Plato and the scholiast to the 
Charmides (v. vol. i. pp. 16, 20). 

Problems in indeterminate analysis solved before the time 
of Diophantus include the Pythagorean and Platonic methods 
of finding numbers representing the sides of right-angled 
triangles (v. vol. i. pp. 90-95), the methods (also Pytha- 
gorean) of finding ‘* side- and diameter-numbers ” (vol. i. 
pp. 132-139), Archimedes’ Cattle Problem (v. supra, pp. 202- 
205) and Heron’s problems (v. supra, pp. 504-509). 
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(a) GENERAL 


Palatine Anthology * xiv. 126, The Greek Anthology, ed. 
Paton (L.C.L.) v. 92-93 


Turis tomb holds Diophantus. Ah, what a marvel! 
And the tomb tells scientifically the measure of his 
life. God vouchsafed that he should be a boy for the 
sixth part of his life ; when a twelfth was added, his 
cheeks acquired a beard; He kindled for him the 
light of marriage after a seventh, and in the fifth year 
after his marriage He granted him a son. Alas! 
late-begotten and miserable child, when he had 
reached the measure of half his father’s life, the chill 
grave took him. After consoling his grief by this 
science of numbers for four years, he reached the end 
of his life.® 


Diophantus’s surviving works and ancillary material are 
admirably edited by Tannery in two volumes of the Teubner 
series (Leipzig, 1895). There is a French translation by 
Paul Ver Eecke, Diophante d’ Alexandre (Bruges, 1926). 
The history of Greek algebra as a whole is well treated by 
G. F. Nesselmann, Die Algebra der Griechen, and by T. L. 
Heath, Diophantus of Alexandria: A Study in the History 
of Greek Algebra, 2nd ed. 1910. 

° If 2 was his age at death, then 


4¢+7e+4x+5+40+4=2, 


whence x = 84, 
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Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. 
Rome, Studi e Testi, xxii. (1936), 453. 4-6 


Kal & kai Avcdavrds dno “ris yap povddos 
dperabérov ovons Kal éoTwons avToTe, TO 
ToAAaTAacialopevoy eldos én’ adriy avtTo TO 


eldos €orat.” 


Dioph. De polyg. num. [5], Dioph. ed. Tannery 1. 
470, 27-472, 4 


Kai diedeiy0n 70 mapa “Yiyucret &v opw deyo- 
@ eo 94 > > \ 3 A , 3 ” 
pevov, ort, ““ €av Wow apiOpot amo povddos ev ton 
Urepoxn OTroco.oby, provddos pevovons THs vdrrep- 
aA ¢ , ; ee | , ; 1 
oxys, O ovpmas eotiv Crpiywrvos, dSuddos 8é), 
TeTpaywvos, Tpiddos dé, mrevrdywvos: Aéyerar Sé 
To TANO0s THY ywridy Kata Tov Budde peilova 
Tis bmepoxyns, mAevpat Sé adtdv to mAnOG0s tav 
> 4 ‘ ~ 4 33 
exrefevtwr adv TH povad:. 
Mich. Psell. Epist., Dioph. ed. Tannery ii. 38. 22-39. 1 
Tlepi 8é rijs Altyumriaxis pebddou tavrns Avw- 
4 4 > , e A tA 
davros pev dueAaPev axpiPéorepov, 6 5é AoyiwTatos 
"AvatoAios Ta ovvextiKWTaTa pépn THs Kar’ 


1 splywvos, Suddos 5€ add. Bachet. 





« Cf. Dioph. ed. Tannery i. 8. 13-15. The word «fos, as 
will be seen in due course, is regularly used by Diophantus 
for a term of an equation. 
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Theon of Alexandria, Commentary on Ptolemy’s Syntazis 
i. 10, ed. Rome, Studi e Testi, Ixxii. (1936), 453. 4-6 


As Diophantus says: “The unit being without 
dimensions and everywhere the same, a term that is 
multiplied by it will remain the same term.” @ 


Diophantus, On Polygonal Numbers [5], Dioph. ed. 
Tannery i. 470. 27-472. 4 


There has also been proved what was stated by 
Hypsicles in a definition, namely, that “if there be 
as many numbers as we please beginning from 1 and 
increasing by the same common difference, then, 
when the common difference is 1, the sum of all the 
numbers is a triangular number ; when 2, a square 
number ; when 3, a pentagonal number [; and so 
on]. The number of angles is called after the number 
which exceeds the common difference by 2, and the 
sides after the number of terms including 1.” ® 


Michael Psellus,* 4 Letter, Dioph. ed. Tannery ti. 
38. 22-39. 1 


Diophantus dealt more accurately with this Egypt- 
ian method, but the most learned Anatolius eollected 
the most essential parts of the theory as stated by 


® i.e, the nth a-gonal number (1 being the first) is 
4n{2+(n—-1)(a-2)! 5 v. vol. i. p. 98 n. a. 

¢ Michael Psellus, “ first of philosophers ” in a barren 
age, flourished in the latter part of the eleventh century a.p. 
There has survived a book purporting to be by Psellus on 
arithmetic, music, geometry and astronomy, but it is clearly 
not all his own work. In the geometrical section it is observed 
that the most favoured method of finding the area of a circle 
is to take the mean between the inscribed and circumscribed 


squares, which would give 7 =1/8 =2°8284271. 


% 
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St oe ? r 3 x ’ cr 1 , 
€xelvoyv éemuoTHuns atroAcEapevos eTépws’ Atodavta 
GUVOTITLKWTATA TPOGEPUVNOE. 


Dioph. Arith. i., Praef., Dioph. ed. Tannery i. 14, 25-16. 7 


Niv & émi tas mpotdces ywpjowpev ddov, 
qAcioTny ExovTes TiHv ém avTois Tois Eidect OUr- 
nOpo.opevynv BAnY. TAcioTwv 8° ovTw TH apiOpg@ 
Kal peyioTwy T@ OyKw, Kal da Totto Bpadews 
BeBavoupévwy vo tav sapadapBavovtwy adra 
Kal dvTwy ev avtois SvopynpovevTdy, edoKkipaca 
Ta €v adtots éemidexopeva Statpeiv, Kal padcoTa Ta 
év apy éxovta atowyenmdws amo amdAovoTépwr 
emt axoAwtepa dteretvy Ws TpooHKEV. OUTWS yap 
EDOSEVTA yevyoETaL TOIs apYouevots, Kal  aywy? 
aita@y pvnpovevOyjoeTar, THs mpaypareias ad’Ta@v 


ev tpiokaidexa PiBXriots yeyernuevys. 
Ibid. vy. 3, Dioph. ed. Tannery i. 316. 6 
"Exopev ev tots Ilopiopaow. 


1 érépws Tannery, €répw codd. 





* The two passages cited before this one allow us to infer 
that Diophantus must have lived between Hypsicles and 
Theon, say 150 n.c. to a.p. 350. Before Tannery edited 
Michael Psellus’s letter, there was no further evidence, but 
it is reasonable to infer from this letter that Diophantus was 
a contemporary of Anatolius, bishop of Laodicea about 
a.v. 280 (v. vol. i. pp. 2-3). For references by Plato and a 
scholiast to the Egyptian methods of reckoning, v. vol. i. 
pp. 16, 20. 

* Of these thirteen books in the Arithmetica, only six 
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him in a different way and in the most concise form, 
and dedicated his work to Diophantus.4 


Diophantus, Arithmetica i., Preface, Dioph. ed. Tannery i. 
14, 25-16. 7 


Now let us tread the path to the propositions 
themselves, which contain a great mass of material 
compressed into the several species. As they are 
both numerous and very complex to express, they 
are only slowly grasped by those into whose hands 
they are put, and include things hard to remember ; 
for this reason I have tried to divide them up ac- 
cording to their subject-matter, and especially to 
place, as is fitting, the elementary propositions at 
the beginning in order that passage may be made 
from the simpler to the more complex. For thus 
the way will be made easy for beginners and what 
they learn will be fixedin their memory ; the treatise 
is divided into thirteen books.? 


Ibid. v. 3, Dioph. ed. Tannery i. 316. 6 
We have it in the Porisms.¢ 


‘have survived. ‘Tannery suggests that the commentary on 
it written by Hypatia, daughter of Theon of Alexandria, 
extended only to these first six books, and that consequently 
little notice was taken of the remaining seven. There would 
be a parallel in Entocius’s commentaries on Apollonius’s 
Conics. Nesselmann argues that the lost books came in the 
middle, but Tannery (Dioph. ii. xix-xxi) gives strong reasons 
for thinking it is the last and most difficult books which have 
been lost. 

¢ Whether this collection of propositions in the Theory of 
Numbers, several times referred to in the <Arithmetica, 
formed a separate treatise from, or was included in, that 
work is disputed ; Hultsch and Heath take the former view, 
in my opinion judiciously, but Tannery takes the latter. 
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(6) Notation 
Ibid. 1., Praef., Dioph. ed. Tannery i, 2. 3-6. 21 


‘ 4 a ? a 9 a ‘4 
Try evpeow Tav ev Tots apiOuots zpoBAnpatwr, 
TyuwTaTté por Atoviote, yrwwoKwv oe omrovdaiws 
54 a ~ 
éxovra pableiv, [opyav@oar rhv péBodov] eet- 
palnv, apEdpevos ad’ dv ouvéoTnKe Ta Tpaypata. 
Geperiwv, troorjoa. tiv év Tots apiOpots pvow 
Te Kal Svvapuy. , 
cdl | X * 5 ~ \ ~ 5 4 
aws pev ovv dSoxel TO mpGypa SvaxepéoTEpor, 
> \ , > 
eTrELdon) pLnTW yvwopyLov é€orw, SucéAmoTot yap ets 
KaTopOwatv eiow ai Tav apxopevwry yuyat, opws 
4 
5’ evxardAnnrov cou yevnocerar, dud Te THY ONY 
“a > 
mpolvpiav Kal THY eunv amddekw: Trayeta yap ets 
pabnow émOupia mpocdaBotoa ddayjv. 
"AAA Kai mpos Totode ywwoKorTt gow TavTas 
, 
tovs apiOovs avyKeysevous ek povddwy mAnQous 
A 
Twos, pavepov KaléorynKev els Ameipov Eexew THV 
Unapfiwv. tuyxavovtwy by odv ev Todvrots 
Gv pev tetpaywvwv, ot elow €€ apiOuobd Tivos 
>7> ¢ ‘ \ a a] , * de ¢ 3 6 4 
ep eavrov toduiAacacbévros: obros dé 6 aptOpos 
Kadcirat 7Acupa Tob TeTpaywvov' 
* de 4 @ > b / > A A 
wv d€ KUBwr, ot elow EK TETpaywrwY emt Tas 
atTt@yv mAcupas troAvTAactacbevTwr, 
dv dé Suvapodurdpewy, of elow ex TEeTpaywvev 
>7? ©¢ ‘ 4 
ep’ é€autovs mroAutAactacbévTwyr, 
e \ , ” 9 > , > 4 
wv dé SuvapoxtBwv, ot elow ex TeTpAywrwY ert 


1 épyavdoa tiv pébodov om. Tannery, following the most 
ancient Ms, 
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(6) Noration 4 
Ibid. i., Preface, Dioph. ed. Tannery i. 2. 3-6. 21 


Knowing that you are anxious, my most esteemed 
Dionysius, to learn how to solve problems in numbers, 
I have tried, beginning from the foundations on 
which the subject is built, to set forth the nature and 
power in numbers. 

Perhaps the subject will appear to you rather 
difficult, as it is not yet common knowledge, and the 
minds of beginners are apt to be discouraged by 
mistakes ; but it will be easy for you to grasp, with 
your enthusiasm and my teaching; for keenness 
backed by teaching is a swift road to knowledge. 

As you know, in addition to these things, that all 
numbers are made up of some multitude of units, it 
is clear that their formation has no limit. Among 
them are— 

squares, which are formed when any number is 
multiplied by itself; the number itself is called the 
side of the square ® ; 

cubes, which are formed when squares are multi- 
plied by their sides, 

square-squares, which are formed when squares are 
multiplied by themselves ; 

square-cubes, which are formed when squares are 


¢ This subject is admirably treated, with two original con- 
tributions, by Heath, Diophantus of Alexandria, 2nd ed., 
pp. 34-53. Diophantus’s method of representing large 
numbers and fractions has already been discussed (vol. i. 
pp. 44-45). Among other abbreviations used by Diophantus 
are (J°°, declined throughout its cases, for rerpdywvos; and 
ta. (apparently s¢ in the archetype) for the sign =, connecting 
two sides of an equation. 

> Or “ square root.” 
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§ > | ~ > A ? a r ~ 4 A 
TOUS G70 Tis auTis adrois mAevpas KUBous mroAv- 
tractacbevrwr, 

dv 8€ kvBox’Bwyr, of elow ex KiBwv éd’ Eavrods 
moAuTAactacbévrwr, 

ex te Tis TovTwy roe ovvOdcews 7 Urepoyts 
ba! ~ «*” / ~ A > Ar. ba! 
7 ToAvTrAaciacpod 7 Adyou Tob mpds GAAyjAous 7} 

‘ ¢ 4 A % 2Q 7 4 , 
Kal e€xaoTwY pos Tas tdtas mAevpdas ovpBaiver 
mAéKeaBat trAcioTa tpoBAjpata apOpnrixd: AveTat 
de BadiLovrds cov Ti droderyOnoopéervny ddév. 

"ES 4 Q . @ 4 ~ > @ ~ 

oKiaaly ovv ExaoTos TovTwY Tov apioudv 
OUVTOMWTEpay ETwVvUpiay KTNOaLEVOS OTOLYELOV THs 
apiunriciis Oewpias elvar: Kadcirar ov 6 pev 
teTpaywvos Sdvapis Kal eorw adriis onpetov 76 
A émionpov éxov Y, AY dvvapus: 

e ‘ , 1 ° ~ a eet 

0 d€ KUBos Kai éorw adtod onyueiov K éionpov 
eyov Y, K*¥ xudBos- 

¢ A ? 4 > 4? e@ 4 

0 d€ ex TeTpaywvov éd éavrov moAumAaota- 
abevros Suvapodtvapus Kat éotw adrod onpeioy 
deAra do émionuov éxovra YT, AYA Sduvapodvvapus: 

¢ 4 ? a > A 4 > A ~ > -~ 9 ~ 

6 0€ €k TeTpaydvou emi Tov azo Tis abris atbre 
mAcupas xvBov modvmAaciacbevros SvvaydKuBos 
Kat €otw adro6 onpetov ta AK éxionpov éyovra 
Y, AKY duvapdnvBos: 

0 d€ €x KUBouv éavtdv moAvmAacidoavros KuBd- 
KuBos Kal €or abtoé onyciov dvo Karna érionpov 
eyovra Y', KYK xuBdxuBos. 
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multiplied by the cubes formed from the same 
side ; 

cube-cubes, which are formed when cubes are multi- 
plied by themselves ; 

and it is from the addition, subtraction, or multi- 
plication of these numbers or from the ratio which 
they bear one to another or to their own sides that 
most arithmetical problems are formed ; you will be 
able to solve them if you follow the method shown 
below. 

Now each of these numbers, which have been given 
abbreviated names, is recognized as an element in 
arithmetical science; the square [of the unknown 
quantity] is called dynamis and its sign is A with the 
index Y, that is AY ; 

the cube is called cubus and has for its sign K with 
the index Y, that is K* ; 

the square multiplied by itself is called dynamo- 
dynamts and its sign is two deltas with the index Y, 
that is AYA; 

the square multiplied by the cube formed from the 
same root is called dynamocubus and its sign is AK 
with the index Y, that is AK* ; 

the cube multiplied by itself is called cubocubus and 
its sign is two kappas with the index Y, K*K. 


¢ It is not here stated in so many words, but becomes 
obvious as the argument proceeds that dSvvays and its 
abbreviation are restricted to the square of the unknown 
quantity; the square of a determinate number is rerpdywvos. 
There is only one term, xvBos, for the cube both of a deter- 
minate and of the unknown quantity. The higher terms, 
when written in full as duvapodvvapis, SuvaydxuBos and xvBo- 
xuBos, are used respectively for the fourth, fifth and sixth 
powers both of determinate quantities and of the unknown, 

ut their abbreviations, and that for x«vBos, are used to 
denote powers of the unknown only. 


52] 


GREEK MATHEMATICS 


e \ A 4 a > , , 
O dé undev tovTwv Tay Biwpdrwv Krnodpevos, 
# ~ al . 
exwy d€ ev éavt@ mAjOos povddwy adpiorov, 
aptOuos Kadetrat Kal €orw adrod onpeiov 7d &. 
"Eovt 5€ Kat erepov onuciov +o dperdberov TO 
wplapLevwv, } povds, Kal éoTw adris onuetov ro M 
° 
etonpov exov To O, M. 
"OQ de “~ > ~ 3 € ? 4 
omep 0€ THY apiOudv Ta dumvupa pdpta Tap- 
~ ~ ~~ ~ , A 
opows Kadeirat Tois apiQuots, Too pév tpia 7d 
tpitov, Tob dé téocapa To TérapTov, otrws Kat 
“A “~ ~ A 
Tay viv énovopacbdvrav dpibpdv Ta oumvupa 
, , 4 “a > “A 
popta KAnOyjcerat trapopoiws tois apiOpois 


Tob pev apiOpnob TO apiOjooror, 
THs 0€ Suvdpews TO Suvajoorey, 
tod dé KUBou TO KuPooToy, 

a ‘) , 4 4 
Tis d€ duvapoduvduews TO Svvapoduvapoordr, 
tov dé duvapoxvBov TO SuvapoxuPoordy, 
rod d€ KuBoKxuBov TO KuBoKuBoordr: 


” 4 9 +) ~ > y 4 ~ ¢€ , 

ear 6€ ExacTov adrav emi 7d Tod Ouwvipou 
~ a \ 

apibuot onuctov ypayyhnv X siaordédovoay 7d 

eldos. 








* I am entirely convinced by Heath’s argument, based on 
the Bodleian ms. of Diophantus and general considerations, 
that this symbol is really the first two letters of dpOuds; this 
suggestion brings the symbol into line with Diophantus’s 
abbreviations for Svvayus, xvBos, and so on. It may be 
declined throughout its cases, ¢.g., 5°” for the genitive plural, 
infra p. 552, line 5. ' 

Diophantus has only one symbol for an unknown quantity, 
but his problems often lead to subsidiary equations involving 
other unknowns. He shows great ingenuity in isolating 
these subsidiary unknowns. In the translation I shall use 
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The number which has none of these character- 
istics, but merely has in it an undetermined multitude 
of units, is called artthmos, and its sign is 5 [2].* 

There is also another sign denoting the invariable 
element in determinate numbers, the unit, and its 


sign is M with the index O, that is M. 

As in the case of numbers the corresponding 
fractions are called after the numbers, a third being 
called after 3 and a fourth after 4, so the functions 
named above will have reciprocals called after them : 


arithmos [x] arithmoston Bi 
dynamis [x?] dynamoston El 
cubus [a3] cuboston Et 
dynamodynamis [x*] dynamodynamoston lah 

I 
dynamocubus [2°] dynamocuboston EI 

1 

cubocubus [a] cubocuboston EF 


And each of these will have the same sign as the 
corresponding process, but with the mark % to dis- 
tinguish its nature.® 


different letters for the different unknowns as they occur, for 
example, x, z, m. 

Diophantus does not admit negative or zero values of the 
unknown, but positive fractional values are admitted. 

’ So the symbol is printed by Tannery, but there are many 
variants in the mss. 
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Ibid. i., Praef., Dioph. ed. Tannery i. 12. 19-21 


Neifs emi Actbw modAAamAactacbeioa §=zrotet 
Urapiv, Aetdis Sé emi vaapEw woret Aetbw, Kal 


Ths Acibews onpetov ‘VY édduTrés KaTw vedo, M. 


(c) DeTERMINATE EQuations 
(i.) Pure Determinate Equations 
Ibid. i., Praef., Dioph. ed. Tannery i. 14. 11-20 
~ ‘ 
Mera 6€ zatra é€av amo mpoBAjpatds twos 
, Ww \ eM” Ww aA 3 “a ‘ ¢ 
yevntat €l0n Twa toa eldeot TOis avTois, [17 Opo- 
a s > A € 4 ~ ~ , ? 
7AnOH S€é, avo éxatépwv TOV pepdv Sejoe adat- 
a A id 3 4 ~ ¢€ ld Lid ba) a 
pelv Ta Opota amo THY opoiwy, Ews av ev eldos 
ey ¢ wv , 3A / ? ¢ / 
evi elder icov yevnTar. e€av O€ ws ev omroTépw 
? / Ral 3 > , > ? / / ww 
evuTTapxn 7) €v apdorépas ev eAdetibeot Twa e€ldn, 
/ A A 4 4 ? 3 / 
denoet mpooUecivat 7a Acizovta cldn ev aydorépots 
Tos MEepectv, Ews av ExaTépwv THV pepwv Ta €ldn 
b] 7 / ‘ / ? a“ b) Lid 
evuTapxXovTa ‘yevnTa, Kal maAw adedciy Ta Gpota. 
\ a ~ ~ 
amo TOV opoiwy, ews av éxatépw Tov pepav ev 


eldos karadepb7. 





* Lit. “a deficiency multiplied by a deficiency makes a 
forthcoming.” 

» The sign has nothing to do with Y, but I see no reason 
why Diophantus should not have described it by means of ¥, 
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Ibid. i., Preface, Dioph. ed. Tannery i. 12. 19-21 


A minus multiplied by a minus makes a plus,* a 
minus multiplied by a plus makes a minus, and the 
sign of a minus is a truncated VY turned upside down, 
that is A. 


(c) DETERMINATE EQUATIONS 
(i.) Pure © Determinate Equations 
Ibid. i., Preface, Dioph. ed. Tannery i. 14. 11-20 


Next, if there result from a problem an equation 
in which certain terms are equal to terms of the same 
species, but with dffferent coefficients, it will be 
necessary to subtract like from like on both sides 
until one term is found equal to one term. If per- 
chance there be on either side or on both sides any 
negative terms, it will be necessary to add the nega- 
tive terms on both sides, until the terms on both sides 
become positive, and again to subtract like from like 
until on each side one term only is left.¢ 


and cannot agree with Heath (71.G.M. ii. 459) that ‘‘ the 
description is evidently interpolated.” But Heath seems 
right in his conjecture, first made in 1885, that the sign M is 
a compendium for the root of the verb Aeizew, and is, in fact, 
a A with an I placed in the middle. When the sign is resolved 
in the manuscripts into a word, the dative Acipec is generally 
used, but there is no conclusive proof that Diophantus himself 
used this non-classical form. 

¢ A pure equation is one containing only one power of the 
unknown, whatever its degree; a mixed equation contains 
more than one power of the unknown. 

4 In modern notation, Diophantus manipulates the equa- 
tion until it is of the form Azv"=B; as he recognizes only 
a ee of x satisfying this equation, it is then considered 
solved. 
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(ii.) Quadratic Equations 
Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8 
Kvpetv rpeis dapibuods Sus  vimepoyh Tod 
peilovos Kat rod péoov mpds tiv trepoxhv rod 
péoov Kat tod éAdcaovos Adyov eyn Sedopevor, 
ert Oe Kal adv dU0 AapBarvdpevor, moot TeTpPdyw- 
voy. 
°-E , ov; ‘ e 4 *~ , 4 
mitetaxOw 57 THv brepoxnv Tob petlovos Kal 
TOU pecou THs UmEepoxyys TOO pécov Kal Tod éda- 
é * 
xeorou elvar y™, 
9 A \ , e , \ e 3) ? 
Ezret 5€ cuvayddrepos 6 pcos Kat 6 éAdoowv 
° 
moet [], oveirw MS. 6 dpa péoos pellwy éori 
°o 
duddos: €ortw SGMB. 6 dpa éAdyioros éorat 
° 
MBA Sa. 
\ > A e e ‘ ~ , ‘ “~ 
Kai ered 4 taepoxyy rod pellovos Kat rob 
Léaou Tis Urepoxfs Tod pécov Kal Tod éAaxiarou 
y"- Céort),’ Kal 4 dmEepoyy) tod pécov Kal Tod 
éAaxtotov SB, 7% dpa drepoy7 tod peilovos Kal 
Tod pécov é€otar SS, Kai 6 pellwy dpa éorat 
° 
sfMB. 
ld > 4, > s 4 , 
Aourov ear S00 emrdypata, Td TE ovvapddrepov 
A ‘ 
<rov peilova Kali tov éAdyiotov moveiy [], Kat 
TO Tov petlova)® Kal Tov pécov moveivy []”. Kal 
yiverai prot du7rAj 4 iodTys° 


57M Sic. C?, Kat $= M Sito. T?. 


4 4 b} A - b , 
Kat dua To Tas M elvar rerpaywvixds, edyepys 
eoTilv 7) lowots. 

1 €ort add. Bachet. 
® tov peilova . . . Tov peilova add. Tannery. 
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(ii.) Quadratic Equations % 
Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8 


To find three numbers such that the difference of the 
greatest and the middle has to the difference of the middle 
and the least a given ratio, and further such that the sum 
of any two ts a square. 

Let it be laid down that the difference of the 
greatest and the middle has to the difference of the 
middle and the least the ratio 3: 1. 

Since the sum of the middle term and the least 
makes a square, let it be 4. Then the middle term 
>2. Letit be x+2. Then the least term=2- 2. 

And since the difference of the greatest and the 
middle has to the difference of the middle and 
the least the ratio 3:1, and the difference of the 
middle and the least is 2z, therefore the difference 
of the greatest and the middle is 6x, and therefore 
the greatest will be 7z +2. 

There remain two conditions, that the sum of the 
greatest and the least make a square and the sum of 
the greatest and the middle make a square. And I 
am left with the double equation > 


8x +4=a square, 
6x +4=a square. 


And as the units are squares, the equation is con- 
venient to solve. 


* The quadratic equation takes up only a small part of this 
problem, but the whole problem willeive an excellent illustra- 
tion of Diophantus’s methods, and especially of his ingenuity 
in passing from one unknown to another. The geometrical 
solution of quadratic equations by the application of areas 
is treated in vol. i. pp. 192-215, and Heron’s algebraical 
formula for solving quadratics, supra, pp. 502-505. 
® For double equations, v. infra p. 543 n. b. 
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[Adcow aptOpovs duo iva. é on’ adrav 7 7) 5B, 
Kabws % clea out loornra. €oTw ov SZ’ Kal 
M5: Kat yiveTat oO 5M pip. eNwy emi tas tr0- 

° 
oTdceis, ov Suvapa. adedctv ano MB rov S& 
TOUTEOTL Tas M pe GéAw odv tov S edpebjvas 
eAdrrova M B, wore Kal 35 M5 eAdocoves Zcovrat 
Mie. av yap 1 dvas él SS yévytat Kal mpoo- 
AGBn M5, moet M&. 
° fe] 

"Evel otv On7rd SH M64 ic. T® nat SFMS 
” w® 3 A \ e 3 \ ~ Ul , 
io. (]*, aAAa kat 6 amo ths Suddos, Toutéate 
° ° 
M46, 0% €oTt, yeyovac. tpets []", $7 MO, xal 
so M5, Kat M5, Kal ” Dir EpoxT) Tob peiLovos 
Kat TOU pécou Tijs DrrEpoxs | Tob péoou Kal Tob 
eAaxtorou y°” pépos €ortiv. AmAKT OL obv pot ets 
TO evpelv (tpets)" TETpayuvous, Srrws 7 DTrEpoXT) 
Tob jet ovos Kat TOU péoov Tis Drrepox ns Tob 
plégov Kat Tod edkaxioTou y” pépos 4, ert de oO pev 


eAdyioros 7} M5, 6 8e peaos €Adoowv Me. 
1 rzpeis add. Bachet. 





* If we put 
82+4=(p+q)', 
6x +4=(p = q)’; 
on subtracting, 24 =4pq. 
Substituting 2p =}x, 2q=4 (1.¢e., p=}2, g=2) in the first 
equation we get 
8x +4=(fa +2), 


or 1194 =2%, 


whence x=112. 
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I form two numbers whose product is 2x, according 
to what we know about a double equation ; let them 
be 4a and 4; and therefore x=112.4 But, returning 
to the conditions, I cannot subtract 2, that is 112, 
from 2; I desire, then, that x be found <2, so that 
6r+4<16. For 2.6+4+4=16. 

Then since I seek to make 8x +4=a square, and 
6z +4=a square, while 2. 2=4 is a square, there are 
three squares, 8x +4, 6x +4, and 4, and the difference 
of the greatest and the middle is one-third ® of the 
difference of the middle and least. My problem 
therefore resolves itself into finding three squares 
such that the difference of the greatest and the 
middle is one-third of the difference of the middle 
and least, and further such that the least=4 and the 
middle <16. 


This method of solving such equations is explicitly given 
by Diophantus in ii. 11, Dioph. ed. Tannery i. 96. 8-14: 
éorat dpa 6 pev SGM, 6 8€ aM, ic. O° Kat robro 76 eldos 
Kadeirat Simdotadryns: tootra 5€ tov tpdmov tobrov, idswv tH 
Umepoxyy, Cire. S00 apiOpovs va To Un’ adtadv moup THY vrEepoxyv 
cict 88 MS Kal M® 8". rovrwv Frou rHs brepoyis tO 2’ ed’ 
€avto icgov eort r@ éAdacom, F THs auvécews TO L’ ef’ EauTd 
igov T@ petLou—‘** The equations will then be « + 2 =a square, 
2 +3=a square; and this species is called a double equation. 
It is solved in this manner: observe the difference, and seek 
two [suitable] numbers whose product is equal to the differ- 
ence ; they are 4 and}. Then, either the square of half the 
difference of these numbers is equated to the lesser, or the 
square of half the sum to the greater.” 

> The ratio of the differences in this subordinate problem 
has, of course, nothing to do with the ratio of the differences 
in the main problem; the fact that they are reciprocals may 
lead the casual reader to suspect an error. 
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°o 

TerayOw 6 pev eAdyicros M54, % 8é Tod pécov 
a £aM 8B: avTos apa eorar o [1], Ar as5MS. 

"Eze ody 0 Urrepox7) Tob pciLovos Kal Tob pécou 
ris drrepoxhs ToD péoov Kal Tob ehaxiorov y” 
}épos €oTiv, Kal €oTw 7 DrrEpoxn row pécou Kal 
Tob 2axlorou AY as6, dare " drrepox?} Tob 
poyorey Kal To pécov éorau oe Say*- Kal 


Zor 6 pécos AXaS5MS: 6 dpa péyioTos 

EOTaL AY a y* Seve MS io. Ole: mavra bes. A*® 

— iB = = pn) anMaAs io. CJ% xal 7d 8% atrav: 
AY 75iBM8 ? uo. LJ®. 

"Ext b€ OéAw tov pécov tetpaywvov éAdcoova 
elvac Mie, xal Tv wm SyAady €Adooovos M5. 
" 5€ mAcvpa tod pécouv €otiv saMB- eAatroves 
eiot MS. kal kowdv adapebecdv tav B M, 6 
§ Zora é\dacovos M B. 

Téyovev otv pot AY 53s iBM6 io. Tounoat 


° 
, ‘ - ~ 
0%. zmdAdcow [1] twa amd My Xetrovedy § 
Twas’ Kal yiverat 6 & Ex Twos apiOpod S* yevo- 
févov Kat mpoodAaBdvtos tov uB, TouTéott THs 
> a B's 
iowaews THs SB, Kal pepicbévros eis THY UrEpoy7y 
e , ¢ 3 4 a 3 6 = Ge A AY rm 
1) UTEPEXEL O ATO TOU apiWpov [_]* TwV TOV 
€v TH lowoe Y. amynKTat ovv por eis TO evdpely 
: 3 al , “ KLS ‘4 A r A 
Twa ap pov, Os S*S yevopevos Kal mpoodAaPwyv 
M ip Kal _heptlopevos els Thy drrepoxny i) drrepexet 
6 amo Tot avdrob [T° rpiddos, mrovet THY apaBoAny 


éAdacovos M B. 
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Let the least be taken as 4, and the side of the 
middle as ¢ +2; then the square is 27 +4¢ +4. 

Then since the difference of the greatest and the 
middle is one-third of the difference of the middle 
and the least, and the difference of the middle and 
the least is ¢2+42, so that the difference of the 
greatest and the least is }2%+14z, while the 
middle term is 2*+4¢+4, therefore the greatest 
term=1}22 +54¢+4=a square. Multiply through- 
out by 9: 

1237 +482 +36 =a square $ 
and take the fourth part : 
327 +122 +9 =a square. 

Further, I desire that the middle square <16, 
whence clearly its side <4. But the side of the 
middle square is +2, and so s+2<4. Take away 
2 from each side, and <2. 

My equation is now 


827 +122 +9=a square. 
a= (mz — 3)", say. 
6m +12 


Then ge 728” 


and the equation to which my problem is now re- 
solved is 
6m +12 
m* — 3 


t.€ = 
oweg 1 





<2, 


* As a literal translation of the Greek at this point would 
be intolerably prolix, I have made free use of modern 
notation. 
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“Eotw 6 CnTovpevos Sas ovTWS CAMS vegas 
Kal mpoodaBey M 8B, move? SFM op 6 6€ an 
atrod C1, AM y, mrovet A* aMM¥. Bédw ovdv 
sz M iB pepilecba ets AY ah My Kal Tovety THY 
wapanenny eAdacovos MB. GAG Kat 6 B pepilo- 
p-evos cis Ma, mrovet Tv TapaBoAny B- ware 
Ss M uB mpos AY a NM Vy eAdaoova Adyov Exovow 
nmep B mpos G. 

Kat Xwpiov Xwpiw avicov* 6 cpa bd SS M 
kat M a eAdcowv eotiv tod tbmd Sduddos Kat 


A*a AM 7, rourécti SS Mp eAdaooves etow 
AY B. AM. Kal Kowal mpooketobwaav ai Me. 


a5 M iy éAdagoves Ke B. 
"Orav dé TOLAUTY towou lowowper, TmowodpLev 
Tav § 70 ZL’ éd? éautd, yiverat 6, Kat tas AY B 


én ras Mig iN, yivovrat AS* mpoabes Tots 8, yivovrat 
0 
ye, cv mw ovdK eAattov éott M€+ mpdcbes 76 
e , ~ ? b) ” ¥ - \ 
jicevpra Tav S <yiverar ovK €Aattrov Mt: kat 
° 
péptaov eis tas A*-)' yiverat odx €Aarrov Mé. 
aie. 
Beyouey ody pow AY 7SiB M8 tc. O¥ 7@ azo 


La 
a M YINSE, Kal yiverat oS SM " TOUTEOTW pi 


Téraya 5€ tHv Tod péoov [J 7 saM B- 


1 yiverar. . . Tas AY add. Tannery. 





¢ This is not strictly true. But since »/45 lies between 
6 and 7, no smaller integral value than 7 will satisfy the 
conditions of the problem. 
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The inequality will be preserved when the term 
are cross-multiplied, 


ie, (6m +12).1<2.(m®-3); 
£0, 6m +12<2m? —6. 
By adding 6 to both sides, 

6m +18 <2m?, 


When we solve such an equation, we multiply half 
the coefficient of x [or m] into itself—getting 9; 
then multiply the coefficient of 2? into the units 
—2.18=36; add this last number to the 9—getting 
45; take the square root—which is +74; add half 
the coefficient of s—making a number <10; and 
divide the result by the coefficient of 22—getting a 
number +5.° 

My equation is therefore 


32° +122 +9=a square on side (3 — 52), 
_ 42 21. 
e709 Ay 
I have made the side of the middle square to be 


and 


* This shows that Diophantus had a perfectly general 
formula for solving the equation 


ax*=bx +e, 


2 
namely ears ve» ee 


From vi. 6 it becomes clear that he had a similar general 
formula for solving 
ax® + ba =e, 
and from v. 10 and vi. 22 it may be inferred that he had a 
general solution for 
1? +c=ba, 
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= “; la 
€oTat 7 Tod [J” a ays attos d€ 6 [ 
Mea 
jawpb 
»” Ss $ A 4 > > a A é 
Epxyopar otv émlt to e€&€ apyjs Kal tdcow 
\f pKa 


yer. © 
9° évTa []%, to. trois SS M5: nal mdvra 
é 


>_ — ‘ , € bs . om” 27 
cig pKa* Kal yiverat o S , Kal €otw eAdoowy 
atte 
duddos. 
"Eat ras vrootdces rot mpoBAjparos Tob ef 
° 
apyjs: Uméornuev 517) Tov pev pécov £aMB, rov 
° 0 
Sé eAdyiorov MB ASG, rev Sé péyrorov SEMB. 
€ora. 6 pev péyiotos a.jal, 6 Sé B* Burl, 6 
dé eAdyiatos 6 ys ml. Kal eel TO dptov, Ear TO 
bs’, odKk eoTw []%, 5” Oé€ eaTw adrod, éav 
AdBwpev pka, 6 €ore []%, wavtTwy otv 7d 5°, 
Kal duoiws €oTar 6 pev a pra®” awrdZ’, 6 dé 
B* vé0 2’, 6 dé y* dL’. 
Kai €av ev oAokAnpots 0é\ns tva pH TO LZ’ ém- 
775 
tpéxn, els 5% euBare. Kal éorar 6 a tr dy? ° 6 dé 


ne «6 UMS ok gy, TTD 
B ecioy? dé ys vn 
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43 
+2; therefore the side will be l and the square 
1849 
121° 


I return now to the original problem and make 


184 
— which is a square, =6x+4. Multiplying by 


itself 


1365 
121 throughout, I get «= i which is <2, 


In the conditions of the original problem we made 
the middle term=xz+2, the least =2-—2, and the 
greatest 7x +2. 








Therefore 
the greatest = ; sait§ 
the middle = 27, 
the least = on 


Since the denominator, 726, is not a square, but its 
sixth part is, if we take 121, which is a square, and 
divide throughout by 6, then similarly the numbers 
are 
18S4y 2093? 18). 
12r.? 112i: Tei 
And if you prefer to use integers only, avoiding 
the 4, multiply throughout by 4. Then the numbers 
will be 
7338 1878 58 
484° 484° 484 
And the proof is obvious, 
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(iii.) Stmultaneous Equations Leading to a Quadratic 
Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10 
e a 4, > A Ld A € / b] ~ 
Edpety dvo0 aptOpovds 6mws Kat 7 avvbeots abtav 
Kal 7 ovvOecis THY an’ adT@v teTpaywrwy Toh 
do08évras apibpous. . 
“A a“ ~ 4 
Act 6 Tods Sis am’ atbta@v Tetpaywvous tod azo 
cuvap.potépov avTady Tetpaywrou vepexyeww TEeTpA- 
ywvw. e€oT. 6€ Kal TodTo mAacpaTiKOY. 
b] / or ‘ A , 8 3 ~ ~ 
EmuretadxOw 57) tTHv pev ovvbecow abta@v mrovetv 


“Y —_ ‘ A , ~ > > 3? ~ f 
Mk, tHv dé ovvOcow Ta&v an’ adtav TeTpaydvwy 
[e) 
movety M on. 
TerdxyOw 8) 4 drepoy?) abtav SB. Kal gorw 
°o 
6 peilwy Sa Kal Mi, trav jyicewr madw Tod 
te] 
ovv0éuatros, 6 de eAdcowy MifMSa. Kal péver 


, A} A , 7 A : = ¢ A e ‘ 
maAw To pev ovvbepa adtavy Mk, 7 Sé dmepoy7) 


sB. 


Aourdy €ott Kat TO ovv0epa Ta&Y an adtTadv 
° 
Tetpaywvwy movi Mon: adda to ovv0epa TaV 
° 
an’ abrav tretpaydvwv moet AYBMG.  tadra 
° ° 
toa Mom, xai yiverau 6 SMB. 
O ome 
"Eat tas bmooTdces. EoTar o pev peilwy MiB, 
€ 4 3\ 7 ‘s _ ‘ ~ A ~ 4 
6 bé eAdcowy MH. Kal mooto. Ta THS TMpoTdcews. 


¢ In general terms, Diophantus’s problem is to solve the 
simultaneous equations 


E+n =2a 

f+yt=A. 
He says, in effect, let E—n =22; 
then f=at+27, 7=a-2, 
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(iii.) Simultaneous Equations Leading to a Quadratic 
Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10 


To find two numbers such that their sum and the sum of © 
their squares are given numbers.* 

It is a necessary condition that double the sum of 
their squares exceed the square of their sum by a 
square. ‘This is of the nature of a formula.® 

Let it be required to make their sum 20 and the 
sum of their squares 208. 

Let their difference be 2x, and let the greater 
=2+10 (again adding half the sum) and the lesser 
=10-—x2. 

Then again their sum is 20 and their difference 2z. 

It remains to make the sum of their squares 208. 
But the sum of their squares is 227 +200. 


Therefore Qx7 +200 = 208, 
and x= 2, 


To return to the hypotheses—the greater=12 
and the lesser=8. And these satisfy the conditions 
of the problem. 


and (a+a)}?+(a-2)?=A, 
4.0.5 Q(a?+a7)=A, 


A procedure equivalent to the solution of the pair of simul- 
taneous equations  +7=2a, éy=A, is given in i. 27, anda 
procedure equivalent to the solution of §-7=2a, éy=A, 
in i. 30. 

> In other words, 2(£7 +7?) -(€+7)?=a square; it is, in 
fact, (€-7)*. I have followed Heath in translating €or € 
Kai robro mAacpatixey as “ this is of the nature of a formula.” 
Tannery evades the difficulty by translating ‘est et hoc 
formativum,” but Bachet came nearer the mark with his 
** effictum aliunde.”” The meaning of wAacparixdv should be 
*‘ easy to form a mould,” é.e. the formula is easy to discover. 
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(iv.) Cubic Equation 
Ibid. vi. 17, Dioph. ed. Tannery i. 432. 19-434, 22 
€ a f > vA ¢ ¢ > ~ 

Edpety tpiywvov opboywuov émws 0 ev TH 
éuBad@ avtov, mpoodAaBwy tov év TH dmorewovon, 
moun TeTpaywvov, 6 dé ev TH wEepyétpw adTod F 
Kupos. 

TerdyOw 6 ev T® euBadd attod Sa, 6 Sé ev TH 

° 
brorewovon attrod M twav tetpaywuKkav MSa, 
is] 
éoTw Mis ASa. 

"AM’ eel dreOéucba Tov ev TH EuBadH abrod 
elvat SG, 6 dpa dad THv mept THY opOnv adrod 
yiverat SB. dAdAa SB mepiexovtar bd Sa Kal 
° ° 
M B- édy ody ra€wpev pilav rdv dpbav M B, éorat 
n €Tépa Sa. 

° 
Kai yiveror 4 wepipetpos Min Kal ov« €ort 
oO 
KUBos: 6 Sé in yéyovey x twos []” Kat MB: 
oO 
Sejoer dpa etpeiv (]” twa, 6s, mpoodAapwv M8, 
i>) 
moet KUBov, wate KUBov Le bmepexew MB. 
° 
TerdyOw obv 4 péev rob (]” n°: SaMa, 7 Se 
° 
to} KvBouv SaMMa. yivera 6 pw 1%, 
° ° 
A’asBMa, 6 8é€ xKuBos, K*asyMA*yMa. 
6éAw obv tov KvUBov tov []” dbrepéxew Suvads° 6 
° 
dpa (1% pera SudS0s, tovréorw A’ asBM¥, 
is] 
géorw toos KY asyfA‘yMa, o€ev 6 S evpioxerat 
° 
M6. 
° 

“Eorat otv  pev too (]” 7 Me, % d€ 70d 
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(iv.) Cubic Equation @ 
Ibid. vi. 17, Dioph. ed. Tannery i. 432, 19-434. 22 


To find a right-angled triangle such that tts area, added 
to one of the perpendiculars, makes a square, while tts 
perimeter is a cube. 

Let its area=2, and let its hypotenuse be some 
* square number minus x, say 16~x. 

But since we supposed the area=z, therefore the 
product of the sides about the right angle=2z. But 
2x can be factorized into z and 2; if, then, we make 
one of the sides about the right angle =2, the other 
= 2. 

The perimeter then becomes 18, which is not a 
cube; but 18 is made up of a square {16]+2. It 
shall be required, therefore, to find a square number 
which, when 2 is added, shall make a cube, so that 
the cube shall exceed the square by 2. 

Let the side of the square=m +1 and that of the 
cube m-—1. Then the square =m? +2m+1 and the 
cube = m3 + 3m—3m?-—1. Now I want the cube to 
exceed the square by 2. Therefore, by adding 2 to 
the square, 


m* +2m +3=m3 +3m—-—3m'?~1, 
whence m= 4s, 
Therefore the side of the square=5 and that of 


* This is the only example of a cubic equation solved by 
Diophantus. For Archimedes’ geometrical solution of a 
cubic equation, v. supra, pp. 126-163. 
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ie] 
KuBou My y. avo dpa o pev (]* M ke, 6 5é KvBos 
M xd. 

Me@udiorapas ovv TO opfoyunor, Kat tatas 
avrob To eupadov Sa, Tacow THv vmoteivoucay 
M ze A Sa: péever d€ Kat 7 Baars MB, 7 
Kaberos Sa. 

Aoumrov eoTw TOV azo Tijs dmorewovans igov 
elvat ois amo TMv Tept Thy opIny- yiverar de 


rag a M Xxe Asi €oTat toy AYaMS. dev 6 
sM” 


Ka. 
3 x. N ¢ L4 4 7 
Ei tas vmootacets Kal pevet. 


(dq) INDETERMINATE EQuaTIONS 


(i.) Indeterminate Equations of the Second Degree 


(a) Single Equations 
Ibid. ii. 20, Dioph. ed. Tannery i. 114. 11-22 


Hupeiv dvo dpiOuous omws oO azo TOU éxaTépov 
avT@v teTpaywros, mpoodaBwv tov Aoirdv, Toy 
TETPAYWVOV. 

°o 

TerdyOw 6 a® Sa, 6 S€ B* MaGS8, iva 6 dmo 
Tod a” (], zpocAaBew tov B”, ou (]°". Aoezov 
) ‘ \ > A me ray) Bb PY , ‘ 
€oTt Kat Tov amo tot BP” []°”, mpocAaBovTa tov 
a”, mrovety []% add’ o azo tod BY []%, zpoa- 


0 
Aaa rév a”, movet AY S5é Ma: raéra ica CP. 





* Diophantus makes no mention of indeterminate equa- 
tions of the first degree, presumably because he admits. 
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the cube=3; and hence the square is 25 and the 
cube 27. 

I now transform the right-angled [triangle], and, 
assuming its area to be 2, I make the hypotenuse = 
25 — x; the base remains = 2 and the perpendicular = x. 

The condition is still left that the square on the 
hypotenuse is equal to the sum of the squares on the 
sides about the right angle ; 


1.Ecy x? +625 — 500 = 27 +4, 
ah _ 621 
ence t= 50 


This satisfies the conditions. 


(d) INDETERMINATE Equations % 


(i.) Indeterminate Equations of the Second Degree 


(a) Single Equations 
Ibid. ii. 20, Dioph. ed. Tannery i. 114. 11-22 


To find two numbers such that the square of either, 
added to the other, shall make a square. 

Let the first be x, and the second 2x +1, in order 
that the square on the first, added to the second, may 
make a square. There remains to be satisfied the 
condition that the square on the second, added to 
the first, shall make a square. But the square on 
the second, added to the first, is 422 +5241; and 
therefore this must be a square. 


rational fractional solutions, and the whole point of solving 
an indeterminate equation of the first degree is to get a solu- 
tion in integers, 
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TlAdcow tov []” ado $8 AM B- abros dpa 
EOTAL ee Kal yiverat o § oe 


"Eorat 6 pev a® * if 5 &é¢ Bs “Y oy Kat mototat TO 


TpoBAnua. 


(8) Double Equations 
Ibid. iv. 32, Dioph. ed. Tannery 268. 18-272. 15 
Aobevra. d,piOpov dueXeiv eis Tpets apiOpovs omrws 
6 U70 Tob TmpwTou Kal Tod deutépov, édav Te ™poo- 


AdBy TOV Titov, edy te Aciibn, mou TeTpadywvov. 
"Eotw 0 dofeis 6 5. 


TerayOw 6 y* Sa, Kai 6 B® M edacodve Tod 
S* €0TW M B- o ae a* fora. MSMSa- Kat 
Aound €att dvo emiTayLaro,, Tov bo a” Kal B™, 
€av TE regi aet Tov y°", edv TE Actin, ToLEtv 
[pe Kat yiverau dumAH % todrns: MAME a. 
io. C]% Kat MiAsS7 to. []% Kat od prov 








* The problem, in its most general terms, is to solve the 


equation 
Az? + Be +C=y?. 


Diophantus does not give a general solution, but takes a 
number of special cases. In this case A is a square number 
( =a’, say), and in the equation 


ax? + Br +C=y? 
he apparently puts y* =(ax - m)', 
where m is some integer, 
whence o= ine), 
2am +B 
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I form the square from 2-23 it will be 


3 
427 +4—82 3; and t= = 


The first number will be i the second a and 


they satisfy the conditions of the problem.@ 


(B) Double Equations ® 
Ibid. iv. 32, Dioph. ed. Tannery 268. 18-272. 15 


To divide a given number into three parts such that the 
product of the first and second + the third shall make a 
square. 

Let the given number be 6. 

Let the third part be x, and the second part any 
number <6, say 2; then the first part=4—2; and 
the two remaining conditions are that the product of 
the first and second+the third=a square. There 
results the double equation 


8—x =a square, 
8 — 3x =a square. 


And this does not give a rational result since the ratio 


* Diophantus’s term for a double equation is 8:Aotedrns, 
Suxdf todrns or SirAq lowois. It always means with him 
that two different functions of the unknown have to be made 
simultaneously equal to two squares. The general equations 
are therefore 

Aya? + By + C, = 4,3, 

A,t* + Biz + C, =u,*, 
Diophantus solves several examples in which the terms in 2® 
are missing, and also several forms of the general equation. 
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€or dua 70 py elvar tovs 4 mpos aAAjAous Adyov 
€xovras ov fay apiOuos mpos []” aprB ov. 
"AAAa 6 S64 povade éAdcowv Tot B, ot dé 5 7 


Opoiws petloves M: rod B. aaiera obv por eis 
4 e ~ > , e 4 4 € " t b) ~ 
76 edpeiv apiOuov twa, ws tov B, wa 6 M! adrod 
peilwv, apos Tov M' <adrod €Adcoova, Adyov éxn 
éov []*s Spies apos) [” GpteHey. 
"Eotw 7 Cntovpevos Sa, kai 6 Ma adrod 
ce] ° 
petlwv €oraa SaMa, o d€ M'‘ adrod éedAdcowv 
fe] 
SaMMa. Gedopev oor avrous ampos aAXAjAous 
Aoyor ney ov []* apilties pos Ly de ig 
géorw dv 8 T™pos a* wore SaMMa emt M5 
yivovTat SSAMS: wal saMa ent THY Ma 
i 
<yivovraa SaMa).* Kat etow obdror of Exxetpevor 
b] s} la ” A > , a ” 
apwOuot Adyov éxovres mpos adAnXrous av exer 
fe] 
OO dpiucs mpos [1% apibusv: viv SSAMS 
oO oO 
io. SaMa, kal yiverar 6 aM’, 
i Y e ‘ > \ 
Tacow odv tov BY M ~ 0 «yap y%* €oriv 


oO 
on Ww = 
Sa: o apa a®* eorur M i Asa. 
4 ~ > A 9 , w” 4 e ‘ ov 
Aourov det elvar TO emiraypa, €oTw TOY U0 a 
Kat B”, mpooraBovra tov y”, movety []”, 


e 


Acipavra tov y”, mwovety []°” add’ 6 bro a” Kat 
B°’, mpooAaBav tov y”, Tote M Pe AS Ww’ io. * 
M dé Tod y”, motel M r ASB w’ io. OY. Kal 
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of the coefficients of x is not the ratio of a square to 
a square. 

But the coefficient 1 of x is 2-1 and the co- 
efficient 3 of x likewise is 2+1; therefore my pro- 
blem resolves itself into finding a number to take the 
place of 2 such that (the number +1) bears to (the 
number —1) the same ratio as a square to a square. 

Let the number sought be y; then (the num- 
ber+1)=y+1, and (the number—1)=y-1. We 
require these to have the ratio of a square to a square, 
say 4:1. Now(y-1).4=4y-4and(y+1).1=y +1. 
And these are the numbers having the ratio of a 
Square to a square. Now I put 


4y —4=y +1, 
giving y= 
Therefore I make the second part . for the 


1 
third =z; and therefore the first =" — 2. 


There remains the condition, that the product of 
the first and second + the third=a square. But the 


product of the first and second +the third= 
65 2 
— —=7=a square, 


9 3 
and the product of the first and second — the third = 


65 
ao Qke=a square. 





1 aurot. . . mpos add. Bachet. 
i?) 
2 yivovras 84M a add. Tannery. 
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oO 
mavra emi tov 6, Kal yivovra. M Ee MSE ic. Ce, 
be] ——- —_ 

kat Mée M5 Kd to. TY. Kat iad, tovs 8 ris 
peilovos tadtyTos troujoas 5", Kal €ore 

oO 0 ame —_— 

MoEASKS to. F? wat M Ee NSKS to. OY. 

Név rovrwy AapBavw tiv strepoyjv Kai ort 
as 
M pSe- Kat exribepar do dpiuods dv ro tid éeort 
a = 
M pGe, Kal etot t€ Kal ty: Kal THs TOUTWwWY brepoyis 
To Z’ eg éavto toov eoti 7H eXdooou [%, Kat 
yiverar 6S y*” 7. 

"Ext tas brooraces. EéoTas 6 pev a® €, 6 be 
B°s €, 6 be y® H. Kal 7 amddekis davepa. 





« These are a pair of equations of the form 
am®s +a=u?, 
an®x +b=v", 
Multiply by n*, m? respectively, getting, say 
am’n?z + an? =u’, 
am'n*x + bm =v", 


ote an? ~ bm? =u%’2 — yt, 

Let an® — bm*=pq, 

and put u+v' =p, 
u-v'=q;3 

e u%=}(p+q)’, v?=h(p-9), 

and so am'n*z +an*=}(p+q)*, 


am*n*xz + bm*=}(p — q)* 3 
whence, from either, 
4(p? + q*) ~ ian? + bm?) 
x = ee ee ee 
am*n 
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Multiply throughout by 9, getting 
65 —- 6x =a square 
and 
65 — 242 =a square.® 
Equating the coefficients of x by multiplying the first 
equation by 4, I get 
260 — 242 =a square 


and 
65 ~— 242 =a square 


Now I take their difference, which is 195, and split 


it into the two factors 15 and 13. Squaring the half 
of their difference, and equating the result to the 


8 
lesser square, I get += 3 
Returning to the conditions—the first part will be 


5 5 Vacs 
3° the second 3? and the third . And the proof is 


obvious. 





This is the procedure indicated by Diophantus. In his 
example, 


p=15, q=18, 
and {4(15 - 13}? =65 - 24a, 
whence 24¢ =64, and nae 
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(ii.) Indeterminate Equations of Higher Degree 
Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. 5 
e¢ a , 3 , ¢ € > A ~ td 

Evpety dvo0 apiOpovs, 6mws 6 amd Tod mpwrou 
KUBos mpocdaBwy tov SevTepov town KUBov, 6 dé 
amo Tod devtépov Tetpaywvos mpocdAaBwv tov 
TMpOTov Torn TEeTPAywvov. 

° 

Terax$w 6 a*% Sa: 6 apa B* éorar M xvPrxat 
ms YyY=- A , @ 89 SeN ~ oy 2: 
nAMNK* a. Kat yiwerat 6 amo Tob a” KvUBos, mpoo- 
AaBav tov B”, KvBos. 

Aowdv é€ore Kai tov amo trot BY []%, 
mpoodaBovta tov a”, movty []% arr’ oa 
amo tot BY (]%, mpooAaBayv tov a”, srovet 

(> or 
K*KasaMésMK*ts- Cratra toa (]® 7H 
o oO —. 
amo am KY aM, rovréore K* K a K* is M &8-) 
Kal Kowdv mpooTiepevwy tdv AevTopevwv Kat 
adaipovpevwy Tv spoiwy amd opoiwy, Aovzrot 
——— —_— Q 
KY AB toot S$ a: Kai wavra Tapa 5° AY AB toa M a. 
° —— 
Kai gorw 7 M (9%, wat A* AB et Hoav (9°, AeAv- 
pevn ay pou v 7 towats’ GAN’ at AY AB elow éx 
i*] 
tay dis K* is of b€ K* ie elow tao tev dis MA 
0 —— 
2 saira .. . M€&d add. Bachet. 


* As with equations of the second degree, these may be 
single or double. Single equations always take the form 
that an expression in a, of a degree not exceeding the sixth, 
is to be made equal to a square or cube. The general form 
is therefore 

Agt® + Ayo? +... tAg=y or y*. 
Diophantus solves a number of special cases of different 
degrees. 
n double equations, one expression is made equal to a 
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(ii.) Indeterminate Equations of Higher Degree 


Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. 5 


To find two numbers such that the cube of the first 
added to the second shall make a cube, and the square 
of the second added to the first shall make a square. 

Let the first number be x. Then the second will 
be a cube number less 23, say 8—a°. And the cube 
of the first, added to the second, makes a cube. 

There remains the condition that the square on 
the second, added to the first, shall make a square. 
But the square on the second, added to the first, is 
x8 +x2+64-—1623. Let this be equal to (23 +8)’, that 
is to 26 +1622 +64.2 Then, by adding or subtracting 
like terms, 


Sone = as 
and, after dividing by 2, 
Sone), 


Now 1 is a square, and if 3222 were a square, my 
equation would be soluble. But 322? is formed from 
2.1623, and 162° is (2. 8)(«%), that is, it is formed 


cube and the other to a square, but only a few simple cases 
are solved by Diophantus. 
> The general type of the equation is 


2®&— Ar? + Ba +c? =y%, 
Put y=2° +c, then et 


and if the right-hand expression is a square, there is a rational 
solution. 

In the case of the equation 2° - 16z3 +a” +64=y? it is nota 
square, and Diophantus replaces the equation by another, 
w® — 12823 +a +4096 =y?, in which it is a square. 
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Kal tod K* a, rouréort Sis rav M A’ wore at AB A® 
ex OS TOV 7 M. yéyovev odv por evdpetv KUBov Os 
d*S yevouevos movet []”. 

"Eorw 6 Cntovpevos K* a: obros 5*s yevdpevos 
mouet K*6 ico. Dv. eorw A®is: Kal yiverat 6 § 
M5. ent TAS UTOOTACELS* EGTAL O K*¥ M60. 

Taoow dpa tov B” M ESMK*¥ a. Kalb Aowrdv ore 
Tov amo tod BY []” mpoodaBovra tov a” sroveiv 
Ci’. adda 6 azo tod BY mpocAaBwv tov a” zrovet 
K? KaM 865 8aMK*peq tc. OY 7 dad 2 
K¥ a@MES: nal yiverar 6 (1 K¥KaM 865 K* px. 
Kat yivovrat Aourot K¥ avs to. Sa. Kal yivera 
6 S Eves i. 

"Ext tas vzrooTdoes: €oTat 6 a*® évos i, 6 b€ 
er PSS 

Ko. ,Bppy 


(e) THEory or NumsBers: Sums oF Squares 
Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21 


h] > 4 , ~ 9 , 
Tov émraxévra tetpdywvov Siedeiv eis dvo 
TETpAywvous. 


¢ It was on this proposition that Fermat wrote a famous 
note: ‘‘On the other hand, it is impossible to separate a 
cube into two cubes, or a biquadrate into two biquadrates, or 
generally any power except a square into two powers with 
the same exponent. I have discovered a truly marvellous 
proof of this, which, however, the margin is not large enough 
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from 2.8. Therefore 32x? is formed from 4.8. My 
problem therefore becomes to find a cube which, 
when multiplied by 4, makes a square. 

Let the number sought be y3. Then 4y3=a square 
=16y? say; whence y=4. Returning to the con- 
ditions—the cube will be 64. 

I therefore take the second number as 64— 2%. 
There remains the condition that the square on the 
second added to the first shall make a square. But 
the square on the second added to the first = 

a +4096 +2 — 12823 =a square 
(a3 +64)?, say, 
= x5 +4096 + 12823, 
On taking away the common terms, 


1 
and pam 


Returning to the conditions— 


262143 


1 
rst number ia’ second number 4006 


(e) THeory or Numbers: Sums or SQuaREs 
Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21 


To divide a given square number into two squares.4 


to contain.” Fermat claimed, in other words, to have proved 
that 2" +y™"=z™ cannot be solved in rational numbers if 
m>2. Despite the efforts of many great mathematicians, a 
proof of this general theorem is still lacking. 

Fermat’s notes, which established the modern Theory of 
Numbers, were published in 1670 in Bachet’s second edition 
of the works of Diophantus. 
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*"EmirerayOw 57) rov if dreActv eis S¥O TeTpayw- 
vous. 

Kai rerayOw 6 a* A*a, 6 dpa érepos éorat 
o ° 
Mis A AY a: derjoet dpa Mis AA’ a toas elvar (]?. 

JIAdcow tov 1” amd §*” dowv Simote M 

° 3 
trooouTwy M dowv eotiv 7 tav & M adAceupa: 
° 
géorw SBMAMS. atros dpa 6 []* ora 
Oo. ° 
AYSMiASis: tabra toa Mig AA*a. Kow) 
mpookeiabw 1 Actus Kai amo opolwy Guota. 
¥ dpa € ioat 5 tS, Kal yiverar 6 § is TéuTTwY. 

KE 


"Korat 6 pev 
ovs” 


e , KE \ € , 
, 0 be 5? Kal oi 6vo OVYTE- 
PH 


bévres trovotar “*, row Mis, Kal éorw éxdrepos 
v 
TETPayuvos. 
Ibid. v. 11, Dioph. ed. Tannery {. 342. 18-346. 12 


Movdéda dteAciv ets tpets dpuOuods Kat mpocbetvar 
ExaoTw adt@v mpotepov tov avtov do0lévTa Kal 
movety ExaoTov TEeTpaywvov. 

Ae? 51) Tov diddpevov apiOucv pre Sudda elvar 
LATE Twa TOV ard Svados oKTads TapavEavopevwv. 


te] 
"EmiterdyOw 87) THv M Sdtedciv els tpets apiBpovds 
° 
Kat mpoobetva. éexdotw My kai zrovetv exaotov 


Binge 


* Lit. “I take the square from any number of ap:yol 
minus as many units as there are in the side of 16.” 

® i.e., a number of the form 3(8” +2) +1 or 24n +7 cannot 
be the sum of three squares. In fact, a number of the form 
8n +7 cannot be the sum of three squares, but there are other 


552 





ALGEBRA : DIOPHANTUS 


Let it be required to divide 16 into two squares. 
And let the first square=2z? ; then the other will 
be 16-27; it shall be required therefore to make 
16 — x? =a square. 
I take a square of the form® (mz — 4), m being any 
integer and 4 the root of 16; for example, let the 
side be 2x-—4, and the square itself 427 +16 —- 16z. 


Then 
4x7 +16 —- 162 = 16 — 2”, 


Add to both sides the negative terms and take like 
from like. Then 


52? = 162, 
16 
and oS oe: 
O5 . 144 
One number will therefore be ae the other 5 


4.00 
and their sum is os oF 16, and each is a square. 


Ibid. v. 11, Dioph. ed. Tannery i. 342. 13-346. 12 


To divide unity into three parts such that, if we add the 
same number to each of the parts, the results shall all be 
squares. 

It is necessary that the given number be neither 2 
nor any multiple of 8 increased by 2.° 

Let it be required to divide unity into three parts 
such that, when 3 is added to each, the results shall 
all be squares. 
numbers not of this form which also are not the sum of three 
squares. Fermat showed that, if 3a+1 is the sum of three 
squares, then it cannot be of the form 4” (24k +7) or 4" (8k +7), 
where k=0 or any integer. 
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a iL} = A a Lid 
Iidkw def tov ct Sueheiv eis tpets []% omws 
2\ on 4 A 
EKAOTOS avr ay pilav 7) 7) M 7. eav ovuv mé-Aw TOV 
t SveAwpev els Tpets an THS TaptooTnTos 
aywyh, €oTar Exaoros abrayv peilwv TpLasos Kal 
Suen ees 2 éxdorov avt@yv adedorrtes M y» 
° 
Exyew eis oS 7 M Ouarpetran. ‘ 
~ ‘ 
AapBavopev dpte To0 it TO yp”, pl. Py%, Kat 
nrodpev Ti Roce aero: pLoptov dda pels” 2 
Tats Myy* : TOUTOpEV O°: mavra Ons, bet Kat 
T@ A mpoobetvai Tt dpiov TeTpaywrikov Kat 7rovety 
tov odAov []°. 
"Eorw 76 mpoarBEnevov popiov A®* a: kal mavra 
emt AY ytvovrar AY A M a io. Cl? 7p a7r0 meupés 


seMae yiverau o ig A’ resiMa to. ATAMG: 


Sbev 6 5 MB, 4 AY MS, TO Are MB 


Ei ody rais MX mpooriferat M ee rais M yy* 
mpooteOnceTrat AS* Kal yiverau se Sel odv Tov t 
SteActv els tpeis []° Smws éxdorou (]” 4 mAevpa 
Tapioos 7} M i 

"AMG Kat 6 i ovyKerras ex Svo []°”, rod re 8 Kab 


aN ~ ¥ Ke 
ris M. S:atpodpev rv M eis d¥o (]™ Ta Te pf 


KaL TH = mote Tov t auyKeiobar ex tpiav []%", 

* The method has been explained in v. 19, where it is 
proposed to divide 13 into two squares each>6._ It will be 
sufficiently obvious from this example. The method is also 
used in v. 10, 12, 13, 14. 
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Then it is required to divide 10 into three squares 
such that each of them> 3. If then we divide 10 into 
three squares, according to the method of approxima- 
tion,? each of them will be> 3 and, by taking 3 from 
each, we shall be able to obtain the parts into which 
unity is to be divided. 

We take, therefore, the third part of 10, which is 3}, 
and try by adding some square part to 3} to make 
asquare. On multiplying throughout by 9, it is re- 
quired to add to 30 some square part which will 
make the whole a square. 


1 
Let the added part be =23 multiply throughout 
by 27; then 
30x? +1 =a square. 
Let the root be 5x +1 then, squaring, 
25a" +1027 +1=30277 +13 
whence 


ee | 
2=2Q, r= 4, lark 


If, then, to 30 there be added . to 3; there is added 


an and the result is a It is therefore required to 


divide 10 into three squares such that the side of each 


shall approximate to a 


But 10 is composed of two squares, 9 and 1. We 


16 
divide 1 into two squares, 2 and a5? 8° that 10 is 


mi 
composed of three squares, 9,5 2 and 5 <-. Itis there- 
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w a 6 ‘ a KE ‘ a KE a *¢ ey 
EK TE TOV KQt TOU iS Kat TOV 6 P det OUV EKa- 


~ f / a Ss 
OT7)V TWyV qq: TOUTWYV TAPACKEVACAL TAaptoov ie 


° ° 
Fe 2 € 
"AMAa Kai ai 7 atra@v ciow My cai M 5 Kab 


° 


€ i Oreos 
M a Kal mavra AX: Kai yivovrat MG Kat Md Kat 


{e) ° 
Mitty. ta dé ta S* yivovras M Be- Se? odv Exdorny 


T7* KATACKEVGOOL Ve. 


Tf Adooopev Evos Nd te My yA5 Ae, érépov 5} 
Sia MS, roo Se érépov SAL M ye’, yivovrat 
of amd Tov elpnuevwy []*, A® ydve Mi INS pis: 


a“ ” ae ¢ e 7 ¢ ypve 
trabra ton Mi. oOev edpioxerar 6 S if a 


> 4 \ € ? 4 , e N 
Emit tas tmoordoes: Kal yivovrar at mAeupat 
“~ A 4 , 
TeV TeTpaywrwy Solcicat, wore Kal avTol. Ta 


Aowra Sida. 


Ibid. iv. 29, Dioph. ed. Tannery i. 258. 19-260. 16 


Kdpety récoapas apiOuovs <Cretpaywvous), 
ouvtebévtes Kat mpoodaBovres ras tdias mAeupas 
auvtcleicas trovotar Sobdvta apiOyov. 


t, 1321 1288 1285 


Wit? Tt TT 
1745041 1658944 1651225 


Ol; 2 ee 


505521 505521" 505521 


* The sides are, in fac , and the squares 
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fore required to make each of the sides approxi- 


11 
mate to —. 
6 


But their sides are 3, : and > Multiply age 


out by 30, getting 90, 24 and 18; and 12 ~ [when 


multiplied by 30] becomes 55. It is here re- 
quired to make each side approximate to 55. 


55 35 4 55 31 3 (55 
[Now 3> 55 9 PY 39° & <39 PY go and = z “35 5} ae 
If, then, we took the sides of the squares as 8 


4 318 reall 


ae 
BP teaie tea? , the sum of the squares would be 3. fe =) 


363 
or 36” which> 10. 


Therefore] we take the side of the first square as 
8 — 352, of the second as ; +31lz, and of the third as 


ss +372. The sum of the aforesaid squares 


0 
355527 +10-116z7=10; 
whence genes . 
$555 


Returning to the conditions—as the sides of the 
squares are given, the squares themselves are also 
given. The rest is obvious. 


Ibid. iv. 29, Dioph. ed. Tannery i, 258. 19-260, 16 


To find four square numbers such that their sum added 
to the sum of their sides shall make a given number. 
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"Eotrw 57) Tov of. 
"Eret mas (1% mpoodaBav rhv idiay m+ Kal 
o Qo 
Md%*, wove [”, 0d 7 MM Z’ rove’ apiO.ov 
Twa, OS €oTt TOD E€ apyts []™” mAeupd, ot réacapes 
apiOuot apa, mpoodaPdvres pev tas idias 
o 
movobot MiB, mpoodAaBovres Sé Kal 5 8%, movotor 
Oo 
técoapas [] eiot 5é Kai af MiB pera 8 8”, 6 
0 ° o 
eott Ma, Mty. tas ty dpa M Stacpety Sef eis 
Tésoapas []%, Kal amo tadv mArevpav, adeddv 
© 
amo éxaoTns 7+ MZ’, &€w rev § [J ras a 
Acatpetras Sé 6 ty eis S00 (]™, rév re 6 Kat 6. 


, “a ? , 
Kal 7dAw exatepos TovTwr Siaipetrat eis S¥o []™s, 


» KE . KE , KE € ‘ ’ ¢ 7 
ELS se KGL, KEL Kat. AaBayv rove éxa- 
ras) AS pyo a 


\ r , ere € € ‘ 5. Nua geueey 
OTOU THY TAEUPAV, n’? 5? 1B? 0 KQL GLPW aro EKa- 


, > ~ M a \ w» @ A ~ 
OTOVU TOUTWD T7. €upas ae » KAL ECOVTAL AL TT * Tw 


/ py © jl Ft t > \ » € st 
OVLLEVWV « QuTot apa ot 
Cnroup. ale a? 0 0? vw p faye: 


a \ P a " Pp a ‘ Pp a ‘ Pp 
Os pev nical Os Oe 10? os de Pas Os dé pt0" 
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Let it be 12. 

Since any square added to its own side and 4 makes 
a square, whose side minus 4 is the number which is 
the side of the origina] square,* and the four numbers 
added to their own sides make 12, then if we add 
4.4 they will make four squares. But 


12+4.} (or 1)=13. 


Therefore it is required to divide 13 into four squares, 
and then, if I subtract 4 from each of their sides, I 
shall have the sides of the four squares. 

Now 13 may be divided into two squares, 4 and 9. 
And again, each of these may be divided into two 
36 144 
= and <2 an 
25 25 

8 6 12 
of each rae are z, 
and the sides of the required squares will be 
1 Si eee 13 
10’ 10’ 10’ 10 
The squares themselves are therefore respectively 


121 49 361 169, 
100” 100’ 100 100 


64 81 
ass des. i 
squares, ae and ry I take the side 


and subtract half from each side, 


* i.6., 2 +xe+}=(2 +4)%. 

> In iv. 30 and vy. 14 it is also required to divide a number 
into four squares. As every number ts either a square or the 
sum of two, three or four squares (a theorem stated by Fermat 
and proved by Lagrange), and a square can always be 
divided into two squares, it follows that any number can be 
divided into four squares. It is not known whether Dio- 
phantus was aware of this. 
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(f) Potycona, Numsers 
Dioph. De polyg. num., Praef., Dioph. ed. Tannery 
1. 450. 3-19 

"ExaoTos T@v amo THs Tpddos apuipaiv avgo- 
prévewv povdou, ToAvywvds €oTt |, Tpatos* dard Tis 
povdados, Kal € EXEL vyesvias Tooavras daov early TO 
mhAbos TOV ev adT@ povddwy: mAcupa TE avToo 
cor 6 eff THs povddos d. yds, 6B. éora Sé 
6 pev y Tplywvos, 6 6€ g TeTpaywvos, 6 S€ & 
TEVTAYWVOS, Kat TobT0 éfAs. 

Tay b7 TEeTpAywvwY mpodjAwy 6 ovTeV Ort Kal- 
EOTHKACL TETPAYWVOL Sua 70 yeyovevar adrous && 
apiOu05 twos é€f éavtrov moAAarAactacbértos, 
edoxyidobn ExacTov TOY ToAVywYwY, ToAUTAaCLa- 
Copevov emi twa apituov Kata THv avadoyliav Tob 
mTAnGous THY ywudy adbrod, Kal mpocdAaBovra 
TeTpaywvov | Twa mdAw Kara Thy avadoylav Tob 
mAnGous TOV yovuay avTav, gpaivecbat TeTpa~ 
ywvov- 6 7) Tapacriaoper drobeiEavtes TAS dro 
do0eions mAcupas 6 emrayeis mroh}ywvos evpi- 
oKeTat, Kal mas Sobdyvt. todvywvm % amA€eupa 
AapPaverar. 

1 apa@ros Bachet, zpa@rov codd. 

* A fragment of the tract On Polygonal Numbers is the 

only work by Diophantus to have survived with the Arith- 


metica. ‘lhe main fact established in it is that stated in 
Hypsicles’ definition, that the a-gonal number of side n is 
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(f) Potyconat NumBeErs 4 


Diophantus, On Polygonal Numbers, Preface, Dioph. 
ed. Tannery i. 450. 3-19 

From 3 onwards, every member of the series of 
natural numbers increasing by unity is the first (after 
unity) of a particular species of polygon, and it has as 
many angles as there are units in it; its side is the 
number next in order after the unit, that is, 2. Thus 
3 will be a triangle, 4 a square, 5 a pentagon, and so 
on in order.” 

In the case of squares, it is clear that they are 
squares because they are formed by the multiplica- 
tion of a number into itself. Similarly it was thought 
that any polygon, when multiplied by a certain 
number depending on the number of its angles, with 
the addition of a certain square also depending on 
the number of its angles, would also be a square. 
This we shall establish, showing how any assigned 
polygonal number may be found from a given side, 
and how the side may be calculated from a given 
polygonal number. 


$n{2+(n -1)(a-2)} (v. supra, p. 396 n. a, and vol. i. p. 98 
n.a). The method of proof contrasts with that of the Arith- 
metica in being geometrical. For polygonal numbers, v. 
vol. i. pp. 86-99. 

> The meaning is explained in vol. i. p. 86 n. a, especially 
in the diagram on p. 89. Inthe example there given, 5 is the 
first (after unity) of the series of pentagonal numbers 1, 5, 
12,22... Ithas 5 angles, and each side joins 2 units. 


561 


XXIV. REVIVAL OF GEOMETRY : 
PAPPUS OF ALEXANDRIA 


XXIV. REVIVAL OF GEOMETRY: 
PAPPUS OF ALEXANDRIA 


(a) GENERAL 
Suidas, s.v. Hdazos 


ITassos, “AAcEavdpevs, drrdcodos, yeyovws Kara 
Tov mpeopvtepov Meoddarov tov Bactréa, ore Kal 
Odwy o diAdcogos yxpalev, 6 ypdbas ets Tov 
IIroAcuaiov Kavova. is ar dé adrod Xwpoypadia 

3 ? > ‘ / ~ 4 
otxovperikyn, Eis ra 6 BiBdia ris TroAepatou 





* Theodosius I reigned from a.p. 379 to 395, but Suidas 
may have made a mistake over the date. A marginal 
note opposite the entry Diocletian in a Leyden ms. of chrono- 
logical tables by Theon of Alexandria says, ‘“‘ In his time 
Pappus wrote’; Diocletian reigned from a.p. 284 to 305. 
In Rome’s edition of Pappus’s commentary on Ptolemy’s 
Syntaxis (Studi e Testi, liv. pp. x-xiii), a cogent argument 
is given for believing that Pappus actually wrote his 
Collection about a.p. 320. 

Suidas obviously had a most imperfect knowledge of 
Pappus, as he does not mention his greatest work, the Syn- 
agoge or Collection. It is a handbook to the whole of Greek 
geometry, and is now our sole source for much of the history 
of that science. The first book and half of the second are 
missing. ‘The remainder of the second book gives an account 
of Apollonius’s method of working with large numbers (v. 
supra, pp. 352-357). The nature of the remaining books to 
the eighth will be indicated by the passages here cited. There 
is some evidence (v. infra, p. 607 n. a) that the work was 
originally in twelve books. 

The edition of the Collection with ancillary material pub- 
lished in three volumes by Friedrich Hultsch (Berlin, 1876- 
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PAPPUS OF ALEXANDRIA 


(@) GENERAL 


Suidas, s.v. Pappus 


Pappus, an Alexandrian, a philosopher, born in the 
time of the Emperor Theodosius I, when Theon 
the philosopher also flourished, who commented on 
Ptolemy’s Table. His works include a Universal 
Geography, a Commentary on the Four Books of 


1878) was a notable event in the revival of Greek mathe- 
matical studies. ‘The editor’s only major fault is one which 
he shares with his generation, a tendency to condemn 
on slender grounds passages as interpolated. 

Pappus also wrote a commentary on Euclid’s Elements : 
fragments on Book x. are believed to survive in Arabic 
(v. vol. i. p. 456 n.a). Acommentary by Pappus on Euclid’s 
Data is referred to in Marinus’s commentary on that work. 
Pappus (v. vol. i. p. 301) himself refers to his commentary on 
the Analemma of Diodorus. The Arabic Fihrist says that 
he commented on Ptolemy’s Planisphaerium. 

The separate books of the Collection were divided by 
Pappus himself into numbered sections, generally preceded 
by a preface, and the editors have also divided the books into 
chapters. References to the Collection in the selections here 
given (e.g., Coll. iii. 11. 28, ed. Hultsch 68. 17-70. 8) are first 
to the book, then to the number or preface in Pappus’s 
division, then to the chapter in the editors’ division, and 
finally to the page and line of Hultsch’s edition. In the 
selections from Book vii. Pappus’s own divisions are omitted 
as they are too complicated, but in the collection of lemmas 
the numbers of the propositions in Hultsch’s edition are 
added as these are often cited. 
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MeydAns ovvragews tropuvnpa, Llorapods rovs év 
AtBvy, “Oveipoxpitixa. 


(6) ProsLemMs aND THEOREMS 
Papp. Coll. iii., Praef. 1, ed. Hultsch 30. 3-82. 8 
Oi ra ev yewpetpia (Cyrovpeva Bovddpevor 
TEXVLKUTEPOV duakpivev, Kpariore lavdpocior, 
mpoBAnpea prev agiotior Kahety ep od mpoBdMerai 
TL Tovhoae Kal KaTackeudoat, Deciprysa dé ev @ 
TIW@V UTOKELMLEVWY TO émOevov avrots Kat mavTws 
emovpPatvov Yewpetrar, tav tradadv tev pev 
mpopAnpata mavra, tav Sé Oewprypata elvat 
acKdvTwy. oO pev obv TO Oewpnua mpoTeivwr, 
cuvidw@v ovtivoty tpdmov, TO aKdAovfov rovTw 
ascot onrety Kal ovK GV dws vytds TpOTEtvot, 
6 O€ TO mpoBAnpa TPOTEivwv [av prev apabys F 
Kai mavrdracw idvworns |,’ Kav advvarov TUS 
KataoKevacOnvar mpooTtaén, ovyyvwords éoTw 
Kai avumevOuvos. tot yap Cyrotvtos épyov Kal 
tovro Stopica, 76 Te SuvaTov Kal TO advvaTo?, 
Kav } Suvatev, ToTe Kal THs Kal Tooaxd@s Suvarov. 
€av 6€ mpoomotovpevos 7 Ta palhpard srws 
amelpws mpoBdAAwv, odk EoTL aiTias Ew. mpw@Nv 
yotv tiwes TOY Ta palrpata TpoomoLloUmevwn 
eiddévat dua oot tas tv mpoBAnudtwr mpotacets 
dpalds Auiv wpicav. mepi wv ede. Kat TaY 
1 adv... (Sudrns om. Hultsch. 





* Suidas seems to be confusing Ptolemy’s Ma@nparex 
retpaBrBros ovvragis (Tetrabiblos or Quadripartitum) which 
was in four books but on which Pappus did not comment, 
with the Ma@ypatix? ovvragis (Syntaxis or Almagest), which 
was the subject of a commentary by Pappus but extended to 
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Ptolemy’s Great Collection,? The Rivers of Libya, On 
the Interpretation of Dreams. 


(6) ProspLEMs aNnD THEOREMS 
Pappus, Collection iii., Preface 1, ed. Hultsch 30. 3-82. 3 


Those who favour a more exact terminology in the 
subjects studied in geometry, most excellent Pan- 
drosion, use the term problem to mean an inquiry in 
which it is proposed to do or to construct something, 
and the term theorem an inquiry in which the con- 
sequences and necessary implications of certain 
hypotheses are investigated, but among the ancients 
some described them all as problems, some as 
theorems. Therefore he who propounds a theorem, 
no matter how he has become aware of it, must set 
for investigation the conclusion inherent in the pre- 
mises, and in no other way would he correctly 
propound the theorem; but he who propounds a 
problem, even though he may require us to con- 
struct something which is in some way impossible, 
is free from blame and criticism. For it is part of 
the investigator's task to determine the conditions 
under which a problem is possible and impossible,. 
and, if possible, when, how and in how many ways 
it is possible. But when a man professing to know 
mathematics sets an investigation wrongly he is not 
free from censure. For example, some persons pro- 
fessing to have learnt mathematics from you lately 
gave me a wrong enunciation of problems. It is 
desirable that I should state some of the proofs of 
thirteen books. Pappus’s commentary now survives only 
for Books y. and vi., which have been edited by A. Rome, 


Studi e Testi, liv., but it certainly covered the first six books 
and possibly all thirteen. 
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mapamAnowwy adrois dnodeifers Twas Huds elsetv 
els wohéAcvay ov te Kal THv Piropabovtwr ev TB 
Tpitw TovTw THs Luvaywyhs BuiBriw. 76 pev odv 
mp@rov tav mpoPAnudtwv péyas tis yewperys 
elvar Soxav wpicev apalds. 76 yap Svo0 Sob0ecdar 
cverav dv0 péoas avddoyov ev ouvexet dvadoyla 
AaBetvy packer eidévae bu’ emumédou Oewpias, héiov 
de kal nuds 6 avip émoxepayevouvs aroxpivacba 
mept Tis Ur atrod yernbeions Katackeuts, 7ATUs 
Exet TOV TpdTrOV TobTOV. 


(c) Tue THeory or Means 
Ibid. iii. 11. 28, ed. Hultsch 68. 17-70. 8 


To de devrepov t&v mpoBAnudrwv fv rdde° 
"Ev jpxvkri@ tas tpeis pweodtntas aPetiv dAAos 
Tis edacKkev, Kal yutxdKAvov To ABI éxOdpuevos, 
ov Kévtpov TO E, Kai truydv €tov emt ths AI 
p xov ony jj 
‘ A A > 93 3 “~ A ? AY > A 
AaBwv vo A, kat an’ adrod mpos épbds dyaydy 
7h ED ryv AB, Kat émledvéas tiv EB, xal avrh 
KaQerov ayaywy amo tot A ri AZ, ras tpeis 
peooTntas édeyev atdds ev TH ryuxvxAiw ékxre- 
“a A 4 , > , 4 A 
Geiobar, ryv pev ED peony apiOunricyny, riv Sé 
, , A 4 ¢ f 
AB peony yewperpienv, trav 5€ BZ dppovurny. 
“Ore pev odv 7» BA péon éorit rav AA, AT é& 





* The method, as described by Pappus, but not reproduced 
here, does not actually solve the problem, but it does furnish 
a series of successive approximations to the solution, and de- 
serves more kindly treatment than it receives from him. 
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these and of matters akin to them, for the benefit 
both of yourself and of other lovers of this science, in 
this third book of the Collection. Now the first of 
these problems was set wrongly by a person who was 
thought to be a great geometer. For, given two 
straight lines, he claimed to know how to find by 
plane methods two means in continuous proportion, 
and he even asked that I should look into the matter 
and comment on his construction, which is after this 
manner.® 


(c) THe Tureory or Means 
Ibid. iii. 11. 28, ed. Hultsch 68. 17-70. 8 


The second of the problems was this : 

A certain other [geometer] set the problem of 
exhibiting the three means in a semicircle. Describ- 
ing a semicircle ABI’, with centre E, and taking any 
point A on AI’, and from it drawing AB perpendicular 
to EI’, and joining EB, and from A drawing AZ 
perpendicular to it, he claimed simply that the three 
means had been set out in the semicircle, EI’ being 
the arithmetic mean, AB the geometric mean and 
BZ the harmonic mean. 


B 


A E n> 


That BA is a mean between AA, AT in geometrical 
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a YECwpeT puch} dvadoyia., 7 Se ED rdv AA, AT" 

ev TH dpeOunr uch peooryTL, davepov. éort yap 
WS [Lev 7 AA Tos AB, % AB apos AT, ws dé 7 
AA ™pos éauTny, ovUTWS 7 TOV AA, AE dtzepoyy, 
TOUTEOTL 7 TOV AA, EP, ™pos- THY tov EY, [ A. 
mas O€ Kal 7 ZB péon eoTly Tijs cppovurts jueoo~ 
THTOS,  Troiwy evdevdov, ovK elzev, pdvov dé ore 
Tpirn avahoyov €or TOV EB, BA, dyvoay Ort 
dio tov EB, BA, BZ ev TH yewperpurh avadoyia 
otody mAdoceras ) appoviKn pecdtns. deryO7- 
cetar yap vd yudv vorepov ott dvo at EB xal 
Tpeis at AB Kal pla 7 BZ as pa ovvrebetoae 
Towdo. THY peilova dicpay THis dppovurctis jeoo- 
TITOS, dvo dé at BA Kal jeia 9 BZ tiv péony, pia 
dé 4) BA xai pia ) BZ rH eAayiorny. 


(qd) Tue Parapoxes or Erycinus 
Ibid, iii. 24. 58, ed. Hultsch 104. 14-106. 9 
To d€ tpirov T&v mpoBAnpaTtwv Hv Tdde. 
"EoTw tpiywvov oploywuov to ABI’ opOnv 


A 
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proportion, and ET between AA, AT in arithmetical 
proportion, is clear. For 

AA: AB=AB:AYP, [Eucl. iii. 31, vi. 8 Por. 
and AA : AA=(AA- AE) : (ET -TA) 

=(AA—-EI) : (ET -TA). 

But how ZB is a harmonic mean, or between what 
kind of lines, he did not say, but only that it is a 
third proportional to KB, BA, not knowing that from 
KB, BA, BZ, which are in geometrical proportion, 
the harmonic mean is formed. For it will be proved 
by me later that a harmonic proportion can thus be 
formed— 

greater extreme =2EB +3AB +BZ, 

mean term =2BA +BZ, 

lesser extreme = BA +BZ.* 


(dq) Tue Parapoxes or Erycinus 
Ibid. iii. 24. 58, ed. Hultsch 104. 14-106. 9 


The third of the problems was this : 
Let ABI be a right-angled triangle having the 


* It is Pappus, in fact, who seems to have erred, for BZ is 
a harmonic mean between AA, AT, as can thus be proved: 

Since BAE is a right-angled triangle in which AZ is per- 
pendicular to BE, 
. BZ: BA=BA: BE, 


(as BZ. BE=BA?=AA. AT, 

But BE=}(AA +ATD); 

.e BZ(AA + AT) =2AA. AT. 

ss AA(BZ - AT) =AT(AA - BZ), 

i.e, AA: AT =(AA - BZ) : (BZ— AT), 


and .*. BZ is a harmonic mean between AA, AT. 
The three means and the several extremes have thus been 
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éyov tHv B ywriav, Kat dinx8w tis 4 AA, Kal 
KeloOw rH AB ton 7 AE, Kat dtya tynbeions ris 
EA xara to Z, Kai emlevyleians tHs ZT SetEau 
ovvapdorépas tas AZI dvo mAeupas évros Tob 
tptywvou peilovas T&v eKTOS ovvaydotépwv THY 
BAD wAevpav. 

Kai éort SfAov. émet yap at ZA, trovréorw 
ai TZE, ths TA pelfovds etow, ton 5€ 4 AE rH 
AB, ai [ZA dpa dvo0 Tav TAB peifoves efow... . 

"AAN’ ott TobTO pév, OTws av tis EGEAOL zpo- 
relvew, amretpay@s SeixvuTar S7Aov, odK aKaLpov 
Sé xafoAukwrepov wept TOY ToLovTWY TpoBAnpdTwY 
SiadaPety amo Tay depopevwy trapaddEwy *Epuxivou 
MPOTELVOVTAS OUTWS. 


(e) Tue Reeuiar Sorips 
Ibid. iii. 40. 75, ed. Hultsch 132, 1-11 


Eis tyv do0cicav odaipay éyypdisa. ta mevTe 
moAvEedpa, mpoypaderat Se Tdde. 

"Eorw ev adaipa Kixdos 6 ABI’, od didperpos 
¢ A 4 4 A Ul 3 4 
4 AD kat xévtpov 76 A, Kat mpoxeicbw ets tov 





represented by five straight lines (EB, BZ, AA, AT, BA). 
Pappus takes sia lines to solve the problem. He proceeds to 
dchne the seven other means and to form all ten means as 
linear functions of three terms in geometrical progression 
(v. vol. i. pp. 124-129). 
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angle B right, and let AA be drawn, and let AE be 
placed equal to AB, then if EA be bisected at Z, and 
ZI be joined, to show that the sum of the two sides 
AZ, ZI within the triangle, is greater than the sum 
of the two sides BA, AI’ without the triangle. 

And it is obvious. For 


since TZ +ZA>TA, [Eucl. i. 20 

Les, VZ +Z26>0A, 

while AE= ARB, 
[TZ24+ZE4+hKA=FPA+A 

£005] TA +40>TA AB: «<< 


But it is clear that this type of proposition, accord- 
ing to the different ways in which one might wish to 
propound it, can take an infinite number of forms, 
and it is not out of place to discuss such problems 
more generally and [first] to propound this from the 
so-called paradoxes of Lirycinus.¢ 


(e) Tue Reautar Soxips > 
Ibid. iii. 40. 75, ed. Hultsch 132. 1-11 


In order to inscribe the five polyhedra in a sphere, 
these things are premised. 

Let ABI’ be a circle in a sphere, with diameter AI’ 
and centre A, and let it be proposed to insert in the 


* Nothing further is known of Erycinus. The proposi- 
Sauy next investigated are more elaborate than the one just 
solved. 

> This is the fourth subject dealt with in Coll. iii. For 
the treatment of the subject by earlier geometers, v. vol. i. 
pp. 216-225, 466-479. 
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KUKAov éuBaretv evOeiav mapdAAnAov pev 7H AT 
Suapetpw, tanv S€ rH Sobeion pr) peilove ovon Tis 
AI’ dcapérpov. 


i 


Keicbw 77 npsuceia ris Bobeions i lon 7 BA, kal 
mm AT SiapeTpe nx8u mpos opbas 7 EB, TH Os 
AT TrapaddnAos 7 BZ, yrs ton EoTa TH SoBe ton 
SumA yap eoTw THs EA, Emel Kal ton TH EH, 
mapadAnrov axfetons tis ZH 7H BE. 


(f) Extension or PytHacoras’s THEOREM . 
Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13 


"Eav 7 Tpiywvov TO ABDI, kat amo ré&v AB, 
BI dvaypadyj TUXOVTO Trapad\nA\dypapepea TO 
ABAE, BI'ZH, xat af AE, ZH éxBaAnbdcw 
emt To ©, Kat emtevyOf 1” OB, yiverat ta ABAE, 
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circle a chord parallel to the diameter AT’ and equal 
to a given straight line not greater than the diameter 
AT. 

Let EA be placed equal to half of the given straight 
line, and let EB be drawn perpendicular to the dia- 
meter Al’, and let BZ be drawn parallel to AI’; then 
shall this line be equal to the given straight line. 
For it is double of EA, inasmuch as ZH, when drawn, 


is parallel to BE, and it is therefore equal to EH.2 


Cf) EXTENSION oF PytHacoras’s THEOREM 
Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13 


If ABI be a triangle, and on AB, BI there be 
described any parallelograms ABAE, BI'ZH, and 
AE, ZH be produced to 9, and OB be joined, then the 


¢ This lemma gives the key to Pappus’s method of inscrib- 
ing the regular solids, which is to find in the case of each 
solid certain parallel circular sections of the sphere. In the 
case of the cube, for example, he finds two equal and parallel 
circular sections, the square on whose diameter is two-thirds 
of the square on the diameter of the sphere. The squares 
inscribed in these circles are then opposite faces of the cube. 
In each case the method of analysis and synthesis is fol- 
lowed. The treatment is quite different from Euclid’s. 
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BYV'ZH aapadAnrAdypappa ica 7 bro tov AT, 
OB meprexouevw mapaddnroypdupw ev ywria 
eotw ion ovvapdorépw tH to BAT, A@B. 





"ExBeBAjobw yap 7 OB emi ro K, Kat dia trav 
A, [ ri OK wapadAAnroa Ay8woav ai AA, IM, 
Kat emelevy$w 7 AM. ézet mrapadAnAdypaypov 
eotw ro AAOB, at AA, ©B ioa ré eiow Kal 
mapdAAnro.. opoitws kal at MI’, OB toa ré 
elow Kal trapdAAnAo, wore kat at AA, MI toae 
Té elow Kal mapddAnrdo. Kai at AM, AI dpa 
ioat TE Kat TapaAAyAoi elow: wrapadAnAdypappov 
apa eorty To AAMT &v ywvia TH dm , TOUT- 
€oTw ovvapydotépw TH Te bro BAT kat do 
AOB: ton ydp €orw % bro AOB rH dtd AAB. 
Kat eve. TO AABE srapadAnAdypappov tH AABO 
igov €oTw (é€mi Te yap THS ad’THs Baoews eoTW 
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parallelograms ABAE, BI'ZH are together equal to 
the parallelogram contained by AI’, OB in an angle 
which is equal to the sum of the angles BAT’, 
AOB. 

For let OB be produced to K, and through A, T° let 
AA, I'M be drawn parallel to OK, and let AM be 
joined. Since AAQOB is a parallelogram, AA, OB are 
equal and parallel. Similarly MI’, OB are equal and 
parallel, so that AA, MI" are equal and parallel. And 
therefore AM, AI are equal and parallel; therefore 
AAMI is a parallelogram in the angle AAT, that is 
an angle equal to the sum of the angles BAI’ and 
AOB; for the angle AOB=angle AAB. And since 
the parallelogram AABE is equal to the parallelogram 


AABO (for they are upon the same base AR and in the 
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ths AB kal ev rais adtats mapaAdrjious tats AB, 
A@®), dda 7o AABO 7G AAKN ioov eoriv (én 
Te yap Ths adTis Bdoeds eorw ths AA Kai ev 
rats abrais wapaAdAjAots tais AA, OK), Kat ro 
AAEB dpa 7@ AAKN toov €oriv. dia Ta avra 
kat to BHZI 7G NKIM Toov eoriv: ra apa 
AABE, BHZT' zapadAnAdypappa 7 AATM ioo 
€oriv, routéorw T@ U0 AT, OB & ywvig rH 70 
AAT, 4 éotw ion ovvaydorépas tats txo BAT, 
BOA. xai €ort todr0 KabodKwTepov TOAA@ Tob 
év toils dpboywrio emi t&v retpaywrwv év Tois 
Litowxyelous Sedevypevov. 


(g) Circres INscRIBED IN THE apByAos 
Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 


Méperar ev tiow dpxaia mpdtacis Tovavry: 
@ ; / e / > é > ? 
SroxeloOw tpia HpikvKra éepamtopeva aAAjAwv 





A E r 
7a ABI, AAE, EZIT, kai els ro perafd trav 
srepipepec@v adta@v xwpiov, 6 5% xadodaww apByrov, 
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same parallels AB, AO), while AABO=AAKN (for 


they are upon the same base AA and in the same 
parallels AA, OK), therefore AAEB=AAKN. By 
the same reasoning BHZI"=NKI'M; therefore the 
parallelograms AABE, BHZI are together equal to 
AAIM, that is, to the parallelogram contained by 
AT’, OB in the angle AAI’, which is equal to the sum 
of the angles BAI’, BOA. And this is much more 
general than the theorem proved in the Elements 


about the squares on right-angled triangles.* 


(g) Crrcies INscrIBED IN THE G&pBnAos 
Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 


There is found in certain [books] an an‘ent pro- 
position to this effect: Let ABI, AAE, nZI be 
supposed to be three semicircles touching each other, 


and in the space between their circumferences, which 


¢ Kucl. i. 47, v. vol. i. pp. 178-185. In the case taken by 
Pappus, the first two parallelograms are drawn outwards and 
the third, equal to their sum, is drawn inwards. If the areas 
of parallelograms drawn outwards be regarded as of opposite 
sign to the areas of those drawn inwards, the theorem may 
be still further generalized, for the algebraic sum of the three 
parallelograms is equal to zero. 
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bj , , > 4 ~ e@ 
éyyeypadlwoarv Kido. efamropevor TOV TE Hp~ 
KuKAiwy Kal addAijAwy dscoidnmoToby, ws ot mepl 
Kevtpa 7a T1, ©, K, A> Setéae rH pév ad Tob H 

f / > A \ wv ~ / 
KevTpou KaGerov emi thy AT tony 7H diaperpw 

~ A A 4 4 3 > A Pe 4 5 
tod mept To H Kvxdov, THY 8 amo Tod © Kaberov 
dutAaciav THs Siapérpov tot wept to © KvxKdov, 
A 3 > A ~ / a . ‘ 
mhv & amo tod K xdbetov tpimAaciav, Kal Tas. 
e&js Kaleérovs Ta oikelwy Siapétpwv modda-, 

4 4 \ CfA 4 > , e 

TAacias Kata Tovs €&js povads aAdAnAwy daEp- 
éxovtas apiOjuovs en’ ameipov ywopuevns THs TaV 
KUKAwY eyypadis. 


(h) SPIRAL ON A SPHERE 


Ibid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21 


¢ ? bd 4 ~ , @ 

Qomep ev emimédw voetrar ywouevn tis EAE 
fepopévov oneiou Kar’ edfetas KUKAov meEptypa- 
dovons, Kal emt oteped@v depopéevov onpeiov KaTa 
pds amAeupads tw émidavercay mepiypadovons, 

4 4 .} > A , ¢ a) > , 4 
oUTws O17 Kal emt odaipas eAiKa voeiv axdAovbov 
EOTL ypadopevnv TOV TpOTOV TODTOV. 

"Eotw ev odaipa péytoros KuKAos 6 KAM epi 
moAov TO © onpeiov, Kal amo Trot © peyiorou- 


* Three propositions (Nos. 4, 5 and 6) about the figure 
known as the apfyAos from its resemblance to a leather- 
worker’s knife are contained in Archimedes’ Liber Assump- 
torum, which has survived in Arabic. They are included as 
particular cases in Pappus’s exposition, which is unfortunately 
too long for reproduction here. Professor D’Arcy W. Thomp- : 
son (The Classical Review, lvi. (1942), pp. 75-76) gives reasons ° 
for thinking that the dpByAos was a saddler’s knife rather 
than a shoemaker’s knife, as usually translated. 
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is called the “ leather-worker’s knife,” let there be in- 
scribed any number whatever of circles touching both 
the semicircles and one another, as those about the 
centres H, 0, K, A; to prove that the perpendicular 
from the centre H to AI is equal to the diameter of 
the circle about H, the perpendicular from 0 is double 
of the diameter of the circle about 0, the perpen- 
dicular from K is triple, and the [remaining] per- 
pendiculars in order are so many times the diameters 
of the proper circles according to the numbers in a 
series increasing by unity, the inscription of the 
circles proceeding without limit.¢ 


(hk) Spirau on A SPHERE ? 
Ibid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21 


Just as in a plane a spiral is conceived to be gener- 
ated by the motion of a point along a straight line 
revolving in a circle, and in solids [,such as the cylinder 
or cone,|° by the motion of a point along one straight 
line describing a certain surface, so also a correspond- 
ing spiral can be conceived as described on the sphere 
after this manner. 

Let KAM be a great circle in a sphere with pole 0, 
and from 0 let the quadrant of a great circle ONK be 


» After leaving the dpByAos, Pappus devotes the remainder 
of Book iv. to solutions of the problems of doubling the-cube, 
squaring the circle and trisecting an angle. This part has 
been frequently cited already (v. vol. i. pp. 298-309, 336-363). 
His treatment of the spiral is noteworthy because his method 
of proof is often markedly different from that of Archimedes ; 
and in the course of it he makes this interesting digression. 

¢ Some such addition is necessary, as Commandinus, 
Chasles and Hultsch realized. 
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KUKAov TeTapTndpiov yeypadiw vo ONK, xat 
» pev ONK zepidépera, rept 76 © pévoy hepopevy 
Kata THs emdpaveiag ws emi ta A, M pepn, 





arrokaiiordcbw addw emi rd adtd, onpetov S€ 
Tt pepopevor én” adris ao Tob © emi ro K mapa- 
ywéobw: ypader 574 Twa émi Ths émipaveias EduKa, 
ota cor 4 OOIK, Kai yrs dv amd rot © ypadq 
peeytorou KUKAov mepipépera, pos Thy KA zrept- 
péperav Adyov exer dv % AO apds tiv OO: Adyw 
67) OTt, dv exteOH Teraptnpdpiov Tod peyiorou ev 
th ofaipa KiKkAov to ABIL epi névtpov ro A, Kat 
emlevy0n 4 TA, yiverau ws 7 Tod Hurodaipiov 
emipaveta mpos Thy petakv THs OOIK dAuxos Kal 
Ths KN mepipepeias dzroAapBavopevny émddveray, 
ovtws 6 ABTA ropeds mpos 76 ABIL tyHya. 

"Hx8w yap éparropévyn ris mepidepetas 4 TZ, 
Kal mepit Kéevtpov To I’ dua rot A yeypadOw zepi- 
pépera 7 AEZ- toos dpa 6 ABLA opeds 7h 
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described, and, 0 remaining stationary, let the are 
ONK revolve about the surface in the direction A, M 





A A 


and again return to the same place, and [in the same 
time] let a point on it move from 0 to K ; then it will 
describe on the surface a certain spiral, such as OOIK, 
and if any arc of a great circle be drawn from 0 [cut- 
ting the circle KAM first in A and the spiral first in O}, 
its circumference ? will bear to the arc KA the same 
ratio as AO bears to00. Isay then that if a quadrant 
ABI of a great circle in the sphere be set out about 
centre A, and IA be joined, the surface of the hemi- 
sphere will bear to the portion of the surface inter- 
cepted between the spiral OOIK and the are KNO 
the same ratio as the sector ABTA bears to the 
segment ABI’. 

For let 'Z be drawn to touch the circumference, 
and with centre I let there be described through A 
the arc AEZ; then the sector ABIA is equal to the 


@ Or, of course, the circumference of the circle KAM to 
which it is equal. 
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AEZT (8urrdacia pev yap 4 mpds TH A ywria rijs 
txo ATZ, Tpuou d6¢€ to amo AA toi ano AT): 
OTL apa Kal Ws at elipnudvar emdaverat pos 
aAAjAas, ovrws 0 AEZIT ropets ampos tro ABT 
TUTA. 

"Eotw, 6 pépos 7 KA Trepupé pera, THs OAns Tob 
KUKhov Trepupepetas, Kal TO auro }€pos TEpLpepevo. 
» ZE ris ZA, Kai éreCevyOw % ED: €orat 87) Kat 
7 BI rijs ABI 76 adre pepos. 6 d€ pépos 7) KA 
Ths OAns trepidepeias, TO avro Kat 7 OO Tis 

A. Kat €orw ton 7 OOA 7H ABT: ton dpa 
kat 7 OO 77 BI. yeypaddw aepi wodrov tov © 
dua ToD O mrepiddpera ON, cat da rod B zepi 
to I’ kévtpov 7 BH. Emel ov ws 7 AKO odatpiry 
ETLPAVELA. mpos THY OON, a orn Tod Hyvapatptou 
emupdvera pos THY Tob TET PATOS emipavevay ob 
% €x Tob moAov eoriv 4» OO, ws 8 7 Tod Hptodat- 
piov emiupavera mpos THY Tob THNUaTos emipaveray, 
ovUTWs €oTiV TO a7r0 Tijs TO 0, A emlevyvuovons 
evdeias TeTpaywvov TT pos TO azo Tijs emt Ta o, 
0,7 70 amo THS ED _TeTpdyevov mpos TO amo rijs 
Br, éorar dpa Kal Ws 6 KAO TOLEUS EV Th emt 
gavel 7pos TOV OON, ovUTWS 6 EZT Topeds mpos 
tov BHI. cpoiws Scifoper ore Kal ws mavTEs 
of ev TH Hutodaipiw Topets ot tao. TH KAO, of 





* Pappus’s method of proof is, in the Archimedean manner, 
to circumscribe about the surface to be measured a figure 
consisting of sectors on the sphere, and to circumscribe about 
the segment ABF a figure consisting of sectors of circles ; in 
the same way figures can be inscribed. The divisions need, 
therefore, to be as numerous as possible. The conclusion 
can then be reached by the method of exhaustion. 
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sector AEZY (for angle AAT =2.angle ATZ, and 
AA?=4AT") 3 I say, then, that the ratio of the afore- 
said surfaces one towards the other is the same as 
the ratio of the sector AEZI to the segment ABI. 
Let ZE be the same [small] ¢ part of ZA as KA is 
of the whole circumference of the circle, and let ET 
be joined ; then the are BI will be the same part of 
the arc ABI’.2 But 00 is the same part of GOA as 
KA is of the whole circumference [by the property of 
the spiral]. And arc OOA=are ABI" [ex construc- 
tione|. Therefore O@O=BI, Let there be described 
through O about the pole © the arc ON, and through 
B about centre [’ the are BH. Then since the [sector 
of the] spherical surface AKO bears to the [sector] 
OON the same ratio as the whole surface of the hemi- 
sphere bears to the surface of the segment with pole 
0 and circular base ON,° while the surface of the 
hemisphere bears to the surface of the segment the 
same ratio as OA? to 002,? or EI? to BI2, therefore 
the sector KAO on the surface [of the sphere] bears 
to OON the same ratio as the sector KZI' [in the 
plane} bears to the sector BHI’. Similarly we may 
show that all the sectors [on the surface of] the hemi- 


* For arc ZA:arc ZE=angle ZFA:angle ZTE. But 
angle ZTA=}.angle AAT, and angle ZTE=}. angle BAT 
[Eucl. ili. 32, 20]... are ZA: are ZE=are ABI: arc BI. 

* Because the are AK is the same part of the circumference 
KAM as the arc ON is of its circumference. 

¢ The square on OA is double the square on the radius of 
the hemisphere, and therefore half the surface of the hemi- 
sphere is equal to a circle of radius OA [Archim. De sph. et 
cyl. i. 33]; and the surface of the segment is equal to a circle 
of radius OO [ibid. i. 42] ; and as circles are to one another as 
the squares on their radii [Eucl. xii. 2], the surface of the 
Harpe at bears to the surface of the segment the ratio 
OA ° (3) e 
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etow 7 GAn Tob jyprapatpiov emipdvera, m™pos TOUS 
TEpLypagopevous mepi THY éduka Topas oporayets 
T@ OON, otvrws mavTes ot ev TH AZT Topeis ot 
ioe TD EZP, TOUTEOTW dhos 6 o AZT Topevs, mpos 
Tous meprypapopévous Trepl vo ABL T Tipo TOUS 
oporayeis TO r BH. 7é 8 atro TpoTe SerxOn- 
gerar kal cs % Tod tyuchatpiov emupdvera pds 
TOUS eyypapojievous TH EAiKt Topéas, ovTWS Oo 
AZD TOLEDS Tpos TOUS evypapopevous 7T@ ABIL 
TUNPATL TOMéas, wore Kal s F Tod Apuodaipiov 
emipdvera mpos THY vao THs EAtKos az7roAapBavo- 
pevny ETUPAVELAY, obrws 6 AZY TOMES, TOUTEOTL 
TO ABTA TETAPTHLOpLOV, Tmpos TO ABT THUG. 
ouvayerat dé dia TovTov 7 pev dao THs €AuKos 
d7oAapBavopéevyn emupdvera pos 77y ONK zepi- 
Pepevay oxtamAacia rot ABT THI aTOs (€rret 
Kal 1% TOO TpLoparpiov emupavera tod ABTA 
Topews), 9 dé petakd THs EAuKos Kal THs Bacews 
Tob yutodaipiov emidavera dxtamAacia toG ATA 
Tpiya@vov, TovTéoTw ton TH amo THS SvapeTpov 
THs opaipas TeTpaywvw. 


® This would be proved by the method of exhaustion. It 
is proof of the great part played by this method in Greek 
geometry that Pappus can take its validity for granted. 

> For the surface of the hemisphere is double of the circle 
of radius AA [Archim. De sph. e¢ cyl. i. 33] and the sector 
ABTA is one-quarter of the circle of radius AA. 

* For the surface between the spiral and the base of the 
hemisphere is equal to the surface of the hemisphere less the 
surface cut off from the spiral in the direction ONK, 


i.e. Surface in question =surface of hemisphere — 
8 segment ABD, 
=§8 sector ABTA—-8 segment ABP 
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sphere equal to KAO, together making up the whole 
surface of the hemisphere, bear to the sectors de- 
scribed about the spiral similar to OON the same ratio 
as the sectors in AZI' equal to EZI’, that is the whole 
sector AZI', bear to the sectors described about the 
segment ABI' similar to 'BH. In the same manner 
it may be shown that the surface of the hemisphere 
bears to the [sum of the] sectors inscribed in the 
spiral the same ratio as the sector AZI' bears to the 
[sum of the] sectors inscribed in the segment ABI’, 
so that the surface of the hemisphere bears to the 
surface cut off by the spiral the same ratio as the 
sector AZI', that is the quadrant ABTA, bears to 
the segment ABI’. From this it may be deduced 
that the surface cut off from the spiral in the direction 
of the arc ONK is eight times the segment ABI (since 
the surface of the hemisphere is eight times the 
sector ABI‘A),® while the surface between the spiral 
and the base of the hemisphere is eight times the 
triangle AIA, that is, it is equal to the square on 
the diameter of the sphere.° 





=8triangle ATA - 
=4AA? 
=(2AA)?, 

and 2AA is the diameter of the sphere. 

Heath (7/.G.M. ii. 384-385) gives for this elegant aia eri 
tion an analytical equivalent, which I have adapted to the 
Greek lettering. If p, w are the spherical co-ordinates of O 
with reference to © as pole and the arc ONK as polar axis, 
the equation of the spiral is w=4p. If A is the area of the 
spiral to be measured, and the radius of the sphere is taken 
as unity, we have as the element of area 


dA =do(1- cos p)=4dp(1 - cos p). 
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(¢) IsoperIMETRIC Figures 
Ibid. v., Praef. 1-3, ed. Hultsch 304. 5-308. 5 


Lodias Kat palnudtrwy evvovay apiorny pev Kal . 
reXevoraTny avOpwmos Beds EOwKev, O KpatioTe 
Meyeltov, ék pépous b€ mov Kal TV aAoyov Cou 
pLotpav GrrevEypwev TLOW. dvOpairous: pev ovv are 
Aoyucots ovat TO pera Adyou Kal amodeiEews 
Tapéoxev EKaOTS. mroveiv, ois de Aourois Caous 
dveu Adyou To Xpnoyov Kal Buapehes avTO pLOvov 
Kata Twa dvoikny Tpovovay exdorors exe cowpn- 
gato. TobTo d€ pabor Tis av Darapyov Kal ev ETEpots 
pee mAEtoTous yéeveou | Tov Cour, ovx qKvoTa b€ 
Kav Tats pehiooaus 7 TE yap evTafia Kal mpos 
Tas yyoupevas THs ev adtais moArelas edreifera 
Gavpaorn tis, 4 Te PtiAotysia Kai Kabapidtys 7 
TEepi THY TOD péALTOS GUVaywynVv Kal 7H TEpl THY 
dvrakny avrovd mpovowa Kal oiKovopia mroAv paGAdov 
Gavpaciwwrépa.  memorevpévas yap, ws eiKés, 
mapa Bedi Kopilew tots TOv avOpwmwv povorkots 


—, 








$n 
ate : A =| 4dp(1 -cos p) 
0 
=Qa~ 4. 
. A sd Bat = 
ies surface of hemisphere 27 _ 
ee 
da 
_ segment ABP 
sector ABLA’* 


* The whole of Book v. in Pappus’s Collection is devoted 
to isoperimetry. The first section follows closely the exposi- 
tion of Zenodorus as given by Theon (v. supra, pp. 386-395), 
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(2) IsopeERIMETRIC Figures 7 
Ibid. v., Preface 1-3, ed. Hultsch 304. 5-308. 5 


Though God has given to men, most excellent 
Megethion, the best and most perfect understanding 
of wisdom and mathematics, He has allotted a partial 
share to some of the unreasoning creatures as well. 
To men, as being endowed with reason, He granted 
that they should do everything in the light of reason 
and demonstration, but to the other unreasoning 
creatures He gave only this gift, that each of them 
should, in accordance with a certain natural fore- 
thought, obtain so much as is needful for supporting 
life. This instinct may be observed to exist in many 
other species of creatures, but it is specially marked 
among bees. Their good order and their obedience 
to the queens who rule in their commonwealths are 
truly admirable, but much more admirable still is their 
emulation, their cleanliness in the gathering of honey, 
and the forethought and domestic care they give to 
its protection. Believing themselves, no doubt, to 
be entrusted with the task of bringing from the gods 
to the more cultured part of mankind a share of 


except that Pappus includes the proposition that ofall circular 
segments having the same circumference the semicircle is the 
greatest. ‘The second section compares the volumes of solids 
whose surfaces are equal, and is followed by a digression, 
already quoted (supra, pp. 194-197) on the semi-regular 
solids discovered by Archimedes. After some propositions 
on the lines of Archimedes’ De sph. et cyl., Pappus finally 
proves that of regular solids having equal surfaces, that 1s 
greatest which has most faces. 

The introduction, here cited, on the sagacity of bees is 
rightly Preked by Heath (H.G.M., ii. 389) as an example of 
the good style of the Greek mathematicians when freed from 
the restraints of technical language. 
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Tijs ap Bpocias amopoupay | Twa Tavrqv ov parny 
exxely els yov Kat EvAov 4 Twa erépav aoy7npLova 
Kat ataktov vAnv n€iwoav, GA’ ex TaY HdioTwY 
ETL ys Pvopevwv avOéwv ovvayovoa Ta KdA\ora 
KaTackevalovow ex TovTwr eis THY TOD péXuTOS 
UTodoxny ayyeia Ta Kadovpeva Kypia mavTa peév 
aGrAnrois toa Kal Guowa Kal mapaKkeipeva, TH O€ 
sTynpaTt é€aywva. 

Todro 8” 67 Kata Twa yewpeTpiKny pnyavavrat 
mpovoiav ovTws av pabouev. TavTws pev yap 
wovTo dely Ta oxHUATA Tapakeicbai te adAAHAOIS 
Kai Kowwvely KaTa Tas mAeupds, va ph) Tois 
petagd mapamAnpwpacow eumintovTa twa eTEepa 
AvpHvynTa atrav ta Epya: tpia dé oxrpara edOu- 
ypappa TO TpoKeipevoy emitedAciv edvvato, Aéyw 
d€ TeTaypéva Ta ltodmAcupa TE Kal icoywia, Ta 
5’ avopora tais pediooais obK Ypecev. Ta pev 
obv lodmAevpa tpiywva Kal TeTpaywva Kal Ta 
éEdywva xwpis avopoiwy tapamtAnpwydatwv aAArj- 
ois dUvvaTae TapaKkeieva Tas mAEevpas Kowvds 
exe [tadra’ yap dvvatat cupmAnpoby €€ adtav 
TOV TEpl TO aVTO ONpElov TOTOV, éTépw SE TETAYy- 
pévm oxjpatt TovTo movety advvatov].2 6 yap 
mEpi TO AUTO ONLElov TOMOS UTO FS peEVv TpLyYwVvUwY 
loom Aevpury Kal dia 5 ywridy, wy éxdaTy Sipoipou 
eoTiv opis, aupmAnpobrat, Tecoapuy d€ TeTpa- 
ywvwy Kal 0 opbar youedy [adroo],” Tpav dé 
eLayosven Kal é€aywvou youdy Tpidy, cv exdorn 
a y’ €otw opbis. TEVTGYOVa d€ 74 Tpla pev ov 
POaver cuuTAnpacar TOV Trept TO avTo onpetov 
TOTIOV, direpBadrec d€ Ta Tésoapa’ TpEis per yap 
Tob nevraywvov ywviar 5 dpbav édacaoves ciow 
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ambrosia in this form, they do not think it proper to 
pour it carelessly into earth or wood or any other 
unseemly and irregular material, but, collecting the 
fairest parts of the sweetest flowers growing on the 
earth, from them they prepare for the reception of 
the honey the vessels called honeycombs, [with cells] 
all equal, similar and adjacent, and hexagonal in form. 

That they have contrived this in accordance with a 
certain geometrical forethought we may thus infer. 
They would necessarily think that the figures must 
all be adjacent one to another and have their sides 
common, in order that nothing else might fall into the 
interstices and so defile their work. Now there are 
only three rectilineal figures which would satisfy the 
condition, I mean regular figures which are equilateral 
and equiangular, inasmuch as irregular figures would 
be displeasing to the bees. For equilateral triangles 
and squares and hexagons can lie adjacent to one 
another and have their sides in common without 
irregular interstices. For the space about the same 
point can be filled by six equilateral triangles and six 
angles, of which each is 3.right angle, or by four 
' squares and four right angles, or by three hexagons 
and three angles of a hexagon, of which each is 
13 .right angle. But three pentagons would not 
suffice to fill the space about the same point, and four 
would be more than sufficient ; for three angles of 
the pentagon are less than four right angles (inasmuch 


1 saira . . . advvaroy om. Hultsch. 
* “ atrof spurium, nisi forte avrdy dedit scriptor ’°— 
Hultsch. 
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(exdorn yap yoovia pds Kal € e€otiv oplfs), 
Téaoapes 8€ ywviar petlous Tov Tecodpwv opBaav. 
entaywva dé ovdé Tpia wept TO adTo onpeEtov 
dvvata TilecOar Kata Tas mAEvpas aAAHAOLS Tapa 
Keiweva* Tpels yap émTaywvouv ywvia. Teocdpwv 
oplay peiloves (ExdoTn yap eoTiv juds opOAs Kal 
Tpudiv eBoopev). eve Oe paAXov emi TOV ToAvywvo- 
TEpeoY 6 avTos epappoca. Suvyjgerau Adyos. ovTwy 
67) ody TpL@v cynudtwv tov e€€ abra@v duvapévwv 
cupTAnp@oat Tov meEpi TA avTO oneElov TdrToV, 
Tplywvouv TE Kal TETpaywVvov Kal e€aywvov, TO 
moAvywvoTepov eiAavTo da THY codiav ai péArooat 
mpos THY TapacKeunv, aTe Kal mAElov éKaTépov 
t@v Aowradv atro xywpetv vrodapBdavovoa peéAt. 

Kai ai péAcooa peéev rd xphoyov adrais émi- 
oTavTat povov TobO’ are TO éEdywvov Tob TEeTpa- 
yuvou Kal TOO Tprywvov petldv €or Kal ywphaar 
dvvarat metov pert THs tons ets THY EKAOTOUV 
KaTacKeuny dvadvoKopevns vAns; Tpets dé mA€ov 
Tav peAcody copias Hépos exe Umiaxvoupevor 
Ent joopey Te Kab WEpiaooTEpov. TMV yap tony 
eyovTWY TEpipwEeTpov loomAetpwv TE Kat b laoywvicwy 
emiméowy oynuaTwv peilov é€otw ael TO ToAv- 
ywVvoTepov, peyiaTos 8° é€v maow 6 KUKAoS, OTaV 
tony avTois mepiperpov ex7. 


(7) AppareNT Form or a Circie 


Ibid. vi. 48. 90-91, ed. Hultsch 580, 12-27 
"Eotrw xiKdos 6 ABT, od Kkévtpov to E, Kai 
amo tol EK mpds dpbas €orw 7@ Tot KUKAOU émt- 
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as each angle is 1}. right angle), and four angles are 
greater than four right angles. Nor can three hepta- 
gons be placed about the same point so as to have 
their sides adjacent to each other; for three angles 
of a heptagon are greater than four right angles 
(inasmuch as each is 13. right angle). And the same 
argument can be applied even more to polygons with 
a greater number of angles. There being, then, 
three figures capable by themselves of filling up the 
space around the same point, the triangle, the square 
and the hexagon, the bees in their wisdom chose for 
their work that which has the most angles, perceiving 
that it would hold more honey than either of the 
two others. 

Bees, then, know just this fact which is useful to 
them, that the hexagon is greater than the square 
and the triangle and will hold more honey for the 
same expenditure of material in constructing each. 
But we, claiming a greater share in wisdom than the 
bees, will investigate a somewhat wider problem, 
namely that, of all equilateral and equiangular plane 
figures having an equal perimeter, that which has the 
greater number of angles ts always greater, and the 
greatest of them allis the circle having its perimeter equal 
to them. 


(7) APPARENT Form oF A Circle 
Ibid. vi.* 48. 90-91, ed. Hultsch 580. 12-27 


Let ABT be a circle with centre E, and from E let 
KZ be drawn perpendicular to the plane of the circle ; 


* Most of Book vi. is astronomical, covering the treatises 
in the Little Astronomy (v. supra, p. 408 n.b). The proposi- 
tion here cited comes from a section on Euclid’s Optics. 
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meow i) EZ. Adyw, Stu dav ent ris EZ 76 Supa 
ref t igar at dudpeTpor daivovras Tod KvKAXov. 


Z 





Tobro dé dijAov’ dmacat yap at dao tod Z mpos 
THY Tob KUKAOU TEpupeperay mpoomimrovaar evletat 
igat elow aAAnAaes Kal toas ywvias TrEptexovow. 

M)} ecoTw d€ 7 EZ mpos oplas T@ TOD KUKAOV 
emiméeow, toy O€ EOTW TH Ek TOO KévTpoU TOD 
KUKhov: Aéyoo, Ort Tob Oupatos ovtos mpos TH Z 
onpetep Kat ovTws at dudperpor toae Op@vrar. 

"Hydwoar yap dvo didetpo. ait AT, BA, Kal 
emelevxy0@woav at ZA, ZB, ZI, ZA. eet at 
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I say that, if the eye be placed on EZ, the diameters 
of the circle appear equal.¢ 


Z 





r 


This fs obvious ; for all the straight lines falling 
from Z on the circumference of the circle are equal 
one to another and contain equal angles. 

Now let EZ be not perpendicular to the plane of 
the circle, but equal to the radius of the circle; I 
say that, if the eye be at the point Z, in this case also 
the diameters appear equal. 

For let two diameters AI, BA be drawn, and let 
ZA, ZB, ZI’, ZA be joined. Since the three straight 


* As they will do if they subtend an equal angle at the eye. 
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rpeis at BA, EY, EZ ica eciolv, dp0n dpa 7 bao 
AZT ywvia. da Ta adra 87 Kal 7 tro BZA 
? 4 > # a / € 7 
6p07 éoTw: toot dpa davicovrac at AI’, BA 
Suderpor. cpoiws dr SeiEopev Ort Kal waoat. 


(k) Tur ‘“ Treasury or ANALYSIS sd 
Ibid. vii., Praef. 1-3, ed. Hultsch 634. 3-636. 30 


€ , 3 , ¢€ f , 

O kadrovpevos avadvopevos, ‘Eppodwpe TéKvov, 
Kata avAAniv idia Tis eotTw VAN TapecKevacperyn 
peTa THY TOV Kowa oTOLYeiwy Tolnow Tots 
Bovdropévors avarapBavew ev ypappats dvvapev 
EUPETLKTVY T@V TPOTELVOLLEVWY avTois mpoPpAnudarwr, 
Kat eis TOOTO povov ypnoin KabeoTH@oa. yéypa- 
ata. d€ wre tpi@v avop@v, EvxAeisov re tot 
Lrowyewwrod Kal "AzoAAwviov Tod Tlepyatou . Kai 
"Apiaraiov tod mpeoBurépov, Kata avaAvow KOL 
oivvleow éxovoa Tiv Epodov. 

3 ? é >) A e A 3 4 ~ é 

Avddvous Toivuv €oriv 660s a6 Tod Cntoupévou 
@€ ¢ é A ~ era > ? 9 , 
ws dpodoyoupevov bia Tov éEfs axoAovOwy Eni 
Tt Ouodoyoupevov ovvbéce: ev pev yap TH avaddoer 

> 
To Cnrovpevov ws yeyovos trofduevoe ro €& Od 
totro ovpPatve. cKkomovpeba Kat. mddw €ékeivouv 
TO mponyovpevov, ews av ovTws avamodilovres 
KaTaVTHOWpEV Els TL TOV 70n ‘yvwprCopevwv 7 
Tat apyns éxovTwy: Kal tHv TovadTny Eépodov 
b , ~ ¢ > , , 
dvoAvow Kadodpev, olov avamadw ddow. 
"EB de ~ @ tA >) e ~ A ? ~ 
vy 8€ TH ovvbéoe e€& brootpopys TO €v TH 
dvadvce katadndbev dsorarov broornadpevor ye- 
yovos Hon, Kal émopeva ta exet [évraila]’ mpo- 
1 évrai0a om. Hultsch. 
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lines EA, EI’, EZ are equal, therefore the angle AZT 
is right. And by the same reasoning the angle BZA 
is right; therefore the diameters AI’, BA appear 
equal. Similarly we may show that all are equal. 


(4) Tue “ ‘Treasury or ANALysis ” 


Ibid. vii., Preface 1-3, ed. Hultsch 634. 3-636. 30 


The so-called Zreasury of Analysis, my dear Hermo- 
dorus, is, in short, a special body of doctrine furnished 
for the use of those who, after going through the usual 
elements, wish to obtain power to solve problems set 
to them involving curves,? and for this purpose only is 
it useful. It is the work of three men, Euclid the 
writer of the, Elements, Apollonius of Perga and 
Aristaeus the elder, and proceeds by the method of 
analysis and synthesis. 

Now analysis is a method of taking that which is 
sought as though it were admitted and passing from 
it through its consequences in order to something 
which is admitted as a result of synthesis ; for in 
analysis we suppose that which is sought to be already 
done, and we inquire what it is from which this comes 
about, and again what is the antecedent cause of the 
latter, and so on until, by retracing our steps, we 
light upon something already known or ranking as a 
first principle ; and such a method we call analysis, 
as being a reverse solution. 

But in syntheses, proceeding in the opposite way, we 
suppose to be already done that which was last 
reached in the analysis, and arranging in their natural 


* Or, perhaps, ‘‘to give a complete theoretical solution of 
problems set to them’’; v. supra, p. 414 n. a. 
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nyovpeva Kata gvow tabavtes Kal dAAyAows 
emauvilévtes, els TéAos apucvovpeba. THs TOU 
Cnroupévov Karackevys: Kal totTo Kadodpev 
ovvdeaw. 

Airrov 8 eotiv avadicews yévos ro pev Cyty- 
tuxov Tadnfots, 6 Kadctrat Oewpynrikov, TO dé 
mopioTiKov TOU mpotabevros [Adyew],* 6 Kadetras 
mpoBAnpariKov. emi pev ovv Tod Jewpyrixod 
yévous TO nTovpevov ws ov dmroBEpevor Kal ws 
aAnbés, eira da tov é&fs axoAovdwy ws adnbdv 
Kal ws €otw Kal? dad0eow mpoeABdvres eri Te 
e f 3A \ > ‘ > “a \ 
OpoAoyovpevov, eav pev adnfes FH exetvo TO 
dpodoyovpevov, aAnfes Eatas Kal to Cynrovpevor, 

A € 3 ld > ? ~ 3 4 >A ‘ 
Kal 7 amddetEis avtiotpodos TH avadvce, éav dé 
wrevder oporoyoupéevy evTvxopev, teddos €orat Kal 
To Cnrovjevov. emt d€ Tod mpoBAnuatiKod yévous 
To mpotabev ws yvwobev trolduevor, elra dia 

~ Crean > 4 ¢ > A 4 > #7 
tov é&js axodov0wy ws aAnfav mpoeAPdvres emi 
Ti. dpodoyovpevov, eav prev TO opodAoyoUpevov 
dSuvatov 7 Kal mopiatov, 6 Kadovaw oi amo Tov 

/ i / ‘ 4 ‘ ‘ 4 
pabyudatwv So0év, duvarov éata Kai TO mporaber, 

‘ 4 € 3 é 3 / Coan) > , 
Kal madw 7 amodeEis avtiotpopos TH avadvoe, 
€av b€ advvatm djoroyoupevw evTvxojev, GdUVATOV 
€orat Kal To mpdPAnpa. 

Tooadra pev oby mepi avadicews Kal avvbécews. 

Tay b€ mpoeipyuévwy tot davadvopévov BiBrdiwv 
e / ? , 4 
n takéis é€otw tovadTn. Edxdreidov Acdopévwy 
8.BAtov a, ’AzroAAwviov Adyou dmorop iis B, Xwpiov 
dmotouys B, Awpiopévys Topas dvo, "Exagav 
dvo, Ev«deldSou Tlopropdrey tpia, *AzroAXAwviov 
Nevoewv dv0, rot avtod Tomwv emirdédwv dvo, 


1 réyev om. Hultsch. 
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order as consequents what were formerly antecedents 
and linking them one with another, we finally arrive 
at the construction of what was sought ; and this we 
call synthesis. 

Now analysis is of two kinds, one, whose object is 
to seek the truth, being called theoretical, and the 
other, whose object is to find something sct for find- 
ing, being called problematical. In the theoretical 
kind we suppose the subject of the inquiry to exist 
and to be true, and then we pass through its con- 
sequences in order, as though they also were true and 
established by our hypothesis, to something which is 
admitted ; then, if that which is admitted be true, 
that which is sought will also be true, and the proof 
will be the reverse of the analysis, but if we come 
upon something admitted to be false, that which is 
sought will also be false. In the problematical kind 
we suppose that which is set as already known, and 
then we pass through its consequences in order, as 
though they were true, up to something admitted ; 
then, if what is admitted be possible and can be done, 
that is, if it be what the mathematicians call given, 
what was originally set will also be possible, and the 
proof will again be the reverse of the analysis, but if 
we come upon something admitted to be impossible, 
the problem will also be impossible. 

So much for analysis and synthesis. 

This is the order of the books in the aforesaid 
Treasury of Analysis. Euclid’s Data, one book, 
Apollonius’s Cutting-off of a Ratio, two books, Cutting- 
off of an Area, two books, Determinate Section, two 
books, Contacts, two books, Euclid’s Porisms, three 
books, Apollonius’s Vergings, two books, his Plane 
Loct, two books, Conics, eight books, Aristaeus’s 
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Kwvikdvy 7, "Aptoraiov Tomwy oTepe@y Tévte, 
Evkrciiov Téorwy trav Tmpos emupaveia Svo, 
‘Eparocbevous Ilepi pecory Te dUo. ylverat 
BiBria Ay, & ay Tas TEPLOXas Hexpe TOV ‘AmroMasviou 
Kwvikdy é&e euqy Got mpos emrioxersuy, Kad TO 
mhHOos TOV TOTIWY Kat T&v Swpicpadv Kat TOV 
TTWOEWY Kal? EKQOTOV BiBAriov, ada Kai To 
Ajppara 7a, (nrovpeva, Kal ovdeuiav ev TH mpary- 
pareia tev BiPriwy KataddAoura Cyrnow, ws 
evoptlov. 


(4) Locus wir Respecr To Five or Six Lines 
Ibid. vii. 38-40, ed. Hultsch 680. 2-30 


*Eav a0 TWoS oNpetov emi Bécer dedopévas 
evGetas meVvTE Kkarax0Gaw ev0etat eév dedopevass 
yeovias, Kai Adyos H SeSopevos tod vmod Tpid@y 
KaTNyLEVvwrY TrEpleyopevou orepeod mapaAAnAe- 
qTiTESOU opboyarviov mpos TO Um0 TAY Aouméev dvo 
KaTnypevwy Kal dolelons tivds TEptexXopevov 
mapadAndAerizedov opfoyasmiov, aiper ae TO onpetov 
Geces Sedoperys VPA AS. eav TE emt 5; Kal Adyos 
7) Sobeis Tod U70 TOv Tpuav TEpLeXopLevov Tmpoetpn- 
peévou orepeod mpos TO U0 T&Y AoLTaYV Tpray, 
mary TO onpietov diperat Dever Sedopevys. eav dé 
emt aAciovas TaY SF, odKere pev Exouvor Aéyew, 


** gav Adyos 4H dobels Too v0 TOV & mepreyoudvov 
Y 7} XO 


4 99 \ ” 
TLWOS ™pos TO v7T0 TOV Aowrov,’ €7rel ovK €OTL TL 





¢ These propositions follow a passage on the locus with 
respect to three or four lines which has already been quoted 
(v. vol. i. pp. 486-489). The passages come from Pappus’s 
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Solid Loci, five books, Euclid’s Surface Loci, two books, 
Eratosthenes’ On Means, two books. In all there are 
thirty-three books, whose contents as far as Apol- 
lonius’s Conics I have set out for your examination, 
including not only the number of the propositions, 
the conditions of possibility and the cases dealt with 
in each book, but also the lemmas which are required ; 
indeed, I believe that I have not omitted any inquiry 
arising in the study of these books. 


(2) Locus witn Respect To Five or Six Lines 4 
Ibid. vii. 38-40, ed. Hultsch 680. 2-30 


If from any point straight lines be drawn to meet 
at given angles five straight lines given in position, 
and the ratio be given between the volume of the 
rectangular parallelepiped contained by three of 
them to the volume of the rectangular parallelepiped 
contained by the remaining two and a given straight 
line, the point will lie on a curve given in position. 
If there be six straight lines, and the ratio be given 
between the volume of the aforesaid solid formed by 
three of them to the volume of the solid formed by 
the remaining three, the point will again lie on a 
curve given in position. If there be more than six 
straight lines, it is no longer permissible to say “ if 
the ratio be given between some figure contained by 
four of them to some figure contained by the re- 
mainder,” since no figure can be contained in more 


account of the Conics of Apollonius, who had worked out 
the locus with respect to three or four lines. It was by 
reflection on this passage that Descartes evolved the system 
of co-ordinates described in his Géométrie, 
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meptexopevov Ud TAciovwY H TpLdv SiacTrdcewr. 
, 4 ¢ ~ € 4 A ¢€ ~ 
ovykeywpyKact Sé€ é€avrots ot Bpayd mpo nydv 
e / A “~ aoa ~ é 
épnvevew Ta ToLabTa, pnde Ev pNdapds dudAnrrov 
, 1 ¢ 4 A / , . 
onpatvovtes, TO Ud THVOE TrEptexopevov A€yovTes 
> A A 3 A ~ 4 “ 9 4 A e A ~ 
émt TO ATO THadE TeTPAywWVOV H eT TO VITO TAVOE. 
~ A b) ~ , , ~ 
naphy Sé Sia rev ovvyppevwy Adywv tabra Kat 
4 \ , i“ 4 3 N ~ 
Aéyew Kai Secxvdvat KaBoAov Kal emt THY TpoELpy- 
, U 4 > A , A 4 
pévwy mpoTdcewv Kal emt TovTWY TOV TpOTFOV 
lox 9A 3 la 4 9 =A é , 
robrov’ €av amd Tivos aonpeiov emt Oéoet dedopevas 
9 , ~ 9 “a 3 é , 
edleias KataxO@ow edfetar ev Sedopevats ywviais, 
Kat SeSopevos 4 Adyos 6 auvnppevos €€ od Exer 
, , A a A ¢ 6S A CAs, 
pia KaTnypévn mpos play Kal ETépa mpos ETEpay, 
\ ¢ a 
Kat GAAn mpos GAAnv, Kal 7 Aowrn mpos Sobeicay, 
9 28 \ = 4 e 4 4 c 
éav dow €, dav &é 7, Kab % Aout mpos Aowrny, 
A A o 4 , “A A 
TO onpetov aera Oéoer Sedopevns ypappts: Kat 
@ f hd ba) > 4 “ OM ‘ ng 
Spoiws doar dv dow mepiocal H dptiat to TAROos. 
f ¢ sd e é “A w A 4 
rovTwy, ws ednv, éemopevwv TH emt Técoapas 
4 ? “a é @ 4 A 
témm ovoe év ovvTefeikaow, wore THY ypaLpnv 


ELOEVAL. 
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than three dimensions. It is true that some recent 
writers have agreed among themselves to use such 
expressions,? but they have no clear meaning when 
they multiply the rectangle contained by these 
straight lines with the square on that or the rectangle 
contained by those. They might, however, have 
expressed such matters by means of the composition 
of ratios, and have given a general proof both for 
the aforesaid propositions and for further proposi- 
tions after this manner: Jf from any point straight 
lines be drawn to meet at given angles straight lines 
given in position, and there be given the ratio com- 
pounded of that which one straight line so drawn bears 
to another, that which a second bears to a second, that 
which a third bears to a third, and that which the fourth 
bears to a given straight line—tf there be seven, or, tf there 
be eight, that which the fourth bears to the fourth—the 
point nill lie on a curve given in position ; and similarly, 
however many the straight lines be, and whether odd 
oreven. Though, as I said, these propositions follow 
the locus on four lines, [geometers] have by no means 
solved them to the extent that the curve can be 
recognized.? 


* As Heron in his formula for the area of a triangle, given 
the sides (supra, pp. 476-477). 

> The general proposition can thus be stated: If p,, p, 
Ps ++ + Pn be the lengths of straight lines drawn to meet n 
given straight lines at given angles (where n is odd), and a 
be a given straight line, then if 


£1 Ps, | Pa sn, 
Pe Ps a 
where 4 is a constant, the point will lie on a curve given in 
position. This will also be true ifn is even and 
Pr Ps, Pe-12), 
Pa Ps Pn 
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(m) ANTICIPATION OF GULDIN’s THEOREM 
Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20 


Tad’ ot BAémrovres HKLoTA éemaipovta, Kabamep 
ot mdAat Kal THY Ta KpEiTTOVa ypaavTwy eKacToL’ 
éyw 6€ Kal mpos apxats éte THv pabnpatwy Kal. 
ris td dvcews mpoKerevns Cytnpatwv vAys 
Kiwwoupevous Op@v amavrTas, aldovpevos eyw Kal 
dei~Eas ye 7oAA@ Kpeiooova Kat moAAnv mpodepo- 

3 4 ¢g \ 4 “~ 4 ~ 
peva, whéAccav . . . Wa dé yn Kevats yepot TobdTo 
b0eyEdpevos Ode xwptolG tod Hoyov, rtabra 
dwWow Tails avayvotow: 6 pev TOV TeXEiwy apdor- 
oTik@v Adyos ouviimTat EK TE TOV apudotopatwv 
Kat TOV emt Tovs afovas dpmoiws KaTHypEevwY 
ed0era@v amo T&v év abtois KevTpoPapiKay onetwvr, 
6 5€ tév atedA@v Ex TE THY audotopaTwVv Kal TOY 
repipepeL@v, Ooas eroinoev Ta €v TOUTOLS KEVTPO- 
Bapixa onpeta, 6 S€ TovTwy TeV Tepideperav 
Adyos ouvyTTar SijAov ws Ex TE TOV KaTnyLEevwv 
Kat dv mepiéxovaow at ToUTwY aKpal, el Kal elev 
mpos Tots afoow apdorotikav, ywvidv.  7rept- 





¢ Paul Guldin (1577-1643), or Guldinus, is generally 
credited with the discovery of the celebrated theorem here 
enunciated by Pappus. It may be stated: Jf any plane 
figure revolve about an external axis in its plane, the volume 
of the solid figure so generated is equal to the product of the 
area of the figure and the distance travelled by the centre of 
gravity of the figure. There is a corresponding theorem for 
the area. 

’ The whole passage is ascribed to an interpolator by 
Hultsch, but without justice ; and, as Heath observes (H.G. A. 
ii. 403), it is difficult to think of any Greek mathematician 
after Pappus’s time who could have discovered such an 
advanced proposition. 

Though the meaning is clear enough, an exact translation 
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(m) ANTICIPATION oF GULDIN’s THEOREM 4 
Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20 ® 


The men who study these matters are not of the 
same quality as the ancients and the best writers. 
Seeing that all geometers are occupied with the first 
principles of mathematics and the natural origin of the 
subject matter of investigation, and being ashamed 
to pursue such topics myself, I have proved proposi- 
tions of much greater importance and utility . . . and 
in order not to make such a statement with empty 
hands, before leaving the argument I will give these 
enunciations to my readers. Figures generated by a 
complete revolution of a plane figure about an axis are 
in a ratio compounded (a) of the ratio [of the areas] 
of the figures, and (b) of the ratio of the straight lines 
similarly drawn to° the axes of rotation from the respect- 
ive centres of gravity. Figures generated by incomplete 
revolutions are in a ratio compounded (a) of the ratio 
[of the areas} of the figures, and (b) of the ratio of the 
arcs described by the centres of gravity of the respective 
figures, the ratio of the arcs being itself compounded 
(1) of the ratio of the straight lines stmilarly drawn 

rom the respective centres of gravity to the axes of 
rotation] and (2) of the ratio of the angles contained 
about the axes of revolution by the extremities of these 
straight lines.* These propositions, which are practi- 


is impossible; I have drawn on the translations made by 
Halley (v. Papp. Coll., ed. Hultsch 683 n. 2) and Heath 
(H.G.M. ii. 402-403). The obscurity of the language is 
presumably the only reason why Hultsch brackets the pass- 
age, as he says: ‘‘exciderunt autem in eodem loco pauciora 
plurave genuina Pappi verba.”’ 

¢ 4.¢., drawn to meet at the same angles. 

* The extremities are the centres of gravity. 


605 


GREEK MATHEMATICS 


/ ‘ + e / b > é 
€xovot d€ attat at mpordoets, ayedov odcat pla, 
~ ‘ “a ~ 
mAcioTa Goa Kal Travrota Oewpypara ypaypdv 
TE Kal Emipaver@v Kal orepedv, mdv0’ dua Kal 
~ / ‘ ‘ 4 / 4 ‘ 4 
pud deter Kat 7a pjmw Sederypéva Kal ra Hon 
ws Kat Ta ev TH SwoexdTw TaVdE TAY oToLyElwv. 


(xn) Lemmas To THE TREATISES 
(i.) Zo the ‘ Determinate Section” of Apollonius 


Ibid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4 
Tpi@v dofecdy ed0edv trév AB, BI, TA, 


€av yévntat ws to bro ABA apes 76 tmo ATA, 





ovrws 76 amd BE zpos 76 azo ET, povayds Adyos 

\ 3\ 7 / > ¢ ~ ¢ 4 4 4 @ ‘ 
Kat €AaxtoTos €aTw oO Tod Uo AEA mpos to tnd 
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cally one, include a large number of theorems of all 
sorts about curves, surfaces and solids, all of which are 
proved simultaneously by one demonstration, and 
include propositions never before proved as well as 
those already proved, such as those in the twelfth 


book of these elements. 


(n) Lemmas To THE Treatrses ® 
(i.) To the ‘‘ Determinate Section ” of Apollonius 


Ibid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4 


Given three straight lines AB, BT, T'A,° :f AB. BA? 
AI .TA=BE?: ET, then the rato AE. EA: BE. EP 


¢ If the passage be genuine, which there seems little reason 
to doubt, this is evidence that Pappus’s work ran to twelve 
books at least. 

> The greater part of Book vii. is devoted to lemmas 
required for the books in the Treasury of Analysis as far as 
Apollonius’s Conics, with the exception of Euclid’s Data and 
with the addition of two isolated lemmas to Euclid’s Surface- 
Loci. The lemmas are numerous and often highly interest- 
ing from the mathematical point of view. ‘The two here 
cited are given only as samples of this important collection : 
the first lemma to the Surface-Loci, one of the two passages 
in Greek referring to the focus-directrix property of a conic, 
has already been given (vol. i. pp. 492-503). 
‘ . Hie left to be understood that they are in one straight 
ine AA, 
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BED: Adyw 89 Sri 6 adrés eotw 7 Tob and Tis 
AA zpos 70 amo tis trepoxfs 4 dmepéxer 7 
duvaevn to oo AT, BA ris duvayévyns 76 sa6 
AB DA: 

Teypaddw mept thv AA kdkdos, Kat qyPwoav 
opbai at BZ, TH. ézet odv dorw ws 7d br 
ABA apes 76 tro ATA, tourdéorw ws 76 amd 
BZ mpos ro aro TH, otrws 76 ado BE xpos 76 
amo KI’, kat pjKes dpa €oriv ws 4 BZ mpds tiv 
IH, ovrws 4 BE apos riv ED: eddeia dpa éoriv 
7 dua trav Z, E,W. éorw 9 ZEH, Kai exBePAjobw 
¢ A > A A 9 ~ A ¢ > 
7 pev HI emt ro O, emlevyfeioa 5é 7 ZO ex- 

4 > A A A > > » Bee 4, ” 
BeBAnoOw emi ro K, Kai én’ abriv Kdbetos HyOw 
7 AK. Kat da 89 70 mpoyeypappévov Ajupa 

/ A A ¢€ A BA ” ~ > A K A 
yiverat To prev vo Al’, \OV T@ amo » TO 
de vd AB, TA 7& dao OK: dour} dpa 4 ZO 
eoTiv % vrepoyn 7 vrepéxer 7) Suvayevyn to t70 
AD, BA ris duvapeévns ro bro AB, TA. aybw 
obv dua, Tob Kevrpov 7 ZA, Kai éemelevyOw 7 OA. 
eves odv Opn 4 bro ZOA dpOnA TH tao ETH 
€oTl ton, eat dé Kat  mpos TH A TH mpds TA 
H ywvig ion, icoywwa dpa Ta Tpiywva éotw 
apa ws 7 AZ mpos tiv OZ, rouvréotw ws 7 AA 

A A @ e 4 4 4 e 
mpos THY ZO, ovrTws 7 EH apos rnv ED: Kai os 
” A > A A A > A ha A 3 4 
apa ro amo AA mpos ro amo ZO, otTws TO amo 
EH zpos 76 azo ED, nat ro trod HE, EZ, rovr- 
éorw to bo AE, EA, mpds ro to BE, ET. Kat 
coTtw 6 pev Tod bro AK, EA zpos 76 tno BE, 


* For, because BZ: TH=BE: ED, the triangles ZEB, HET 
are similar, and angle ZEB=angle HET; .*. I is in the saine 
straight line with B, E [Eucl. i. 13, Conv.]. 
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is singular and a minimum ; and I say that this ratio is 
equal to AA*®: (4/AI. BA~4/AB. TPA). 

Let a circle be described about AA, and let BZ, [TH 
be drawn perpendicular [to AA]. Then since 


AB. BA:AT.TA=BE?: El? [ex hyp. 





oe BZ2 : TH? = BE? ; ET, 
[Eucl. x. 33, Lemma 
ce BZ: TH=BE: ED’. 


Therefore Z, E, H lie on a straight line. Let it be 
ZEH, and let HI be produced to O, and let ZO be 
joined and produced to K, and let AK be drawn per- 
pendicular to it. Then by the lemma just proved 
[Lemma 19] 
AI. BA=ZK2, 
AB. TA=0K?; 
{on taking the roots and] subtracting, 
[ZK-OK=]Z0=,/AI. BA—4+/AB. TA. 
Let ZA be drawn through the centre, and let OA be 
joined. Then since the right angle ZOA =the right 
angle El’'H, and the angle at A=the angle at H, 
therefore the triangles [ZOA, ETH] are equiangular ; : 
ss AZ: OZ=EH : KT, 
$5605 AL: ZO=EH v EF; 
coe AA*®; ZO? = EH? ; EI? 
=HE.EZ:BE.Er?® 
=AK.EA: BE. EP. 

(Iucl. iii. 35 

And [therefore] the ratio AE.EA:BE.ETD is 


» Because, on account of the similarity of the triangles 
HITE, ZBE, we have HE: ET. = EZ: EB. 
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ET povayds Kxai €Adoowv Adyos, 7 8€ ZO 4% 
€ 4 ¢€ 4 € , A € A ~ 
bmepoxn FH v7epexer 7) Svvayevyn to vo tov AT, 
BA tis duvapévns 76 bo AB, TA [rouréorw ro 
> A a im SS A 1° ¢ \ 
amo tHs ZK rod amo tis OK],’ wore 6 povaxos 
4 3 4 a ¢ 3 / 3 “~ > 4 ~ 
Kat €Adaowv Adyos 6 avTés e€oTWw TH ato THs AA 
T™pos TO Gro THS UrEepoxyns H vTrepéxee 7) Svvapevyn 
To tro AT, BA ris dSuvapévys 7d bad AB, TA, 


OTEp i~ 
(ii.) To the “ Porisms ” of Euclid 
Ibid. vii. 198, ed. Hultsch, Prop. 180, 872. 23-874. 27 
Karaypagdy 7 ABTAEZHOKA, éoTw € ws 


tro bro AZ, BI zpos 76 bro AB, TZ, ovrws ro 


A 





A B YT Ae Z 


ixo AZ, AE mpos 76 tro AA, EZ- Gru edOeiad 
éorw 7 dua TOY ©, H, Z onpeiwv. 
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singular and a minimum, while [, as proved above,] 


ZO =4/AT.BA-./AB.TA, so that the same 


singular and minimum ratio = 


AA?;(4/AT.. BA-./AR.TA)*% ~— qe. 


(ii.) To the “ Porisms ” of Euclid ® 
Ibid. vii. 198, ed. Hultsch, Prop. 130, 872. 23-874. 27 


Let ABLAEZHOKA be a figure,’ and let AZ. BI: 
AB.TZ=AZ.AE:AQ.EZ; [I say] that the line 


through the points 0, H, Z is a straight line. 


* Notice the sign :~ used in the Greek for ede. Setéaz. 
In all Pappus proves this property for three different positions 
of the points, and it supports the view (v. supra, p. 341 n. a) 
that Apollonius’s work formed a complete treatise on in- 
volution. 

> y. vol. i. pp. 478-485. 

¢ Following Breton de Champ and Hultsch I reproduce 
the second of the eight figures in the mss., which vary accord- 
ing to the disposition of the points. 


1 rourdorw .  . THs OK om. Hultsch. 
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"Emet e€orw ws to bro AZ, BI’ apdos ro b70 
AB, V'Z, ottws ro tro AZ, AE ampos 76 tb 
AA, EZ évadda€ éotw ws ro to AZ, BY zpos 
to v7 AZ, AE, tovréotw ws 7 BI’ apos thy 
AE, otrws 7o bd AB, YZ apos ro two AA, EZ. 
GAN’ 6 pev tHS BI’ mpos rHv AE ovvirrat Adyos, 
éav dia tod K 7H AZ mapadAdAndos ayfy 7 KM, 
éx te Tod THs BT mpos KN kai 74s KN zpos KM 
Kal ert Tob THs KM apos AE, 6 de Tod bzo AB, 
[CZ apos to tro AA, EZ ovvijnrat ex re Tod THs 
BA apos AA kal rob tis TZ apos thy ZE. Kowos 
éxxexpovotw 6 THs BA apos AA 6 attos wy TO 
ths NK apos KM: Aourov dpa 6 ris UZ zpos 
tiv ZEKE ovvnmra: €x Te TOD THS BI zpos rHv KN, 
toutéotw Tod THs OL mpos tiv KO, Kat rot ris 
KM zpos tnv AE, rovréorw tot tis KH zpos 
mv HE: edéeia dpa 7 da trav O, H, Z. 

"Kav yap dca tot EK 7H OL aapdadAndAov ayayw 
mv ES, Kal éemlevybeica 7 OH exBdAnbH emi ro 
B, o pev ths KH apos tiv HE Adyos 6 adros 
got TH THS KO mpos thy ER, 6 dé cuvynupevos 
éx te Tod THS TO mpos THY OK kat rob ris OK 
mpos thy BE peraBadderar eis tov tis OL mpos 
EE Adyov, cal 6 ris TZ mpos ZE Adyos 6 adres 
tT THs TO mpos tHv EE: zapadAndrov ovens tijs 
TO 79 ES, «dOeta dpa éorw 7 dua Tov OY, &, Z 
(rodro yap davepdv), wore Kai 7 dia Tov O, H, Z 
evdeta eoru. 





¢ Jt is not perhaps obvious, but is easily proved, and is in 
fact proved by Pappus in the course of iv. 21, ed. Hultsch 212. 
4-13, by drawing an auxiliary parallelogram. 

> Conversely, if HOKA be any quadrilateral, and any 


612 


REVIVAL OF GEOMETRY: PAPPUS 


Since AZ.BI: AB.TZ=AZ. AE: AA. EZ, 
permutando 
AZ.BI':AZ.AE=AB.TZ: AA. EZ, 
$12... BI: AE=AB.1TZ:AA. EZ, 


But, if KM be drawn through K parallel to AZ, 
BI: AE=(BI: KN). (KN : KM). 
(KM : AE), 
and. 
AB.TZ:AA.EZ=(BA : AA). (TZ: ZE). 


Let the equal ratios BA : AA and NK: KM be elimi- 
nated ; 


then the remaining ratio 
YZ: ZE=(BF': KN). (KM: AE), 
1.€., YZ: ZE=(0F : KO). (KH: HE); 
then shall the line through 9, H, Z be a straight line. 


For if through E I draw E& parallel to Ol’, and if 
OH be joined and produced to &, 


KH : HE=K0: Le, 
and (TO : OK). (OK : E=)=O0F : E&, 
A TZ :ZE=T0:E2 ; 
and since TO is parallel to E&, the line through 0, 


=, Zis a straight line (for this is obvious“), and there- 
fore the line through 0, H, Z is a straight line.? 


transversal cut pairs of opposite sides and the diagonals in 
the points A, Z, A, I’, B, E, then BP: AE=AB.TZ: AA. EZ. 
This is one of the ways of expressing the proposition enunci- 
ated by Desargues: The three pairs of opposite sides of a 
complete quadrilateral are cut by any transversal in three 
pairs of conjugate points of an involution (v. L. Cremona, 
Elements of Projective Geometry, tr. by C. Leudesdorf, 1885, 
pp. 106-108). A number of special cases are also proved by 


appus. 
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(0) MecHanics 
Ibid. viii., Praef. 1-3, ed. Hultsch 1022. 3-1028. 3 
‘H pnxavern Oewpia, TEKVOV ‘Eppodwpe, mpos 


mona Kat peydra TeV év TH Biw xprowpos om 
dpxovoa mAcioTnsS elxoTws dmoSoyiis neiwrat mpos 
tav dirocddwv Kal maou Tots amo THY pabnuatev 
TEpLoTovbaorTos cor, emevd7 axedov TmpwTN THS 
Tept THY BAny TeV év TH KOopLY orouxewy vato- 
Aoyias o dmrerau. aTacEWs yap Kal popas CwWLATWY 
Kal Tis KaTa TOTOV KW7}TEWS ev Tots dXous Gewpn- 
parucn Tuyxdvovea TA pev Kwovpeva Kata pvow 
aitohoyel, Ta, 8 dvayxalovoa Tropa gvow ew 
TOV olkeiwy TOT els €vavTias Kuvnoess peftornow 
em YLT XOvERLEVT dia tev e€ avris Tis vAns v70- 
TumTOVT@V avTy Oewpnpdtov. Ths o¢ pnxavertis 
TO pev elvas Aoyixdv Td S€é yYetpoupytKoy ot mept 
tov “Hpwva pnxavucol Aéyovow: Kal TO pev 
AoytKov ouveordvat iépos EK TE yewperpias Kal 
dpilpnrectis Kal doTpovopias Kal Tov puoikayv 
Adywrv, TO O€ XEtpoupytKov ex Te YAAKEVTLKIS Kal 
olxodopuciis Kal TeKTOVUCAS Kal lwypaguriis Kal 
Tijs ev TOUTOLS Kara xetpa doxnoews: TOV [ev ov 
ev tats mT poeipnpevaus emLaTHpaLS €k mados yevo- 
jevov Kav Tats Tpoetpypevacs TEXVaLS ef etAngora. 
mpos d€ TOUTOLS gvow eUKLVNTOV exovra, KpaTLaTov 
éccoOan pnxavirdy epywv EevpEeTHV Kal dpXiTeKTova 
dacw. py duvatot 8 dvros tov adrov palyudrwv 





* After the historical preface here quoted, much of Book 
viii. is devoted to arrangements of toothed wheels, already 
encountered in the section on Heron (supra, pp. 488-497). A 
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(0) Mecuanics 4 
Ibid. viii., Preface 1-3, ed. Hultsch 1022. 3-1028. 8 


The science of mechanics, my dear Hermodorus, 
has many important uses in practical life, and is held 
by philosophers to be worthy of the highest esteem, 
and is zealously studied by mathematicians, because 
it takes almost first place in dealing with the nature 
of the material elements of the universe. For it deals 
generally with the stability and movement of bodies 
[about their centres of gravity],? and their motions in 
space, inquiring not only into the causes of those that 
move in virtue of their nature, but forcibly trans- 
ferring [others] from their own places in a motion 
contrary to their nature ; and it contrives to do this 
by using theorems appropriate to the subject matter. 
The mechanicians of Heron’s school® say that 
mechanics can be divided into a theoretical and a 
manual part; the theoretical part is composed of 
geometry, arithmetic, astronomy and physics, the 
manual of work in metals, architecture, carpentering 
and painting and anything involving skill with the 
hands. The man who had been trained from his 
youth in the aforesaid sciences as well as practised 
in the aforesaid arts, and in addition has a versatile 
mind, would be, they say, the best architect and 
inventor of mechanical devices. But as it is impossible 
for the same person to familiarize himself with such 


number of interesting theoretical problems are solved in the 
course of the book, including the construction of a conic 
through five points (viii. 13-17, ed. Hultsch 1072. 30-1084. 2), 
> It is made clear by Pappus later (vii., Praef. 5, ed. 
Hultsch 1030. 1-17) that dopd has this Peering: 
* With Pappus, this is practically equivalent to Heron 
himself: cf. vol. i. p. 184 n. b. 


615 


GREEK MATHEMATICS 


TE TOGOUTWY mepyeveo Oar Kal pabety dsc. Tas 
mpoeipnuevas Téxvas TapayyeAdovet TH TA pHxa- 
vuKd. epye peraxerpilecbat Povropevep xpfoba 
Tais otketaus Téxvars vmoxerplois ev Tats ap’ 
EKAOTA ypeEiats. 

MdAtora bé mavTwv dvayKarorarar TéXVaL TUy- 
xdvovow mpos THY tod Biov Xpetav [enxavercn) 
mponyoupern THs dpxuretovijs}’ 7 Te TaV pay- 
yavapiwv, pnxavkdy kal adr av Kata TOUS apxaious 
Aeyonevan (ueydAa yap obrou Bapyn da unxavaiv 
qTapa pvow ets uipos dvdyovow eXdTrov Ouvdpet 
KuvodvTes), Kal 7) TOV opyavoTroiyv THY Mpos TOV 
moAEpLov dvayKaiwy, Kadoupeveny be Kal adréy 
pnxovikdy (BéAn yop Kat iba Kal avdnpa Kal 
Ta TapanAjova ToUTOIs e€amooreAerau els | baKpov 
6600 piKos Tots ta’ atrdv ywopevors opyavois 
KatamaAriKois), mpos 6é€ tavTas 7 TaV idiws 
mavw Kadovpévwy pyxavomody (€x Pdbous yap 
moAXod Udwp edoAdirepov dvdyerau dua TOV avtAn- 
paTik@y dspydvwv ov avrot KatacKevdlovoi). 
Kkadotor dé pnxavixods of maAatot Kal Tous 
Bavpacroupyous, wv ot pev dua TVEULATOY diro- 
Texvobow, ws Hpwy IIvevparexois, ot 6€ dud 
veupiwy Kal omdpruy epbtywv Kujoets doKovat 
pupreto0ar, ws “Hpwv Advroparous Kal _Lvyiors, 
dAAou de dia THV ed’ vdatos OXOUPEVUNY, ws *“Apyi- 
mes ‘Oxovpevors, 7 7} Tov bu voaTos wpohoyiuy, 

"Hpwrv ‘Yédpetots, & 87) Kal TH yvopowuKp 


1 unxavxy .. . apxitexrovys om. Hultsch. 





* pdyyaroy is properly the block of a pulley, as in Heron's 
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mathematical studies and at the same time to learn 
the above-mentioned arts, they instruct a person 
wishing to undertake practical tasks in mechanics to 
use the resources given to him by actual experience 
in his special art. 

Of all the [mechanical] arts the most necessary for 
the purposes of practical life are: (1) that of the 
makers of mechanical powers,* they themselves being 
called mechanicians by the ancients—for they lift 
great weights by mechanical means to a height con- 
trary to nature, moving them by a lesser force ; 
(2) that of the makers of engines of war, they also 
being called mechanicians—for they hurl to a great 
distance weapons made of stone and iron and such- 
like objects, by means of the instruments, known as 
catapults, constructed by them; (3) in addition, that 
of the men who are properly called makers of engines 
—for by means of instruments for drawing water 
which they construct water is more easily raised from 
a great depth; (4) the ancients also describe as me- 
chanicians the wonder-workers, of whom some work by 
means of pneumatics, as Heron in his Pneumatica,° 
some by using strings and ropes, thinking to imitate 
the movements of living things, as Heron in his 
Automata and Balancings,” some by means of floating 
bodies, as Archimedes in his book On Floating Bodies,° 
or by using water to tell the time, as Heron in his 
Hydria,¢ which appears to have affinities with the 


Belopoetca, ed. Schneider 84. 12, Greek Papyri in the British 
Museum iii. (ed. Kenyon and Bell) 1164 n. 8. 

> y. supra, p. 466 n. a. ° vy. supra, pp. 242-257. 

4 This work is mentioned in the Pneumatica, under the 
title Ilepi vdpiwy wpooxomeiwy, as having been in four books. 
Fragments are preserved in Proclus (/Hypotyposis 4) and in 
Pappus’s commentary on Book v. of Ptolemy’s Syntazis. 
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Bewpia Kowwvobvra paiveras. pnxavixods dé 
kahotow Kal TOUS | Tas o atporrouias [rovetv} 
emoTapevous, bp wv eikwv Tod odpavod KaTa- 
oxevdlerar S:° cpadrts Kal eyxuKdAiov Kiwicews 
VdaTOS. , 
Ildvrwy 8é trovrwy tiv airiav Kat tov Adyov 
emeyvmkeval gaciv TIVES TOV Lupaxdovov Apxe- 
pon: jovos yap obros ev 7T@ Kall? nuds Bip 
TrouxtAn pos mavra KEXPNTAL Th pvoee Kat Th 
emwvota, Kabws Kal Téuivos 6 palnpatixos ev TH 
Tlepi Tijs TOV palnudrev Tafews pnow. Kadpzos 
b€ Tov pnow 6 ’Avrioxeds “Apxepndn TOV Lupa- 
KOGLOV év povov iPXtov OUVTETAXEVAL peNXaviKov 
TO KaTa THY OdpaipoToliav, THY dé dAAwy oddev 
HEveonevat ouvratat. Katrou Tapa Tots mrohhois 
emt Hnxaverh Sofacbeis Kal peyadogurjs TUS yevo- 
pevos 6 OJaupaoros exeivos, wore Suapetva Trap. 
maaw avOputois drepBarrAdvrws tbyvodpevos, TOV 
TE Mponyoupévwy yewperpuKAs Kal apiOuntiKfs 
éyopnevwv Oewpias Ta Bpaxvrara Soxodvra elvat 
aTrovdaiws ouveypaper’ 6 és paiverar Tas elpynevas 
emaTnpas ovTws ayamjoas ws pndev efwlev 
Omopevety auvtais emerodyely. avTos be Kdpzos 
Kat aAhou TwWEs GUVEXPT}OAVTO yewperpia Kal eis 
Téxvas Twas evrAdyws* yewpeTpia yap oddev BAd- 
MTETAL, OWpaToToety trepuKvia todas Téxvas, 
dua TOD ovvetvar adrais [unTnp odv WoTrEp odca 
texvav ov PAamrerat dia TOD Ppovrilew dpyaviKys 
Kal dpxireKTovurts: ovde yap dia 70 ouveivat 
yewpopia Kal yvwpoviKh Kal pnyaviKH Kal oKnvo- 
ypadia BAdmrerai zt], TOU IY d€ Tpoadyouca 


1 zoutv om. Hultsch, 2 unrnp . « . t6om. Hultsch. 
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science of sun-dials ; (5) they also describe as mechan- 
icians the makers of spheres, who know how to make 
models of the heavens, using the uniform circular 
motion of water. 

Archimedes of Syracuse is acknowledged by some 
to have understood the cause and reason of all these 
arts; for he alone applied his versatile mind and 
inventive genius to all the purposes of ordinary life, as 
Geminus the mathematician says in his book On the 
Classtfication of Mathematics.* Carpus of Antioch? 
says somewhere that Archimedes of Syracuse wrote 
only one book on mechanics, that on the construction 
of spheres,° not regarding any other matters of this 
sort as worth describing. Yet that remarkable man 
is universally honoured and held in esteem, so that his 
praises are still loudly sung by all men, but he himself 
on purpose took care to write as briefly as seemed 
possible on the most advanced parts of geometry and 
subjects connected with arithmetic; and he obviously 
had so much affection for these sciences that he 
allowed nothing extraneous to mingle with them. 
Carpus himself and certain others also applied geo- 
metry to some arts, and with reason ; for geometry is 
in no way injured, but is capable of giving content to 
many arts by being associated with them, and, so far 
from being injured, it is obviously, while itself 


* For Geminus and this work, v. supra, p. 370 n. ¢. 

* Carpus has already been encountered (vol. i. p. 334) as 
the discoverer (according to Iamblichus) of a curve arising 
from a double motion which can be used for squaring the 
circle. He is several times mentioned by Proclus, but his 
date is uncertain. 

¢ This work is not otherwise known, 
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pev Tavras daiverar, Tyswpévyn 8 Kal Koopovperyn 
dedvtws Um” abrav. 





* With the great figure of Pappus, these selections illus- 
trating the history of Greek mathematics may appropriately 
come to an end. Mathematical works continued to be 
written in Greek almost to the dawn of the Renaissance, and 
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advancing those arts, appropriately honoured and 
adorned by them.? 


they serve to illustrate the continuity of Greek influence in 
the intellectual life of Europe. But, after Pappus, these 
works mainly take the form of comment on the classical 
treatises. Some, such as those of Proclus, Theon of Alex- 
andria, and Eutocius of Ascalon have often been cited 
already, and others have been mentioned in the notes. 
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This index does nol include references to critical notes nor to authors 
cued, for which the separate catalogue should be consulted. References 
to vol. t. are cited by the page only, those to vol. vi. by volume and page. 
The abbreviations **inel.”’=“‘ineluding’’ and “ esp.’ =“ especially” 


are occasionally used. 


Abaeus, 35 and on. 6 and ¢ 


Achilles and the Tortoise, 
369-371 
Adam, James: The Re- 


public of Plato, 399 nn. a 
and ¢ 

Addition in Greek mathe- 
matics, 46-48 

Adrastus, on the geometric 
mean, 125 n.a 

Aeschylus, 258 n. a 


Aétius: Placita, 217 and 
n.c 
Agorastes, character in 


Lucian’s Auction of Souls, 
91 
Alexander Aphrodisiensis, 
173, 236 n. a, 315 
Alexander the Great, 155 
n. 6, 175 
Algebra : 
Geometrical algebra of 
Pythagoreans, 186-215 
Pure determinate equa- 
tions, ii. 525 
Quadratic equations : 
geometrical solution by 
Pythagoreans, 186-215; 
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solutions by Heron, ii. 
503-505 (incl. n. a); 
by Diophantus, ii. 527- 
535 (esp. ii. 533 n. 6); 
v. also Square root, 
extraction of 

Simultaneous equations 
leading to a quadratic, 
ii. 537 

Cubic equations: Archi- 
medes, ii. 127-163 (incl. 
n. a); Diophantus, ii. 
539-541; v. also Cube 
root 

Indeterminate equations : 
Pythagorean and Pla- 
tonic formulae for right- 
angled triangles, 90-95 ; 
side- and diameter-num- 
bers, 132-139; ‘‘ bloom” 
of rh uel or 139-141; 
“cattle problem” of 
Archimedes, ii. 202-205; 
Heron, ii. 505-509 ; Dio- 
phantus, ii. 541-551 

Sums of squares, ii. 551- 


559 
Allman, J. G., his Greek 


INDEX 


Geometry from Thales to 

Euclid, 237 n. b 
Almagest: Arabic name for 

ee Syntazxis, ii. 409 


n. 
Alphabet, Greek: use as 
numerals, 42-44 
Ameristus, 147 and n. 6 
Amthor, A., on Archimedes’ 
cattle problem, 17 n. ¢, ii. 
205 n. b 
Amyclas (recte Amyntas) of 
Heraclea, 153 and n. 6 
Amyntas: v. Amyclas 
Analemma: of Ptolemy, 301 
n. b, ii. 409 n. b; of Dio- 
dorus, 301 and n. 6 
Analysis: discussion by 
Pappus, ii. 597-599 ; ap- 
plied by Eudoxus to theory 
of ‘‘ the section,’”® 153 and 
n.a; v. also Leodamas 
Anatolius, bishop of Lao- 
dicea: on the meaning of 
the name mathematics, 3; 
on the Egyptian method of 
reckoning, 3 n. a, ii. 515- 
517; the classification 
of mathematics, 19 and 
n. b; his relation to Dio- 
phantus, ii. 517 n. a 
Anaxagoras: wrote on squar- 
ing of circle while in 
prison, 308, 149 n. ad; 
character in Plato’s Rivals, 
149 n. f 
Anchor-ring, v. Tore 
Angle: angle in semi-circle, 
167-169; mixed angles, 
429 n.c; equality of right- 
angles, 443 and n. b 
Anharmonic ratios, 485 n. ¢ 


Anthemius of Tralles, fi. 
357 na 
Anticleides, 175 
Antiphon, 311 and n. a, 313 
and n. a, 315 and n. a, 
317 na 
Apollodorus the Calculator, 
169 and na 
Apollonius of Perga : 
Life: ii. 277 (esp. n. a)-281 
Works: 
Conics: Relation to 
previous works, 487- 
489 (incl. n. a), ii. 277- 
281; scope of the 
work, ii. 281-285; 
terminology, ii. 285- 
289, ii. 309 and n. a, ii. 
317 and n. a, it. 323; 
construction of the 
sections, ii. 289-305; 
fundamental proper- 
ties, ii. 305-329—par- 
abola, ii. 305-309, 
hyperbola, ii. 309-317, 
ji. 323-329, ellipse, ii. 
317-323 ; transition to 
new diameter, ii. 329- 
335; introduction of 
axes, ii. 289 n. a, ti. 
331 n. @; generality 
of his methods, ii. 289 
n. a; form of his 
proofs, ii. 289 n. a; 
contrast with Archi- 
medes’ treatment, ii. 
323 a, and termino- 
logy, ii. 283 n. a; 
his distinctive achieve- 
ment to have based 
his treatment on the 
theory of applied 
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areas, ti. 309 nn. ay 
first to have recog- 
nized two branches of 
hyperbola, ii. 329 n. a; 
focus - directrix pro- 
perty not used, 495 
n. a, ii. 281 n. a 

On the Cutting-off of a 
Ratio, ik. 337-339; 
included in Treasury 
of Analysis, ii. 337 ; 
Halley’s Latin trans- 
lation, ii. 337 n. a 

On the Cutting-off of an 
Area, ii. 339 and.n. 6; 
included in Treasury 
of Analysis, ii. 337 

On Determinate Section, 
ii. 339-341 (incl. n. a) ; 
included in Treasury 
of Analysis, ii. 337 ; 
lemma by Pappus, ii. 
607-611 

On Tangencies, ii, 341- 
343 (incl. n. 6); prob- 
lem of three circles 
and Newton’s solu- 
tion, ii. 343 n. 6; in- 
cluded in Treasury of 
Analysis, ii. 337 

On Plane Loci, ii. 345 
and n. ¢; included in 
Treasury of Analysis, 
ii. 3373 reconstruc- 
tions by Fermat, van 
Schooten and Simson, 
ii. 345 noc 

On Vergings, ii. 345-347 
(incl. n. a); included 
in Treasury of Analy- 
sis, 1i. 337; described 
the datum as_ the 
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assigned, ii. 349; ree 
storation by Samuel 
Horsley, ii. 347 n. a 

On the Dodecahedron and 
the Icosahedron, ii. 349 

General Treatise, ii. 349- 
351 (incl. n. a) 

On the Cochlias, ii. 351 3 
** sister of the coch- 
loid,” 335 and n. ¢ 

On Unordered  Irra- 
tionals, ii. 351-353 
(incl. n. a) 

Quick-deliverer (on the 
measurement of a 
circle), ii. 353 and nn. 


b,c 
On the Burning Mirror, 
ii. 357 and n, b 
Other mathematical 
achievements : 
Two mean _propor- 
tionals, 267 n. 5b 
Continued multiplica- 
tions, li. 353-357 
Astronomy, ii. 357 n. 6 
Otherwise mentioned : ii. 
363 


Application of Areas, 186- 


215; explanation and his- 
tory, 186-187; a Pytha- 
gorean discovery, 187; 
Euclid’s theorems, 189- 
2153 equivalence to solu- 
tion of quadratic equa- 
tions, 195 n. a, 197 n. a, 
211n.a,215n.a3 possible 
use by Hippocrates, 245 n. 
a; use by Apollonius in 
his treatment of the conic 
sections, ii. 305-323 (esp. 
ii, 309 n. a) 


INDEX 


101 n. a, il. 109 n. a3 
equivalence to inte- 
gration, ii. 41 n. a, ii. 


Approximations to 7, 321- 
333 (incl. n. a), ii. 353 

Archibald, R. C., his 
Euclid’s Book on Divisions 117 n. 6; problem 
of Figures, 157 n. ¢ leading to solution of 

Archimedes cubic equation, — ii. 
Life: A Syracusan, ii. 19 ; 127-163 (incl. n. a); 


born about 287 Bs.c., ii. 
19 and n. c; his me- 
chanical devices used in 
the defence of Syra- 
cuse, ii. 19-21, ii. 25-31 ; 
his death at the hands 
of a Roman soldier in 
212 B.c., ii. 23, ii. 33-35 ; 
his sayings, ii. 21, ii. 23, 
ii. 35; his contempt for 
the utilitarian, ii. 31, ii. 
619; his request for a 
cylinder enclosing a 
sphere as a monument, 
ii. 33 and n. a; his ab- 
sorption in his work, ii. 
31-33, ii. 37; his solu- 
tion of the problem of 
the crown, il. 37-39, ii. 
251 n. a; his Doric 
dialect, ii. 21 and n. 6, 
ii. 137 


Works : 


On the Sphere and Cylin- 
der, ii. 41-1273; pre- 
face,ii.41-43; axioms, 
ii. 43-45; postulates, 
li. 45-47; surface of 
cylinder, ii. 67-77; 
surface of cone, ii. 77- 
81; surface of sphere, 
ii, 1138-117; volume 
of sphere, ii. 119-127 ; 
trigonometrical equi- 
valents, ii. 91 n. 8, ii. 


cited by Zenodorus, 
ii. 393, 11. 395; Euto- 
cius’s commentaries, 
He fo eGo uot’ Nea, 
ii. 127 n. a, it. 135- 
163; otherwise men- 
tioned, ii. 165 n. a 

On Conoids and Spher- 
oids, ii. 165-181 ; pre- 
face, iil. 165; lemmas, 
ii. 165-169; volume 
of segment of para- 
boloid of revolution, 
li, 171-1815 equiva- 
lence to integration, 
ii. 181 nwa 

On Spirals, ii, 183-195 ; 
definitions, ii, 183- 
185; fundamental 
property, ii. 185-187 ; 
vergings assumed, ii. 
187-189 (incl. n. c), ii. 
195 n. a3 property of 
sub-tangent, ii. 191- 
195, and comments of 
Pappus, Tannery and 
Heath, ii. 195 n. 6; 
curve used to square 
the circle, 335 and n. b 

On the Measurement of 
a Circle, 317-333; 
Eutocius’s commen- 
tary, 323 n. a; cited 
by Zenodorus, ii. 395 
and n. @ 
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Quadrature of a Para- Greek text by Hel- 
bola, ii, 229-243 ; pre- berg, iil, 242 n. a; 
fatory letter to Dosi- William of Moer- 
theus, ii. 229-233 ; beke’s Latin transla- 
first (mechanica]) tion, ii. 242 n. as 

roof of area of para- postulates, ji. 243- 
olic segment, ii. 233- 245; surface of fluid 
239; equivalence to at rest, ji. 245-249 ; 
integrations, ii. 239 loss of weight of solid 
n. 5 ; second (geo- immersed in a fluid-— 
metrical) proof, ii. 239- ** Archimedes’ _ prin- 
243; otherwise men- ciple,” ii, 249-251; 
tioned, ii. 41 n. 8, ii. use of this principle 
221 n. a, ii. 225 and to solve problem of 
n. b crown, ii. 251 n. a; 

Method, ii. 221-229; stability of paraboloid 
discovery by Heiberg, of revolution, ii. 253- 
ii. 221 n.b3; prefatory 257; Heath’s tribute 
letter to Eratosthenes, to Book ii., ii. 252 n. a 
ii. 221-223 5 mechani- liber Assumptorum, ii. 
cal proof of area of 581 n. a 
parabolic segment, ii. Other achievements ; 
223-229; gives Demio- Discovery of 13 semi- 
critus credit for find- regular solids, 217 n.a, 
ing volume of cone ii. 195-197 (incl. n. 6) 
and pyramid, 229-231, Circles inscribed in the 
4ilna apPyAos, ii. 581 n. a 

Sand-reckoner, ii. 199- Solution of cubic equa- 
201 (inel. n. a) tions, ii. 127-163 (inel. 

Cattle Problem, 17 n. ¢, n. a) 

ii, 203-205 (incl. n. a) Inequalities, ii. 165-169 

On Plane Equilibriums, Summation of series, ii. 
ii, 207-221;  postu- 165-169, ii, 241 and 
lates, ii. 207-209; n. a 
principle of lever, ii. ** Archimedes’ Axiom,” 
209-217; centre of 321 n. a, 411 n. a, 455 
gravity of parallelo- n. a, ii. 47 and n, a, 
gram, ii. 217-221; of ii. 195 n. b, ii. 231 
a triangle, ii. 227 and Otherwise mentioned ¢ 
n. a Vitruvius on his pro- 

On Floating Bodies, ii. ficiency in all branches 
243-257 ; discovery of of science, ii. 3 nm. a3 
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Pappus’s tribute to his 
versatility, ii. 619; his 
method of evaluating 
areas, ii. 585 n. a 
Archytas, 5 n. @; on the 
branches of mathematics 
(Pythagorean quadri- 
vium), 5 and n. 63; on 
means, 113-115, 153 n. a; 
his proof that a_ super- 
particular ratio cannot be 
divided into equal parts, 
131-133; Proclus’s com- 
ments on his work in geo- 
metry, 151; his solution 
of the problem of two 
mean proervions’ 285- 
289; his work in stereo- 
metry, 7 n. a, 13 n. 6; his 
method of representing the 
sum of two numbers, 131 
n. 6, 429 n.c 


Aristaeus: his five books of 


Solid Loci (conic  sec- 
tions), 487 and n. a, ii. 281 
n. a, ii. 255 n. a3 first 
demonstrated focus-direc- 
trix property, 495n. a; his 
@) omparison of the Five 
gular Solids, 487 n. b 


Aristarchus of Samos, ii. 3- 


15; a pupil of Strato of 
Lampsacus, ii. 3 and n. a; 
his theory of the nature of 
light, ii.3 ; his heliocentric 
hypothesis, ii. 3-5 (incl. 
n. 6); on the sizes and 
distances of the sun and 
moon, li. 3-15; use of 
continued fractions (?), ii. 
15 and n. 6 

Aristophanes: reference to 


the squaring of the circle, 
309 and n. a 


Aristotle : use of term mathe- 


matics, 3 n. c, 401 n. a; 
did not know how to 
square the circle, 335; on 
first principles of mathe- 
matics, 419-423; on the 
infinite, 425-429 ; proofs 
differing from Euclid’s, 
419 n. a, 429-431 ; method 
of representing angles, 429 
n. ¢3 on the principle of 
the lever, 431-433 ; on the 
parallelogram of velocities, 
433 ; irrationality of +/2, 
1113; on odd, even and 
prime numbers, 75 n. a, 
78 n. @3 on oblong and 
Square numbers, 95 and 
n. 6; on Zeno’s paradoxes 
of motion, 366-375; on 


nature of geometrical 
proof, ii. 369 
Aristoxenus: on _ Plato's 


lecture on the Good, 389- 
391; his pupil Cleonides, 
157 ne 


Arithmetic : 


Its place in the Pytha- 
gorean quadrivium, & 
and n. 6; in the educa- 
tion of Plato's Guar- 
dians, 7-9; in Plato’s 
Laws, 21-23; in Anato- 
liusand Geminus, 19 and 
n. 6; difference from 
logistic, 7 and n. a, 17- 
19 (incl. n. 6); Greek 
arithmetical notation 
and the chief arith- 
metical operations, 41-63 
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Pythagorean arithmetic: 
first principles, 67-71 ; 
classification of num- 


bers, 73-75; erfect 
numbers, 75-87 ; figured 
numbers, 87-99; some 


properties of numbers— 
the “‘ sieve”’ of Eratos- 
thenes, 101-103, divisi- 
bility of squares, 103- 
105; a theorem about 
cube numbers, 105-107 ; 
a property of the pyth- 
men, 107-109 ; irration- 
ality of 4/2, 111; theory 
of proportion and means 
—arithmetic, geometric 
and harmonic means, 
111-115, seven other 
means, 115-125, Pap- 
pus’s equations between 
means, 125-129, Plato 
on means between two 
squares or two cubes, 
129-131, Archytas’s 
proof that a superpar- 
ticular ratio cannot be 
divided into equal parts, 
131-133 
See also Theory of num- 
bers; Algebra; Irra- 
tional, the ; Approxima- 
tions to 7; Inequalities 
Arithmetica, v. Diophantus 
Armillary sphere, 229 n. a 
Arrow of Zeno, 367, 371 
Astronoiny: a full notice 
excluded, x; identical with 
sphaeric in the Pytha- 
gorean quadrivium, 5n. 6; 
in the education of Plato’s 
Guardians, 15; in Ana- 
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tolius and Geminus, 19 
and n. 6; Isocrates’ views, 
29; work of Thales, 147 
n.a; of Pythagoras, 149 
n. 6; of Ecphantus, ii. 
5n.6; of Oenopides, 149 
n.é3 of Philippus of Opus, 
155 n. a; of Eudoxus, 15 
n. a, 411-415; of Hera- 
clides of Pontus, 15 n. a, 
ii, 5n.6; of Autolycus of 
Pitane and Euclid, 490 n. 
a; of Aristarchus’ of 
Samos, ii. 3-15; of Eratos- 
thenes, ji. 261 n. a, ii. 263 
and n. ¢, ii. 267-273; of 
Apollonius of Perga, ii. 
OV7 n. a, ii, 857 n. Ob; of 
Posidonius, ii. 871 n. 6; 
of Hypsicles, ii. 395-397 ; 
of Cleomedes, ii. 399-401 ; 
of Hipparchus, ii. 407 n. a, 
414 n.a;3 of Menelaus, ii. 
407 n. a; of Ptolemy, ii. 
409 and n. 8, ii. 447; of 
Pappus, ii, 593 ne a; 
knowledge of astronomy 
necessary for reading 
Plato, ii. 401 } 
Athenaeus of Cyzicus, 153 
and n. é 
‘** Attic *? numerals, 41-42 
August, E, F., 397 n. @ 
Autolycus of Pitane, 491 n. a 
Axioms and __ postulates: 
Aristotle’s discussion, 419- 
423; Euclid’s postulates, 
443; attempt to prove the 
parallel-postulate, ii. 367- 
385; Archimedes’ postu- ~ 
lates in his work On the 
Sphere and Cylinder, ii. 
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45-47, in his work On 
Plane Equilibriums, | ii. 
207-209, in his work On 
Floating Bodies, ii. 243- 
245 (incl. n. a); ‘* Archi- 
medes’ Axiom,” 321 n. a, 
411 n. a, 455 n. a, ii. 47 
and n. a, ii. 231 


Bachet, ii. 537 n. b 

Barlaam, 14th century Cala- 
brian monk: his formula 
for approximation to a 
square root, ii. 472 n. a 

Bede, the Venerable, 31 n. c 

Bees, Pappus on their choice 
of shape for cell, ii. 589- 
593 

Benecke, A., his Ueber die 
Geometrische Hypothesis in 
Platons Menon, 397 n. a 

Besthorn, R. O.: his edition 
of an-Nairizi’s commen- 
tary on Euclid’s Elements, 
185 n. 6 

Bjérnbo, A. A., on Hippo- 
crates’ quadratures, 311 


n. 

Blass, C.: his De Platone 
mathematico, 387 n. a 

Boeckh, A., 221 n. a 

Boethius, citation of Archy- 
tas’s proof that a super- 
particular ratio cannot be 
divided into equal parts, 
131-133 

Breton de Champ, P., ii. 
6ll nic 

Bretschneider, C. A., his Die 
Ceometrie und die Geo- 
meter vor Eukleides, 153 
na 
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Brochard, V., on Zeno’s 
paradoxes, 367 n. a 

Bryson, attempt to square 
the circle, 315-317 

Burnet, J., on the astronomy 
in Plato’s Republic, 15 n. a 

Butcher, S. H., on the hy- 
pothesis in Plato’s Meno, 
397 n. a 


Callimachus, ii. 261 and n. J 
Canonic, theory of musical 
intervals, 19 and n. } 
Cantor, G., 42 
Carpusof Antioch, 335, ii. 619 
Case (a7dais), ii, 347 
Casting out of nines, 107-109 
Catasterismi, work by Era- 
tosthenes, ii. 263 n. a 
Catoptrics, v. Euclid: Works 


Cattle-problem, v.  Archi- 
medes : Works 
Centre of gravity: Archi- 


medes’ postulates, ii. 209 ; 
of a lever, ii. 209-217; of 
a parallelogram, ii. 217- 
221; of a triangle, ii. 217 
n. b, ii. 227 and n. a: ofa 
trapezium and parabolic 
segment, 11. 217 n. b; of 
a segment of a paraboloid, 
il. 225 

Chaldaeans, ii. 397 n. a 

Chasles, M., 485 n. e, ii. 581 
noc 

Chords, Table of: Hippar- 
chus and Menelaus, ii. 407, 
ii. 409 and n.a; Ptolemy, 
ii. 443-445 

Chrysippus, 229 n. a 

Cicero: restored monument 
to Archimedes, ii. 33 n. a 
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Circle : 
Division into degrees, fi. 
395-397 
Squaring of the circle: 
Anaxagoras’s work in 
prison, 309 ; a reference 
by Aristophanes, 309; 
approximation by poly- 
gons — Antiphon, 311- 
315, Bryson, 315-317, 
Archimedes, 317 - 333; 
solutions by higher 
curves — Simplicius’s 
summary, 335, the 
quadratrix, 337 - 347; 
closer approximations 
by Archimedes, 333 n. a, 
and Apollonius, ii. 353 ; 
Pappus’s collection of 
solutions, ii. 581 n. 6 
Apparent form of circle, 
li. 593-597 
Cissoid, viii; discovered by 
Diocles, 271 n. a, ii. 365 
n.a@3 and by him used for 
finding two mean propor- 
tionals, 271-279 
Cleanthes, ii. 5 
Cleomedes: life and works, 
li; 267 nie. 05. 1. SOF ny. as 
on the measurement of 
the earth, ii. 267-273; on 
paradoxical eclipses, ii. 
397-401 
Cleonides, 157 n. ¢ 
Cochlias, 335, ii. 351 
Cochloids, 301 n. a, 335 and 
n. c, 297 n.-¢ 
Commandinus, his edition of 
Pappus’s Collection, 499 
n. a, ii. 581 noc 
Concentric spheres, Eu- 
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doxus’s theory of, 411- 
415 

Conchoid, 297, 301 mn. a; 
used by Nicomedes_ to 
trisect an angle, 297-309 

Cone: double cone defined 
by Apollonius, ii. 285-287 ; 
single cone defined, ii. 
287; volume enunciated 
by Democritus, 229-231 ; 
and proved by Eudoxus, 
229-931, 409-411; sub- 
contrary section a circle, 
ii. 301 nw a 

Conic sections: discovered 
by Menaechmus, 279-283 
(incl. n. a), 297, ii, 281 n. 
as; originally called sec- 
tions of a_ right-angled, 
acute-angled and obtuse- 
angled cone, 283 n. a, ii. 
279; by Apollonius re- 
named parabola, ellipse 
and hyperbola, 283 n. a; 
treatises written by Aris- 
taeus and Euclid, 487 and 
n. a, ii. 255 ul. a, ii, 281 n. 
a; ‘locus with respect to 
three or four lines,” 487- 
489; Euclid on genera- 
tion of ellipse, 491; focus- 
directrix property assumed 
by Euclid, 495 and n. 
a; terminology of Archi- 
medes, ii. 281 n. a, ii. 283 
n. a; area of parabolic 
segment found by Archi- 
medes mechanically, ii. 
223-227, ii, 233-239, geo- 
metrically, ii. 239-245 ; 
properties assumed by 
Archimedes, ii. 171, ii. 175, 
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ii. 253, iil. 255; relation 
of Apollonius’s treatise to 
previous works, li. 277- 
281; scope of his treatise, 
ii. 281-285 ; definitions, ii. 
285-289 ; construction of 
the sections, li. 289-305 ; 
fundamental! properties, ii. 
305-329 ; meaning of dia- 
meter, ii. 287; ordinates, 
ii, 289; conjugate dia- 
meters, ii. 289; transition 
to new diameter, ii. 329- 
335 ; principle axes, ii. 289 
and n, a, ii. 331 n. a3 con- 
jugate axes, ii. 289; op- 
posite branches of hyper- 
bola, ii. 323-329 (incl. n. a); 
basis of Apollonius’s treat- 
ment the application of 
areas, ii. 309 n.a; “figure” 
of a conic section, ii. 317 n. 
a; latus rectum, ii. 309 
and n. a, ii. $17 and n. a; 
transverse side, ii. 317 and 
n. a; Cartesian equiva- 
lents, 283 n. a, ii. 323 n. 
a; use of conic sections to 
solve cubic equations—by 
Archimedes, ii. 137-159 ; 
by  Dionysodorus and 
Diocles, ii. 163 n.a@; to find 
two mean proportionals, 
279-283; to trisect an 
angle, 357-363 

Conon of Samos, ii. 35 n. 8, 
ii. 229 

Conversion, in geometry, 159 
and n.a 

Cube: one of five regular 
solids, 217, 223, 379, 467- 
475; inscription in sphere 


Definitions : 


by Pappus, ii. 575 n. a; 
duplication of cube — 
task set to Delians and 
Plato’s advice sought, 257 ; 
a poetic version, 257-259 ; 
reduced to finding of two 
mean proportionals, 259 ; 
collection of solutions by 
Eutocinus, 263 n. a3 by 
Pappus, ii. 581 n. 6b 


Cube root: 3 4/100 found by 


Heron, 61-63; Heron’s 
value for ?4/97050, 63n. a3 
approximations by Philon 
of Byzantium, 63 n. a 


Cubic equations : c.e. arising 


out of Archimedes’ De 
Sph. et Cyl., ii. 133 n. d; 
solved by Archimedes 
by use of conics, ii. 
137-159 (esp. 141 n. a); 
also by Dionysodorus and 
Diocles, ii, 163 n. a3 
Archimedes able to find 
real roots of general cubic, 
ii. 163 n. a@; cubic equa- 
tion solved by Diophantus, 
li, 539-541 


Damianus of Larissa, ii. 497 


n. a; his book On the 
Hypotheses in Optics, ii. 
497; an abridgement of 
a larger work based on 
Euclid, ii. 497 n. a 

discussed by 
Plato, 393; by Aristotle, 
423; Euclid’s d., 67-71, 
437-441, 445-453, 4793 
Archimedes’ d., ii. 43-45, 
ii. 165, ii. 183-185; Apol- 
lonius’s d., ii. 285-2893 
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Heron’s d., ii. 467-471 ; Dio- 
phantus’s d., ii. 519-523 
De Fortia D’Urban, Comte, 
his Traité d’Aristarque de 
Samos, ii. 15 n. 6 

Demel, Seth: his Platons 
Verhdltnis zur  Mathe- 
matik, 387 n. a 

Demetrius of Alexandria, 
349 and n. b 

Democritus : life and works, 
229 n. a: reflections on 
the indefinitely small, 229 ; 
enunciated formulae for 
volumes of cone and pyra- 
mid, 229-231, 411 n. a 

De Morgan, 447 n. a 

Descartes, system of co-ordi- 
nates conceived through 
study of Pappus, ii. 601 nia 

Dichotomy of Zeno, 369 and 

b 


n. 
Diels, H.: his Die Frag- 
menté der Vorsokratiker, 
NVIy Oy loss INS, Pals 
Digamma: use as numeral, 43 
Dimension, 85, ii. 411-418, ii. 
515, ii. 601-603 
Dinostratus, 153 and n. d 
Diocles: his date, ii. 8365 n. a; 
his discovery of the cissoid, 
viii, 270-279 ; his solution 
of a cubic equation, ii. 135, 
ii. 163 nea 
Diodorus of Alexandria : his 
Analemma, 301 and n. 6 
Diodorus Siculus: his ac- 
count of the siege of 
Syracuse, ii. 23 and n. a 
Dionysius, a friend of Heron, 
ii. 467 
Dionysodorus: of Caunus ?, 
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ii. 364 n.a; his solution of 
a cubic equation, ii. 135, ii. 
163 n.a; his book On the 
Spire, ii. 481 

Diophantus of Alexandria : 
life, ii, 513, ii. S17 ne Bs 
on the unit, ii. 515; on 
the Egyptian method of 
reckoning, ii. 515; his 
Arithmetica, ii. 517 and 
n. 6; his work (?) entitled 
Porisms, ii. 517 and nie; 
his treatise On Polygonal 
Numbers, ii. 515, ii. 561; 
his contributions to alge- 
bra—notation, ii. 519-525 ; 
pure determinate equa- 
tions, ii. 525; quadratic 
equations, ii. 527-535, esp. 
ji. 5383; simultaneous equa- 
tions leading to a quad- 
ratic, ii. 5387; cubic equa- 
tion, ii. 539-541 ; indeter- 
minate analysis, 139 n. 6; 
indcterminate equations of 
the second degree, ii. 541- 
547; indeterminate equa- 
tions of higher degree, ii. 
549-551; theory of num- 
bers—sums of squares, ii. 
551-559 

Dioptra: ancient theodolite, 
ii. 467; Heron’s book, ii. 
485-489 

Diorismi, 151 and n. h, 395- 
Sots il. 135:n..@ 

Division in Greek mathe- 
matics, 51-61 

Division of Figures: Euclid’s 
book, 157 n.c; a problem 
in Heron’s Metrica, ii. 
483-485 
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Dodecahedron: one of the 
five regular solids, 217, 223 
and n. 6; Hippasus said to 
have been drowned for re- 
vealing it, 223-225; com- 


parison with the _ icosa- 
hedron, ii. 349 
Dositheus of  Pelusium: 


works dedicated to him by 
Archimedes, ii. 41, ii. 229 
Dyad, 75 and n. a, 427 n. 6b 


Earth: circumference calcu- 
lated by Posidonius, ii. 267; 
by Eratosthenes, ii. 267-273 

Ecliptic, 149 n. e 

Ecphantus, ii. 5 n. 6 

Fecke, Paul Ver, 
Eecke 

Egyptian method of reckon- 
ing, 17, 21, ii. 515-517 

Egyptian papyri, calcula- 
tions in, 45-47 

Egyptian se-qget, 165 n. b 

Elements : meaning of term, 
151 n. ¢; Leon’s collec- 
tion, 151; Evuclid’s Ele- 
ments, | air 437-479 ¢ 
Elements of Conics, 487 
ii @, ln: 15), a1 153% 
Pappus’s Collection so de- 
scribed, ii. 607 

Enestriém, G., 63 n. @ 

Enneagon: relation of side 
of enneagon to diameter 
(=sin 20°), ii. 409 n. a 

Epanthema, “bloom,” of 
Thymaridas, 139-141 

Equations: v. Cubic equa- 
tions, Quadratic equations 

Fratosthenes: Life and 
achievements, 156 and n.a, 


». Ver 


ii. 261 and n.a; his work 
On Means included in the 
Treasury of Analysis, ii. 

263 and n. d; discussed 

loci with reference to means, 

ii. 263 n. d, ii. 265 and n.a; 

his Platonicus, 257 and ii. 

265-267 ; his sieve for find- 

ing successive odd num- 

bers, 100-103; letter of 
pseudo - Eratosthenes to 

Ptolemy Euergetes, 257- 

261; his solution of the 

problem of two mean pro- 

portionals, 291-297; his 
solution derided by Nico- 
medes, 297-299; his 
measurement of the cir- 
cumference of the earth, 

ii. 267-273 ; Archimedes’ 

Method dedicated to him, 

ii. 221; Cattle Problem 

said to have been sent 

through him, ii. 203; his 

teachers and pupils, ii. 

261-263; his nicknames, 

ii. 261-263; his other 

works, ii. 263 

Erycinus, Paradoxes of, ii. 

571-573 

Euclid : 

Life: Born in time of 
Ptolemy I, 155 and n. b; 
not to be confused with 
Euclid of Megara, 155 
n. 6; his school at 
Alexandria, 437 m a, 
489, ii. 35 n. Bb; told 
Ptolemy there was no 
royal road in geometry, 
155 (but v. n. 6); con- 
tempt for those who 
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studied mathematics for 
monetary gain, 437 


Works: 
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Porisms : 


Elements: meaning of 


the name, 151 n. c, 
Proclus’s notice, 155- 
157; definitions, pos- 
tulates and common 
notions, AST-445 5 
*“ Pythagoras’s Theo- 
rem,” 179-185; ap- 
plication of areas, 187- 
215; theory of pro- 
portion, 445-451 5 
arithmetical — defini- 
tions, 67-71; theory 
of incommensurables, 
451-459 ; method of 
exhaustion, 459-465 ; 
regular solids, 467- 
479: Proclus’s com- 
mentary on Book i., 
145 n.a3; an-Nairizi’s 
commentary, 185n.6; 
Scholia, 215-217, 379, 
409; T. L. Heath, The 
Thirteen Books of 
Euclid’s Elements: v 
Heath, T. L.: The 
Thirteen Books, etc. 


Data: General charac- 


ter, 479 n. a; defini- 
tions, 479; included 
in Treasury of Analy- 
gis, 479 n. a, ii. 337 ; 
cited, ii, 455 

Proclus’s 
notice, 481; included 
in Treasury of Analy- 
gis, 481 and n. ec, ii. 
337; Pappus’s com- 
prehensive enuncia- 


tion, 481-483; de- 
velopments in theory 
of conics, 487 n. a; 
modern __reconstruc- 
tions, 485 n. @3; a 
lemma by Pappus, ii. 
611-613 


Conics: a compilation 


based on Aristaeus, 
ii. 281 n.a; Pappuson 
Apollonius’s debt, 
487-489 ; ellipse ob- 
tained as section of 
cone or cylinder by a 
plane not parallel to 
the base, 491 andn.b; 
focus-directrix —_ pro- 
perty assumed with- 
out proof, 495 n. a; 
cited by Archimedes, 
i. 225 


Surface Loci: 399 n. a, 


487 n. as included in 
Treasury of <Analy- 
sis, 491 and n. c; 
Pappus’s lemmas, 363 
n. a, 493-503 


Optics: Euclid’s text 


and Theon’s  recen- 
sion, 508 and n. 6, 157 
and n. cs; proof that 
tan a: tan B<a:f, 
503-505 


On Divisions of Figures: 


Proclus’s notice, 157 ; 
Woepcke’s discovery 
of Arabic text, 157 
nc; R. C. Atehe 
bald’s restoration, 157 

n. c3 a medieval 
Latin translation (by 
Gherard of Cremona?), 
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157 n. ¢$ similarity 
of Book iii. of Heron’s 
Metrics, ii, 485 nw a; 
division of a circle into 
three equal parts, ii. 
485 n. a 

Pseudaria: attributed to 
Kuclid by  Proclus, 
161 and na 

Catoptrics: attributed 
to Euclid by Proctus, 
157; but not other- 
wise known, and pos- 
sibly written by Theon 
of Alexandria, 157 n.c 

Phenomena: — astrono- 
mical treatise, 491 n.a 

Sectio Canonis, musical 
treatise doubtfully at- 
tributed to Euclid, 
157 noc 

Introductio lfarmonica, 
musical treatise by 


Cleonides, wrongly 
attributed to Euclid, 
15 tes 


Elements of Music: at- 
tributed to Euclid by 
Proclus, 157 

Euclidean geometry, viii; 

its nature defined in the 

postulates—-space an_ in- 
finite, homogeneous con- 

tinuum, 443 and nn. a, 6, 

the parallel-postulate, 443 

and n.¢3; Proclus’s objec- 

tion to the postulate, ii. 

367-371 ; attempts to 

prove the postulate—Posi- 

donius and Geminus, ii. 

371-373, Ptolemy, ii. 373- 

383, Proclus, ii. 383-385 ; 


Fiuclid’s genius in making 
it a postulate, 443 n. ¢, ii. 
367 n. a; non-Euclidean 
geometry, 443 n. c 


EKudemus: pupil of Aris- 


totle, 145 n. a, ii. 281; his 
History of Geometry, 145 
n. @; his account of 
Hippocrates’ quadrature of 
lunes, 235-253 ; on sum of 
angles of a triangle, 177- 
179; attributed Eucl. xii. 
2 to Hippocrates, 239, 459 
na 


Fudemus, correspondent of 


Apollonius: Conics de- 
dicated to him, ii. 281 


Fudoxus of Cnidos: Pro- 


clus’s notice, 151-153 ; dis- 
covered three subcontrary 
means, 153; increased 
theorems about “ the sec- 
tion,” 153; established 
theory of proportion, 409 ; 
credited with discovery of 
three subcontrary means, 
121 n. a3 gave proofs of 
volume of pyramid and 
cone, 409-411; must have 
used “* Axiom of Archi- 
medes,”’ 411 n. a, ii, 2313 
established method of ex- 
hausting an area by poly- 
gons, 411 n. a; his theory 
of concentric spheres to 
account for planetary 
motions, 411-415; Me- 
naechmus his pupil, 153; 
his work continued by 
Hermotimus of Colophon, 
153 ; otherwise mentioned, 
319 n.e¢ 
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Eugenius Siculus, Admiral, 
translated Ptolemy’s Optics 
into Latin, ii. 4ll n. a 

Euripides, 259 n. a 

Eutocius: On Archimedes’ 
Sphere and Cylinder, 263 
nn. a and 6, 277 n. a, 
990-n. as 11, 159! sia, 11. 
168: ne @ans “62Zton.. a; 
On A.’s Measurement of 
a Circle, 323 n. a 

Exhaustion, method of: 
originated by Antiphon, 
315 n. a; or possibly by 
Hippocrates, 411 n. a; 
established by Fudoxus, 
315n.a,411n.a@;3 used to 
prove that circles are to 
one another as the squares 
on their diameters, 239 
n. 6, 459-465; used for 
approximating to area of 
circle, 313-315 


Fermat: reconstruction of 
Apollonius’s On Plane 
Loci, ii. 345 n.¢; his notes 
on Diophantus, ii. 551 n. a; 
sums of squares, ii. 559 
n. 6 

Fractions in Greek mathc- 
matics, 45 

Geéponicus, Liber, ii. 467 
n. a, ii. 505 n. 6b 

Geminus: lifc and works, ii. 
371 n. cs; on the classi- 
fication of curves, ii. S61- 
363, ii. 365 nn. a and 6b; 
his attempt to prove the 
parallel-postulate, ii, 371 
nc 
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Geometric mean: v. Means 

Geometry: origins of, 145 
(incl. n. 6)-146; Proclus’s 
summary, 145-161; Plato 
on its nature, 9-11; in- 
cluded in theoretical part 
of mechanics by Heron, ii. 
615; for detailed subjects 
v. Table of Contents 

Gnomon: in sundials, 87 
nN. @, ii. 269-271 ; gnomons 
of dotsin figured numbers, 
87 n. a, 93 n. a, 95 and 
n. 6, 99 and n. a; gnomon 
of a parallelogram, 193 
and n. 6,197 n.a 

Gow, J., A Short History of 
Greck Mathematics, 43 n. b 

Guldin, Paul, ii. 605 n. a 

Guldin’s Theorem, ii. 
(incl. n. a) 
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Halley, E., 485 n. 8, ii. 337 
n. a, il, 339 n. b 
Harmonic mean: v. Means 
Heath, T. L. (later Sir 
Thomas) : 
A History of Greek Mathe- 
matics, x, xvi, 5n. b, 23 
n. @, 27 n. c, 35 
a and 6, 43 n. 6, 93 n. a, 
107 n. a, 117 n. a, 189 
n. 6, 145 nn. a and 8, 
153 n. a, 155 n. 6, 157 
n. a, 165 nn. a and 8, 
169 n. a, 237 n. 6, 247 
n. @ 271 n. a, 311 nd, 
315 ‘h. @, 337 n.4@).857 
n. a, 457 n. a, 485 n. @, 
ii. 163 n. @, ii. 258 n.4, 
li. 273 n. ¢, ii. 341 mee, 
ii. 343 n. 0, ii, 347 n. @ 
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li. 351 n. a, ii. 357 n. a, 
ii. 371 n.c, ii. 407 n. a, 
ii. 467 n. a, ii. 489 n. a, 
li. 525 n. 6, ii. 587 n. ¢, 
il. 589 n. a, ii. 605 n. b 

A Manual of Greek Mathe- 
matics, 181 n.a 

The Thirteen Books of 
Euclia’s Elements, 67 


Helicon of Cyzicus, 263 n. 6 
Hendecagon, ii. 409 n. a 
Heraclides of Pontus, ii. 5 n. 6 
Hermodorus, correspondent 
of Pappus, li. 597 
Hermotimus of Colophon, 
153 and n. e 
Herodotus, on the abacus, 35 
Heron of Alexandria : 


n. a, 71 n. 6, 85 n. a, 155 
n. 6, 159 n. 6, 167 n. 6, 
181 n. a, 195 n. a, 211 
n. a, 215 n. a, 437 nn. a 
and c, 441 n. a, 447 n. a, 
457 n. a, il. 367 n. a 
Aristarchus of Samos, 411 
n, 6, 415 n.-¢,. ii. 3 


n.a 

The Works of Archimedes, 
17 n. c, 61 n. b, 323 n. a, 
351 n. 5b, 493 n. 3B, ii. 25 
n. a, il. 117 n. 4, ii. 163 
n. a, il, 181 nw a, ii. 
205 n. b 

The Method, ii. 19 n. @ 

Apollonius of Perga, ii. 
281 na 

Diophantus of Alexandria, 
139 n.. 5, ii. 51S ne a, 
li. 517 n. c, li. 519 n. a, 
li. 523 n. a, ii. 537 n. b 

Greek Astronomy, 157n.a, 
411 n.b 


Heiben, J. L., 333 n. a 


Heiberg, J. L., 19 n. c, 297 
n. a, 31l n. b,. 487 n. 4, 
503 n. 8b, ii. 81 n. a, ii. 85 
n. @, li. 89 n. a, ii. 159 n. a, 
li. 173 n. a, ii. 221 n. 8, ii. 
243 n. a, il. 285 n. a, il. 
353 n. ¢, ii. 357 n. a, ii. 466 
n.@ 


Life: his date a disputed 
question, 11. 467 n. @3 
described as ‘* the father 
of the turbine,” ii. 467 


n. a 
Works, ii. 467 n. a: 

Definitions: based on 
Euclid, ii. 467; de- 
finition of a point, ii. 
469; of a spire, ii. 
469 ; his terminology 
different from  Pro- 
clus’s, 11. 471 n. a 

Metrica: discovery by 
R. Schine and edited 
by his son H. Schéne, 
ii. 467 n. a; has pre- 
served its original 
form more closely 
than Heron’s other 
geometrical works, ii. 
467 n. a3; formula 
/ 3(s — a)(s - b)(s - ¢) 
for area of a triangle, 
li, 471-477, i. 603 
n. @3 formula for 
approximation to a 
square root, il. 471- 
472 (incl n. a); 
volume of a spire, ii. 
477-483 ; division of 
a circle into three 
equal parts, ii. 483- 
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4853 similarity be- 
tween Book iii. and 
Kuclid’s book On 
Divisions of Figures, 
ii. 485 n. a3 extrac- 
tion of a * 4/100, 60- 
63; Archimedes’ ap- 
proximation to 7, 333 
Dioptra: the dioptra, an 
instrument like a theo- 
dolite, ii. 467 n. a; 
measurement of an 
irregular area, ii. 485- 
489 ; problem of mov- 
ing a given force by 
a given weight using 
an arrangement of 
toothed wheels, ii, 
489 - 497; similar 
solutions found in the 
Mechanics and in 
Pappus, ii. 489 n. a; 
proof of formula for 
area of a triangle, ii. 
477 no a 
Mechanics: has sur- 
vived in Arabie, ii. 
488 n. a, and in a 
few fragments of the 
Greek, ii. 467 n. a; 
probleins discussed, ii. 
489 n. a 
Geometrica: quadratic 
equations, ii. 503- 
5053; indeterminate 
analysis, ii. 505-509 
Pueumatica, Automata, 
etc., li. 467 n. a, ii. 617 
Otherwise mentioned : his 
addition to ‘* Pytha- 
goras’s Theorem,” 181 
n. a and 185 n. 6; his 
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solution of the problem 
of two mean _ propor- 
tionals, 267-271; pos- 
sible censure by Pappus, 
ili, 603 and n. as on 
branches of mechanics, 
ii, 615 


Hexagon, its use by bees, ii. 


589-593 


Hipparchus : life and 


achievements, ii. 407 n. a; 
founded the science of tri- 
gonometry, ii. 407 n. a; 
drew up a table of sines, 
li. 407 and n. a3 dis- 
covered precession of the 
equinoxes, ii. 407 n. a3 
his Commentary on the 
Phenomena of Eudoxus 
and Aratus, ii, 407 n. a, ii. 
415 na 


Hippasus, a Pythagorean: 


credited with discovery of 
means, 153 n. a3 said to 
have been drowned at sea 
for revealing secret of in- 
scribing a dodecahedron in 
a sphere, 223-225 (incl. n. = 


Hippias of Elis; life an 


achievements, 149 n. a; 
his praise of Ameristus, 
149 ; discovered the quad- 
ratrix, 149 n. a, 337 na 


Hippocrates of Chios: life - 


and achievements, 235; 
his quadrature of lunes, 
235-253; the views of 
Aristotle and the com- 
mentators on his quadra- . 
tures, 311 and n. 03 first 
reduced the problem of 
doubling the cube to the 
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problem of finding two 
mean proportionals, 253, 
259; possibly able to 
solve a quadratic equa- 
tion, 245 n. a; discovered 
that circles are to one 
another as the squares on 
their diameters, 239 and 
nh. b, 459 n. a@ 

Hippopede (“‘ horse-fetter ”’), 
name given by Eudoxus to 
a curve, 415 

Homer, 31 n. a 

Horsley, S., ii. 347 n. a 

Hultsch, F.: his edition of 
Pappus’s Collection, ii. 
565 n. a, ii. 581 n. c, ii. 605 
n. 6, ii. 611 n. ¢ 

Hypatia: daughter of Theon 
of Alexandria, 48 n. a; 
helped him in revision of 
commentary on Ptolemy, 
48 n.a; her commentary 
on Apollonius’s Conics, ii. 
285 n.a; her commentary 
on Diophantus’s <Arith- 
metica, ii. 517 n. Bb 

Hypotenuse: square on, 179- 
185; parallelogram on, 
ii. 575-579 

Hypsicles: date, ii. 397 n.a; 
his division of the circle 
into 360 degrees, ii. 395- 
397; his continuation of 
Euclid’s Elements, ii. 349 
nn. a and c, ii. 397 n. a; 
his definition of a poly- 
gonal number, ii. 397 n. a, 
li, 515 and n. 6 


Iamblichus: on squaring of 
the circle, 335; on the 


“bloom ” of Thymaridas, 
139 n. 6; on a property of 
the pythmen, 109 n. a 

Icosahedron, 221 and n. @ 
ii. 349 

Incommensurable : 
tional 

Indeterminate analysis: Py- 
thagorean and Platonic 
formulae for right-angled 
triangles, 90-95 ; side- and 
diameter - numbers, 133- 
139; Archimedes’ Cattle 
Problem, ii. 202-2053 
Heron’s problems, ii. 505- 
509; Diophantus’s prob- 
lems, ii. 541-551 

Indian mathematics, 181 n.@ 

Involution, ii. 341 n. a, ii 
Glin.a 

Irrational: Pythagoreans and 
the irrational, 149 n. 6, 
215-217, 225 n. a; “* irra- 
tional diameters,”’ 133-137 
(esp. n. a), 399 n. ¢; proof 
by Theodorus and Theae- 
tetus of irrationality of 1/3, 
/5... 4/17, 381-383 ; 
Plato on irrational num- 
bers, 401-403; Aristotle’s 
proof of irrationality of4/2, 
111; Euclid’s theory, 451- 
459; Apollonius’s theory 
of unordered irrationals, 
ii. 351 

Isocrates: on mathematics 
in Greek education, 27-29 

[soperimetric figures, ii. 387- 
395, ii. 589-593 


». Irra- 


Karpinski, L. C., 75 n. @ 
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Keil, 43 n. b 

Kepler, his investigation of 
semi-regular solids, _ ii. 
197n.6; on planets, 411 n.d 

Koppa, used as numeral, 43 

Kubitschek, 35 n. 6 


Laird, A. G., on Plato’s 
nuptial number, 399 n. 6 
Larfeld, W., on Greek alpha- 
bet, 42 n. 6 

Lemmas: Pappus’s collec- 
tion, ii. 607 (incl. n. 5) -613, 
il, 565 n. a, 493-503; 
lemmas to  Menelaus’s 
Theorem, ii. 447-459 

Leodamas of Thasos: Pro- 
clus’s notice, 151; Plato 
said to have communi- 
cated method of analysis 
to him, 151 n. e 

Leon: made collection of 
Elements, and discovered 
diorismi, 151 and n.h 

Line: defined, 437 ; straight 
line, 439 and n. a; different 
species of curved lines ii. 
361-363 

** Linear ” 
lems, 349 

** Linear *’ numbers, 87 n. a 

Loci: line loci, surface loci, 
and solid loci, 491 - 493 
(incl. n. a); Surface Loci of 
Euclid, 349 and n. a, 487 
n. a, ii. 601; Solid Loci 
of Aristaeus, 487, ii. 601 

Locus with respect to three 
or four lines, 487-489; 
with respect to five or six 
lines, ii. 601-603 

Logistic, 7, 17-19 
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loci and_ prob- 


Loria, G.: his Le scienze 
esatte nell’ antica Grecia, 
47 n. a, 109 n. a, 139 n. 6, 
271 na 

Lucian, 91 n.a@ 


Mamercus, 147 n. 6 

Marinus, his commentary on 
Euclid’s Data, ii. 349, ii. 
565n a 

Mathematics, meaning of the 
term, 3, 40I n.a 

Means: three Pythagorean 
means — arithmetic, geo- 
metric, subcontrary, 111- 
115 ; subcontrary renamed 
harmonic, 113; three sub- 
contrary means added, 
119-121 (incl. n. a); five 
further means discovered, 
121-125; Pappus’s equa- 
tions between means, 125- 
129; Plato on means be- 
tween two squares or two 
cubes, 129-131; duplica- 
tion of cube reduced to 
problem of two mean pro- 
portionals, 259 and n. 6; 
solutions, 261-309; Era- 
tosthenes’ work On Mens, 
ii. 263; loci with reference 
to means, ii. 265 and n. a; 
representation of means by 
lines in a circle, ii. 569-571 
(incl. n. a) 

Mechanics: Pappus- on 
branches of mechanics, ii. 
615-621; principle of lever, 
431-433, ii. 209-217; paral- 
lelogram of velocities, 433 ; 
centres of gravity, ii. 207- 
291; five mechanical 
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powers, ii. 489 n.a; Archi- 
medes’ mechanical inven- 
tions, ii. 19-31 ; movement 
of larger weight by smaller 
by use of engaging wheels, 
ii. 489-497 ; Plato’s dislike 
of mechanical] solutions, 
263n.6; Archimedes’ pre- 
ference for theoretical 
mathematics, ji, 31, ii. 
619; pseudo-Aristotelian 
Mechanics, 431-433;  Ar- 
chimedes’ On Plane Equi- 
libriums, ii. 207 - 221; 
his mechanical method in 
mensuration, ii. 221-229, 
ii. 233-239; Heron’s Me- 
chanics, ii. 467 n. a, ii. 489 
(inel. n. a) -497 

Menaechmus: solution of 
problem of two mean pro- 
portionals, 261, 279-283 ; 
discovered the conic sec- 
tions, 283 n. a, 297 and n. 
b, ii. 281 n.4a 

Menelaus of Alexandria: 
made an observation under 
Trajan, ii. 407 n. a3 dis- 
covered a curve called 
** paradoxical,” 348 - 349 
(incl. n. c); his Sphaerica, 
ii. 407 n. a, ii. 463 n. a; 
drew up a table of sines, ii. 
407; ‘°* Menelaus’s Theo- 
rem,” ii. 459-463 

Mensuration: area of tri- 
angle given the sides, ii. 
471-477 ; volume of spire, 
ii. 477-483 ; measurement 
of irregular area, ii. 485- 
489; area of parabolic seg- 
ment, ii. 223-229, ii. 243 


Meton, 309 and n.a 

Metrodorus, li. 513 n.@ 

Minus, Diophantus’s — sign 
for, ii. 525 

Moeris, 175 

Multiplication in Greek 
mathematics, 48; Apol- 
lonius’s continued multi- 
plications, ii. 353-357 

Music: theoretical music 
(canonic) included by 
Greeks in mathematics, x, 
3n. 6,19 n. 6; full discus- 
sion excluded, x; included 
in Pythagorean quadri- 
vium, 5; in Plato’s curri- 
culum for the Guardians, 
17; popular music, 3, 19 

Musical interval, 3 n. 6, 113 
Yeo Fae Be 5 

Myriad; notation, 44-45 ; 
orders and _ periods’ of 
myriads in Archimedes’ 
notation, ii. 199-201 


Nag], A., 35 n. 6 

an-Nairizi, Arabic commen- 
tator on Euclid’s Hle- 
ments, 185 n. 6, ii. 467 n. @ 

Neoclides, 151 and n. h 

Nesselmann, G. F., his Die 
Algebra der Griechen, 139 
1.6, 1. 513 nid, Stine} 

Newton, Sir Isaac, ii. 343 n. 6 

Nicolas Rhabdas: v. Rhab- 
das 

Nicomachus of Gerasa, 67 n. 
6b, 69 nn. a and c, 75 n. a, 
79 n. a, 81 n. a, 87 n. a, 95 
n. 6, 101 n. a, 103 n. a, 105 
n. a, 107 n. a, 121 n. a, 
123 n.¢ 
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Nicomedes: date, 297 n.c; 
his conchoid and its use for 
finding two mean propor- 
tionals, 297-309 

Nix, L., ii. 285 n. a 

Number: defined by Euclid, 
67; by Nicomachus, 73; 
fundamental concepts, 67- 
71; Plato on nature of 
number, 7; his nuptial 
number, 399; on genera- 
tion of numbers, 401-405 ; 
odd and even numbers, 
67-69, 101, 391; prime 
numbers, 69, 87 n. a, 101- 
103; classification of num- 
bers, 71, 73-75; perfect 
numbers, 71, 75-87; figured 
numbers, 87-99; some 
properties of numbers, 101- 
109 ; Diophantus on sums 
of squares, ii. 551-559; on 
polygonal numbers, ii. 515, 
ii. 561 

Numerals, Greek, 41-45 


“Oblong ” numbers, 95 (incl. 
n. 6 


Octads, in Archimedes’ sys- 
tem of enumeration, ii. 
199-201 

Octahedron, one of the five 
regular solids, 217, 221 
and n.d 

Odd and even numbers: v. 
Number 

Oenopides of Chios, 149 and 


n. ¢ 

Olympiodorus, proof of 
equality of angles of inci- 
dence and reflection, ii. 
503 n. a 
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Optics: Euclid’s treatise, 
157 n. c, 503 nw 6; his 
theorem about apparent 
sizes of equal magnitudes, 
503-505 ; Ptolemy’s treat- 
ise, li. 411 and n. a, ii. 503 
n. a; Heron’s treatise, ii. 
503 n. a3 his proof of 
equality of angles of in- 
cidence and __ reflection, 
ii. 497-503; Damianus’s 
treatise, ii. 497 n. a 

Pamphila, 167-169 (incl. 
n. a) 

Pappus of Alexandria : 
Life: Suidas’s notice, ii. 

565-567 3 date, ii. 565 

and n. @ 

Works: 

Synagoge or Collection, 
145 n. a, ii. 565 nn. 
a; contents—<A pollo- 
nius’s continued nuulti- 
plications, ii. 353-357; 
problems and_ theo- 


rems, ii. 567-5693 
theory of means, 
li. 569-571;  equa- 


tions between means, 
125-129; paradoxes 
of Erycinus, ii. 571- 
573; regular solids, 
ii. 573-575 ; extension 
of Pythagoras’s theo- 
rem, ii. 575-5793 
circles inscribed in the 
apBnros, ii. 579-5813 
dnplication of the 
cube, 299-309 ; square 
ing of the circle, 337- 
347; spiral on a 
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sphere, ii. 581-587; 
trisection of an angle, 
347-363 ; isoperimet- 
ric figures, ii. 589-593; 
apparent form of a 
eircle, ii, 593-597; 
* Treasury of Analy- 
sis,” ii. 597, ii. 599- 
601, 479 n. a, 481 n. 2, 
491 n.c, il. 268, li. 337; 
on the works of Apol- 
lonius, ii. 8337-3417, 
487-489 ; locus with 
respect to five or six 
lines, ii. 601-603 ; an- 
ticipation of Guldin’s 
theorem, ii. 605-607 ; 
lemmas to the Deter- 
minate Section of Apol- 
lonius, ii. 607-611 ; to 
the Porisms of Euclid, 
ii. 611-613; to the 
Surface Loci of Eu- 
clid, 493-503; me- 
chanics, ii. 615-621 
Commentary on Pto- 
lemy’s Syntaxis, 48, 
ii. 409 n. 8, ii. 565-567, 
ii. 617 n.d 
Commentary on Euclid’s 
Elements, ii. 565 n. a, 
457 no a 
Commentary on Ana- 
lemma of Diodorus, 
301, li. 565 n.a@ 
Other works, ii. 
(incl. n. a), 567 
Paradoxes of Erycinus, ii. 
571-573 
Parallelogram of velocities, 
433 
Parmenides, 367 n. a 


565 


Pebbles, used for calculating, 
35 


Pentagon, regular, 223 n.6 

Pentagram, Pythagorean 
figure, 225 and n. b 

** Perfect’? numbers, 71, 75-87 

Perseus: life, ii. 365 n. a; 
discovered spiric curves, ii. 
363-565 

Phenomena of Hudoxus and 
Aratus, ii. 407 n. a; for 
Fuclid’s Phenomena, v. 
Kuclid : Works 

Philippus of Opus (or Med- 
ma), 155 and n.a 

Philolaus, ii. 3n.a@ 

Philon of Byzantium : solu- 
tion of problem of two 
mean proportionals, 263 
n. a, 267 n. b; cube root, 
63 n. @ 

Philoponus, Joannes, on 
Suis of lunes, 311 
n. 

Planisphaerium: v. Ptolemy 

Plato: his inscription over 
the doors of the Academy, 
387 and n. 6b; his belief 
that ‘* God is for ever play- 
ing the geometer,’’ 387 ; 
his dislike of mechanical 
constructions, 263 n. b, 
389; his identification of 
the Good with the One, 
389; his philosophy of 
mathematics, 391-393 ; the 
problem in the Jeno, 395- 
397 ; the Nuptial Number 
in the Republic, 399; on 
the generation of numbers, 
401-405; his reported 
solution of the problem of 
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two mean _ proportionals, 
263-267; his application of 
analysis to theorems about 
“the section,’ 158 and n.a; 
his knowledge of side- and 
diameter-numbers, 137 n. 
a, 399 n. ¢; his formula 
for the sides of right-angled 
triangles, 93-95, his defini- 
tion of a point, ii. 469 n.a; 
his use of the term mathe- 
matics, 3 n. c, 401 n. a; 
his curriculum for the 
Guardians in the Republic, 
7-17; Proclus’s notice, 
151; taught by Theo- 
dorus, 151 n. 6; his pupils 
—Eudoxus, 151, Amyclas 
of Heraclea, 153, Men- 
aechmus, 153, Philippus, 
155; Euclid said to have 
been a Platonist, 157 and 
n. 6; modern works on 
Plato’s mathematics, 387 n. 
a, 397 n. a, 399 n. a, 405 n. 6b 

“Platonic” figures: v. Re- 
gular Solids 

‘“ Playfair’s Axiom,” ii. 371 
nec 

Plutarch: on parallel sec- 
tion of a cone, 229 and 
n. a@; on Plato’s mathe- 
matics, 263 n. 6, 387-389 

Point, 437, il. 469 and n. a 

Polygonal numbers, 95-99, 
ii. 396 n. a, ii. 515, ii. 561 

Pontus, paradoxical eclipses 
near, li. 401 

Porism, 479-481 

Porisms: v. Kuclid: Works, 
and Diophantus of Alex- 
andria 


644 


Posidonius: life and works, 
ii. 871 n. b; on the size of 
the earth, his definition of 
parallels, ii. 371-373 

Postulates: v. Axioms and 
postulates . 

Prime numbers: v. Number 


Problems: plane, _ solid, 
linear, 349; distinction 
between problems and 


theorems, li. 567 
Proclus: life, 145 n. a3 his 
Commentary on Euclid i., 
145 n.a3 summary of his- 
tory of geometry, 145-161; 
his Commentary on Plato's 
Republic, 399 n. a; his 
criticism of the parallel- 
postulate, ii. 367-371 ; his 
attempt to prove the paral- 
lel-postulate, ii, 383-385 
Proof: Aristotle on rigour of 
geometrical] proof, ii. 369 ; 
Archimedes on mechani- 
cal and geometrical proofs, 
ii, 221-223, ii. 229 
Proportion : Pythagorean 
theory of proportion and 
means, 111-125, 149; Eu- 
doxus’s new treatment ap- 
plicable to all magnitudes, 
409 and 447 n. a; Euclid’s 
treatment, 445-4513; 9. 
also Means 
Psammites: v. Archimedes : 
Works: Sand-reckoner 
Psellus, Michael, 3 n. a, ii, 
515 and n. ¢ ii. 517 n. a 
Pseudaria: v. Euclid: Works 
Pseudo-Eratosthenes, letter 
to Ptolemy Euergetes, 257- 
261 
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Ptolemies: Euergetes I, 257 
and n. a, ii. 261 and n.c; 
Philopator, 257 n. a, 297; 
Epiphanes, ii. 261 and n. d 
Ptolemy, Claudius: life and 
works, ii. 409 and n. 6; his 
work On Balancings, ii. 
411; his Optics, ii. 411 
and n. a, ii. 503 n. a; 
his book On Dimension, 
ii, 411-413; his Syntazis 
(Great Collection, Alma- 
. gest), ii. 409 and n. 6; 
commentaries by Pappus 
and Theon, 48 and n. a, ii. 
409 n. 6, ii. 565-567, ii. 621 
n.a; his construction of a 
table of sines, ii. 413-445; 
his Planisphaerium, ii. 565 
hn. a; his Analemma, 301 
n. 6, ii. 409 n. 6; his value 
for 1/3, 61 n.b; on the par- 
allel-postulate, ii. 373-383 
Pyramid: v. Tetrahedron 
Pythagoras: life, 149 n. 
b, 173; called geometry 
inquiry, 21; transformed 
study of mathematics into 
liberal education, 149; dis- 
covered theory of pro- 
portionals (possibly irra- 
tionals), 149; discovered 
musical intervals, 175; 
sacrificed an ox on making 
a discovery, 169 n. a, 175, 
177, 185; ‘°° Pythagoras’s 
Theorem,” 179-185; ex- 
tension by Pappus, ii. 575- 
579 
Pythagoreans : 
General: use of name 
mathematics, 3; esoteric 


members called mathe- 
maticians, 3 n. ds Ar- 
chytas a Pythagorean, 
5; Pythagorean quadri- 
vium, 5andn. 6,7 n.a3 
stereometrical investiga- 
tions, 7 n. a; declared 
harmony and astronomy 
to be sister sciences, 17 
and n. 6; how geo- 
metry was divulged, 21; 
views on monad and 
undetermined dyad, 173; 
their motto, 175-177 
Pythagorean arithmetic: 
first principles, 67-71; 
classification of num- 
bers, 73-75; perfect 
numbers, 75-83 ; figured 
numbers, 87-99; some 
properties of numbers, 
101-109 ; irrationality of 
/ 2, 111 n. @s3 ancient 
Pythagoreans recog- 
nized three means, 111- 
115; later Pythagorean 
list of means, 115-125; 
Archytas’s proof that 
a superparticular ratio 
cannot be divided into 
equal parts, 131-133; 
developed theory of side- 
and diameter-numbers, 
137-139 ; the ** bloom ”’ 
of Thymaridas, 139-141 
Pythagorean geometry: 
definition of point, ii. 
469 ; sum of angles of a 
triangle, 177-179 ; ‘‘ Py- 
thagoras’s Theorem,” 
179-185 ; application of 
areas, 187-215; the irra- 
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tional, 215-217; the five 
regular solids, 217, 219 
n. a, 223-224; Archy- 
tas’s solution of the 
problem of two mean 
proportionals, 285-289 ; 
squaring of the circle, 
335 

Otherwise mentioned : 245 
n. a, 403 nn. ¢ and d 


Quadratic equations: v. Al- 
gebra: Quadratic equa- 
tions 

Quadratrix: discovered by 
Hippias, 149 n. a, 337 n. 
a; used to square the 
circle, 337-347 

Quadrivium, i puaporean. 5 
and n. b, 7 

Quinary oa of numerals, 
3ln.a@ 


Reduction of a problem: 
Proclus’s definition, 253; 
Hippocrates’ reduction of 
problem of doubling the 
cube, 253 and n.a@ 

Reflection, equality of angles 
of incidence and reflection, 
ii. 497-503 

lor solids (““ Platonic ” 

‘cosmic’ figures): de- 
finition and origin, 217 
n. a; Pythagorean treat- 
ment, 217-225 ; Speusip- 
pus’s treatment, 77; work 
of Theaetetus, 379 and n. 
a; Plato’s use in Timaeus, 
219-223 ; Euclid’s  treat- 
ment, 157 and n. 6, 467- 
479 3 Pappus’s treatment, 


6-46 


ii. 573-575 (esp. n. a); Eva 
Sachs’ work, 217 n. a, 
379 noo 

Rhabdas, Nicolas Artavas- 
das, 31 n. 5; his finger- 
notation, 31-35 

Right - angled triangle : 
square on hypotenuse 
equal to sum of squares on 
other two sides, 179-185 ; 
extension by Pappus, ii. 
575-579 

Roberts, Colin, 45 n.a@ : 

Robertson, D. S., ii. 479 n. a 

Rome, A., ii. 565 n. a 

Ross, W. D., 95n. 0, 367 n. a, 
371 n.b 

Rudio, F., 237 n. 6 


Saccheri, Euclides ab omni 
naevo vindicatus, 443 n. ¢ 

Sachs, Eva, Die fiinf Plato- 
nischen Kérper, 217 n. a, 
3879 n. c: De Theaeteto 
Atheniensi, 379 n. a 

Salaminian table, 35 n. 6, 
37 Nn. a. 

Sampi: use as numeral, 43 

Schiaparelli, G., 411 n. 8, 
415n.¢ 

Schine, H.: discovered 
Heron’s Metrica, ii. 467 n.a 

Schine, R.: edited Heron’s 
Metrica, ii. 467 n. a 

Scopinas of Syracuse, ii. 8 
na 

Sectio canonis: v. Euclid: 
Works 

Semi-circle: angle in semi- 
circle a right angle, 167- 
169 


Serenus; commentary on 
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Apollonius’s Conics, ii. 285 
n. a 

Sexagesimal system of 
numerals, 48-49 

**Side-”’ and ‘‘ diameter- 
numbers,’ 133-139, esp. 
137 n. a, 399 n.c 

M., Euclid und 
die sechs planimetrischen 
Biicher, 447 n. a 

Simplicius : on Hippocrates’ 
quadratures, 235-253, 310 
n. 6, 313 n. a; on Pto- 
lemy, ii. 409 n. 6; on ob- 
long and square numbers, 
95 n. 6; on planets, 411 
and n. 6 

Simson, R., ii. $45 n.c 

Sines, Table of: v. Chords, 
Table of 

* Solid ” loci and problems, 
349, 487, li. 601 

** Solid ’? numbers: v. Num- 
ber: Figured numbers 

Solids, five regular solids: v. 
Regular solids 

Solon, 37 

Sophocles, ix, 259 n.a 

Speusippus, 75-77, 81 n.a@ 

Sphaeric (geometry of 
sphere), 5 and n. 6, 407 n.@ 

Sphaerica: work by Theo- 
dosius, ii. 407 n. a3 by 
Menelaus, ii. 407 n. a, ii. 
462 n.a 

Spiral: of Archimedes, ii. 
183-195, on a sphere, ii. 
581-587 

Spiric sections: v. Tore 

Sporus, on the quadratrix, 
339-341 


Square numbers:  divisi- 


bility of squares, 103-105 ; 
sums of squares, ii. 551-559 

Square root, extraction of, 
53-61 

Squaring of the circle: ». 
Circle 

Stadium of Zeno, 371-375 

Star-pentagon: vv. Penta- 
gram 

Stenzel, Julius: his Zahl 
und Gestalt bei Platon und 
Aristoteles, 405 n. b 

Stigma: use as numeral, 43 

Subcontrary mean, 113-117, 
117-119, 123 

Subcontrary section of cone, 
ii. SOL na 

Surface Loci: v. Euclid: 
Works 

Synthesis, Pappus’s discus- 
sion, ii. 597-599 


Table of Chords: v. Chords, 
Table of 

Tannery, P., 77 n. 6, 237 n. 
6, 261 n. 6, 335 n. d, 493 
n. 0, ii. 513 n. a, ii. 517 nn. 
a and ¢, ii. 523 n. 0, ii. 537 


n.b 

Taylor, A. E., 23 n. 6, 27 n. 
b, 115 n. 6, 223 n. c, 405 
n. 6, 427 n. b 

Tetrads, in Apollonius’s sys- 
tem of enunieration, il. 355 


n.a 

Tetrahedron (pyramid), 83, 
Olin. a, 22 ne; 3i9 

Thales: life, 147 n. a; Pro- 
clus’s notice, 147;  dis- 
covered that circle is bi- 
sected by its diameter, 165 
and n.a; that the angles 


647 


INDEX 


at the base of an isosceles 
triangle are equal, 165; 
that the vertical and oppo- 
site angles are equal, 167 ; 
that the angle in a semi- 
circle is a right angle, 167- 
169; his method of find- 
ing distance of ships at sea, 
167 and n.b 

Theaetetus: life, 379 and n. 
a; Proelus’s notice, 151; 
Suidas’s notice, 379; his 
work on the regular solids, 
379 and n.c¢; on the irra- 
tional, 381-383 

Themistius: on quadrature 
of lunes, 310 n. 6; on ob- 
long and square numbers, 
95n.b 

Theodorus of Cyrene: life, 
151 n. 6, 381 n. 6; Pro- 
clus’s notice, 151; his 
proof of incommensura- 
bility of +/3,4/5...4/17, 
381 and nc 

Theodosius : 
ii. 407 n. a 

Theodosius I, Emperor, ii. 
565 and na 

Theon of Alexandria: flour- 
ished under Theodosius I, 
48 n. a, 11. 565; father of 
Hypatia, 48; to be dis- 
tinguished from Theon of 
Smyrna, ii. 401 n. a; his 
commentary on Ptolemy’s 
Syntaxis, 48, ii. 409 n. 6, 
li. 565-567, ii. 621 n. a 

Theon of Smyrna: referred 
to as **Theon the mathe- 
matician ” by Ptolemy, ii. 
401; made observations 
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his Sphaerica, 


under Hadrian, ii. 401 and 
n. a; referred to as “‘ the 
old Theon ” by Theon of 
Alexandria, ii. 401 n. a 
Theophrastus, 217 n. ¢ 
Theorems, distinction from 
problems, ii. 567 
Theudius of Magnesia, 153 
Thymaridas: an early Py- 
thagorean, 139 n. 6; his 
“bloom,” 139-141; on 
prime numbers, 87 n. a 
Timaeus of Locri, 219 n. a 
Tore (also spire, or anchor- 
ring): defined, ii. 365, ii. 
469 ; used by Archytas for 
the doubling of the cube, 
285-289 ; sections of (Per- 
seus), ii. 363-365 ; volume 
of (Dionysodorus and 
Heron), ii. 477-483 
Treasury of Analysis: . 
Pappus: Works 
Triangle: angles at base of 
an isosceles triangle equal, 
165 and n. 6; equality of 
triangles, 167 and n. 6; 
sum of angles equal to two 
right angles, 177-179, ii. 
279; ‘* Pythagoras’s Theo- 


rem,” 179-185;  exten- 
sion by Pappus, ii. 575- 
579; Heron’s formula 


a/sis -a)(s-b\s—c) for 
area, 11. 471-477, 11. 603 n. a 
Triangular numbers, 91-95 
Trigonometry: origins in 
sphaeric, ii, 407 ne a3 
developed by Hipparchus 
and Menelaus, ii. 407 and 
n. a; their tables of sines, 
1i. 407 n. a,ii. 409 and n.a; 
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Ptolemy’s terminology, ii. 
421 n. a3 his construction 
of a table of sines, ii. 413- 
44.5; value of sin 18° and 
sin 36°, ii. 415-419, ii, 421 
n. a; of sin 60°, sin 90°, 
sin 120°, ii. 419-421 (incl. 
n. a); proof of sin? 9+ 
cos? @=1, ii. 421-423; of 
‘** Ptolemy’s Theorem,”’ ii. 
423-425; of sin (0-4) 
=sin 0 cos $-cos @ sin ¢, 
ii. 425-427; of sin? 40= 
4(1 — cos 8), ii. 429-431; of 
cos (8+¢)=cos 8 cos ¢- 
sin @ sin q, ii. 431-435; a 
method of interpolation, ii. 
435-443; the table of 
sines, ii. 443-445 ; ‘“Mene- 
laus’s Theorem ”’ and lem- 
mas, ii. 447-463; proof 
that tan a:tan B<a: £, 
503-505 (incl. n. a), ii. 11 
n. 6, ii. 389 and n. 6; proof 
that sin a: sin B<a: 8, ii. 
439 n.@ 

Trisection of an angle: a 
** solid ” problem, 353; so- 
lution by means of a ver- 
ging, 353-357 ; direct solu- 
tion by means of conics, 
357-363; Pappus’s collec- 
tion of solutions, ii. 581 n.6 


Unit, 67, 73, 89-91, ii. 469, 
ii. 515 
Usener, 237 n. 6 


Valckenaer, 259 n.a 
Ver Eecke, Paul, ii. 19 n. a, 
ii. 285 n. a, ii. 513 na 


Vergings: Definition, 244 


n. a@; use by Hippocrates 
of Chios, 245 ; by Pappus, 
355-357 ; by Archimedes, 
ii. 189 and n. c; Apol- 
lonius’s treatise, ii. 345- 
347, ii. 337 

Vieta’s expression for 2/z, 
315 n.a 

Vitruvius, ii. 3 n. a, ii. 251 
n.a@ 

Viviani’s curve of double 
curvature, 349 n.c 


Wescher, C., his Poliorcé- 
tique des Grecs, 267 n. 6 
Wilamowitz - Moellendorf, 
U. v., 257 n. a 

William of Moerbeke; his 
trans. of Archimedes’ On 
Floating Bodies, ii.242 n. a, 
ii. 245 n. 6; De Speculis, 
ii. 503 n. a2 


Xenocrates, 75, 425 n. 6 


Zeno of Elea: life, 367 n. a; 
a disciple of Parmenides, 
ii. 367 n. @; four argu- 
ments on motion, 367-375 

Zenodorus, ii. 387 n. 63 on 
isoperimetric figures, ii. 
387-397 

Zero, 47 and n. a 

Zeuthen: Die Lehre von den 
Kegelschnitten im Alter- 
tum, 493 n. 6, ii. 265 n. 
a, ii. 281 n. @; Geschichte 
der Mathematik, 245 n. a3 
otherwise mentioned, 381 
n. a, 505 n. a 

Zodiac circle: division into 
860 parts, ii. 395-397; 
signs of Zodiac, 223 n. ¢ 
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LIST OF ANCIENT TEXTS 
CITED 


The figures in parentheses give the page or pages in this edition where the 
passage 18 cited; in the case of vol. i. the reference to the volume ts 
omitted, 


Aétius 
Plac. i. 15. & (ii. 2) ii. 
6. 5 (216) 
Alexander Aphrodisiensis 
In Aristot. Soph. El. 11, 
171 b 17 (314-316) 
Anatolius 
Ap. Heron, Def., ed. Hei- 
berg 160. 8-162. 2 (2) 
Ap. Heron, Def., ed. Hei- 
erg 164. 9-18 (18) 
Anthology, Palatine 
xiv. 126 (ii. 512) 
Apollonius Paradoxographus 
Mirab. 6 (172) 
Apollonius of Perga 
Conic. i., Praef., Def., 7-9, 
11-14, 50 (ii. 280-334) 
Archimedes 
De Sph. et Cyl. i., Praef. 
(408-410) ;i., Praef., Def., 
Post., Props. 1, 2, 3, 5, 
35-9, 10, 12..43,- 14. 16, 
21, 23, 24, 25, 28, 29, 30, 
33, 34 (ii. 40-126); ii. 4 
(ii. 126-134) 
Dim. Cire. (316-332) 
De Con. et Sphaer., Praef., 
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Lemma ad Prop. 1, 1, 
21 (ii. 164-180) 

De Lin. Spir., Def., 7, 14, 
20 (ii. 182-194) 

Quadr. Parab., Praef., 24 
(ii. 228-242) 

Aren. (ii. 2-4); 3 (ii. 198- 
200 


De Plan. Aequil., Def., 
6, 7, 9, 10 (ii. 206- 
220) 

De Corpor. Fluit. i., Post., 
2, 7 (ii. 242-250); ii. 2 
(ii. 252-256) 

Meth., Praef. (228, ii. 220- 
292), 1 (ii. 222-298) 

Prob. Bov. (ii. 202-204) 

Archytas 

Ap. Porphyr. In Pool. 
Harm., ed. Wallis, Opera 
Math. iii. 236. 40-237. 1; 
Diels, Vors. i4. 330. 26- 
331. 8 (4) 

Ap. Porphyr. In Ptol. 
Harm.,ed. Wallis, Opera 
Math. iii. 267. 39-268. 9; 
Diels, Vors. i*. 334. 16- 
$35. 13 (112-114) 


LIST OF ANCIENT TEXTS CITED 


Ap. Boeth. De Inst. Mus. 

iii. 11 (130-132) 
Aristarchus of Samos 

De Mag. et Dist. Solis et 
Innae, Post., 7, 13, 15 
(ii. 4-14) 

Aristophanes 
Aves 1001-1005 (308) 
Aristotle 

Anal. Pr. i. 23, 41 a 26-27 
(110) i. 24, 41 b 5-22 
428-430) 

Anal. Post. i. 10, 76 a 30- 
171 a 2 (418-422) 

Phys. A 2, 185 a 14-17 
(310); I’ 4, 203 a 13-15 
(94); IT’ 6, 206 a 9-18 
(424); I’ 6, 206 b 3-12 
(424-426); T 6, 206 b 
27-207 a 7 (426-428); 
I 7, 207 b 27-34 (428) ; 
Z 9, 239 b 5-240 a 18 
(366-374) 

Met. A 5, 985 b 23-26 
ey A 5, 987 b 14-18 
(394) ; A 8, 1073 b 17-32 
(410-412) 

Prob. xv. 3,910 b 23-911 a 
1 (28-30) 

{ Aristotle] 

Mech. 1, 848 b (432); 3, 

850 a-b (430-432) 
Aristoxenus 

Harm. ii. ad init., ed. 
Macran 122, 3-16 (388- 
390) 


Bobiense, Fragmentum 
Mathematicum 
113. 28-33, ed. Belger, 
Hermes, xvi., 1881, 279- 
280 (ii. 356) 


Boethius 
132) 


Cleomedes 
De Motu Cire. i. 10. 52 (ii. 
266-272); ii. 6 (ii. 396- 
400) 


Damianus 
Opt. 14 (ii. 496) 
Diodorus Siculus 
i. 34. 2 (ii. 34)3 v. 87%. 3 
(ii. 34) 
Diogenes Laertius 
De Clar. Phil. Vitis i. 24- 
25 (166-168), i. 59 (36) ; 
viii. 11-12 (174), viii. 24- 
25 (172-174) 
Diophantus of Alexandria 
Arithmetica i., Praef. (ii. 
516, ii. 518-524), i. 28 
(ii. 536); ii. 8 (ii. 550- 
552), ii. 20 (ii. 540-542); 
iv. 18 (ii. 548-550), iv. 29 
(ii. 556-558), iv. 32 (ii. 
542-546), iv. 39 (ii. 526- 
534) 3 v. 3 (ii. 516), v. 11 
(ii. 552-556) 3 vi. 17 (ii. 
538-540) 
De Polyg. Num., Praef. (ii. 
560), 5 (ii. 514) 


Euclid 
Elem. i., Def., Post. et 
Comm. Notit. (436-444) ; 
i, 44 (188-190); i. 47 
(178-184); ii, 5 (192- 
194); ii. 6 (196); ii. 11 
(198-200); v., Def. (444- 
450); vi. 27 (202-204) ; 
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vi. 28 (204-210); vi. 29 
(210-214) ; vii., Def. (66- 
70); x., Def. (450-452) ; 
x. 1 (452-454); x. 111, 
coroll. (456-458) ; xii. 2 
(458-464) ; xiii. 18 (466- 
4.78) 
Dat., Def. (478) 
Opt. 8 (502-504) 
Eutocius 

In Archim. De Sph. et Cyl. 
ii., ed. Heiberg 54, 26- 
56. 12, 56. 13-58. 14, 58. 
15-16, 66. 8-70. 5, 78. 
13-80. 24, 84. 12-88. 2, 
88. 3-96. 27, 98. 1-7 
(256-298) ; 130. 17~150. 
22 (ii. 134-162) 

In Archim. Dim. Circ., ed. 
Heiberg 242 ad init.(48); 
958. 16-22 (ii. 352) 

In Apollon. Conic., ed. 
Heiberg 168, 5-170. 26 
(ii. 276-280) 


Herodotus 
Histor. ii. 36. 4 (34) 
Heron of Alexandria 

Metrica i. 8 (ii. 470-476) ; 
i. 22 (ii. 406) ; ii. 18 (ii. 
476-482); iii, 18 (ii. 
482-484) ; iii, 20 (60-62) 

Definitiones, ed. Heiberg 
14, 1-24 (ii. 466-468) ; 
60. 22-62. 9 (ii. 468-470); 
160. 8-162. 2 (2); 164. 9- 
18 (18) 

Dioptra 23 (ii. 484-488) ; 
36 (ii. 272); 37 (ii. 488- 
496) 

Geom. 21. 9-10, 24. 1, 
24. 10 (ii. 502-508) 
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Hypsicles 
[Euclid,] Elem. xiv, Eucl. 
ed. Heiberg v. 6. 19-8. 5 
(ii. 348) 


Iamblichus 
De Vita Pyth. 18. 88 (229- 
224), 18. 89 (20) 
In Nicom. Arith. Introd., 
ed. Pistelli 62. 10-18 (98), 
62. 18-63. 2 (138-140), 
100. 19-25 (110-112), 
103. 10~104. 13 (106-108) 
Theol. Arith., ed. de Falco 
82. 10-85. 23 (74-82) 
Isocrates 
Panathen. 26-28, 238 s—p 
(26-28) 


Lucian 
Vit. Auct. 4 (90) 


Marinus 
Comm. in Eucl. Dat., 
Eucl. ed. Heiberg vi. 
234. 13-17 (ii. 348-350) 
Michigan Papyri 
No. 145, vol. iii. p. 36 (46) 


Nicomachus 
Arith. Introd. i. 7 (72-74), 
i. 13. 2-4 (100-102) ; ii. 
7. 1-3 (86-90), ii. 12, 2-4 
(94-98), ii. 20. 5 is 
106), ii. 28. 3-11 (114- 
124) 


Olympiodorus 
In Aristot. Meteor. iii. 2 
(ii. 496-502) 


Pappus of Alexandria 
Coll, ii. 25. 17-21 (ii. 352- 
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356); iil., Praef. 1 (ii. 
566-568), ii. 9. 26 (266- 
270), iii. 11. 28 (ii. 568- 
570), ili. 18. 48 (124-126), 
iii, 23. 57 (126-128), iii. 
94. 58 (ii. 570-572), iii, 
40. 75 (ii. 572-574) ;_ iv. 
1. 1 (ii. 574-578), iv. 14. 
19 (iil. 578-580), iv. 26. 
39-28. 43 (298-308), iv. 
30. 45-32. 50 (336-316), 
iv. 35. 53-56 (ii. 580-586), 
iv. 36. 57-59 (346-354), 
iv. 38. 62 (354-356), iv. 
43. 67-44. 68 (356-362) ; 
v., Praef. 1-3 (ii. 588- 
592); vi. 48. 90-91 (ii. 
592-596); vii., Praef. 1-3 
(ii. 596-600), vii. 3 (ii. 
336), vii. 5-6 (ii. 336-338), 
vii. 7 (ii. 388), vii. 9 (ii. 
338-340), vii. 11 (ii. 340- 
342), vii. 13-20 (480-484), 
Vii. 21 (ii. 262-264), vii.23 
(ii. 344), vii. 27-28 (ii. 
344-346), vii. 30-36 oe 
488), vii. 312-316 (492- 
502);  viii., Praef. 1-3 
(ii. 614-620), viii. 11. 19 
(ii. 34) 


Philolaus 


Ap. Stob. Eel. i., proem. 
3 (216) i. 21. %o 


In Aristot. Phys. A 2 
(234) 


Plato 


Meno 86 £-87 8 (394-396) 

Resp. vi. 510 c-Ee (390); 
vii. 525 a—530 po (6-16) ; 
viil. 546 B—p (398) 


Tim. 31 8-32 B (128-130), 
53 c—-55 c (218-222) 

Theaet. 147 p-148 B (380- 
382) 

Leg. vii. 817 £-820 pv (20- 
26 


) 
Epin. 990 c-991 B (400- 
4.04 


Ep. vii. 342 a-343 B (390- 
394) 


Plutarch 


Non posse suav. viv. sec. 
Epic. 11, 1094 B (176) 
Quaest. Conv. viii. 2. 1 
(386-388); viii, 2. 4, 
720 a (176) 

De Facie in Orbe Innae 6, 
922 Fr-923 a (il. 4) 

Marcellus xiv. 7-xvii. 7, 
xix. 4-6 (ii, 22-34) 

De Comm. Notit. 39. 3, 
1079 E (228) 

De Ezil. 17, 607, F (308) 


Polybius 


Histor. v. 26. 13 (36) 


Porphyry 


In Ptol. Harm., ed. Wallis, 
Opera Math. iii. 267. 
39-268. 9; Diels, Vors. 
if, 334. 16-335. 13 (112- 
114) 


Proclus 


In Eucl. i., ed. Friedlein 
64. 16-70. 18 (144-160), 
14, 23-24 (ii. 350), 84. 13- 
93 (174-176), 105. 1-6 
(ii. 350), 157. 10-13 
(164), 176. 5-10 (ii. 370- 
SIZ), 218. St-213. 
(252), 250. 22-951. 2 
(164-166), 299. 1-5 (166), 
301. 21-302. 13 (478- 
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480), 352. 14-18 (166), 
362. 12-363. 18 (ii. 372- 
8374), 365. 5-367. 27 (ii. 
374-382), 371. 23-373. 2 
ii. 382-384), 379. 2-16 
176-178), 394. 16-395. 2 
490-492), 419. 15-420. 
12 (186-188), 422, 24- 
493. 5 (316), 426. 6-14 
(184), 428. 7-429. 8 (90- 
94), 429. 9-15 (184) 

In Plat. Remp., ed. Kroll 
ii. 27. 11-22 (136-138) 

Psellus, Michael 

A Letter, Dioph. ed. Tan- 
nery ii. 38. 22-39. 1 (ii. 
514) 

Ptolemy 

Math. Syn. i. 10-11 (ii. 412- 
444), i, 13 (ii. 446-462) ; 
x. 1 (ii. 400) 


Rhabdas, Nicolas 
Ed. Tannery, Notices et 
extraits, etc., xxxii. i. 
146-152 (30-34) 


Scholia 
In Plat. Charm. 165 & (16- 


18 

In Eucl. Elem. v. (408) 

In Eucl. Elem. x. (214-216, 
380, ii. 350-352) 

In Eucl. Elem. xiii. (378) 

Simplicius 

In Aristot. De Caelo i. 1, 
268 a 6 (ii. 410-412) 5 i, 
2, 269 a 9 (ii. 410)$ ii. 
12, 293 a 4 (412-414) ; 
iv. 4, 311 b 1 (ii. 410) 
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In Aristot. Phys. A 2,185 a 
14 (312-314, 234-252) 
In Aristot. Cat. 7 (334) 
Stobaeus 
Eel. i., proem. 3 (216)3 i. 
21. Te (72); ii. 31. 114 
(436) 
Suidas 
s.vr, "Kparoodevns (ii. 260- 
262), ©cairnros (378), 
IIdamos (ii, 564-566), 
IIroAepaios (ii. 408) 


Themistius 
In Aristot. Phys. A 2, 
185 a 14 (310-312) 
Theon of Alexandria 
In Ptol. Math. Syn. i. 8, 
ed. Rome 354. 19-357.22 
(ii. 396-395); i. 10, 
451. 4-5 (ii. 406); 1. 10, 
453. 4-6 (ii. 514) 3 1. 10, 
4G1. 1-462. 17 (50-52) ; 
i. 10, 469. 16-473. 8 (52- 
60) 
Theon of Smyrna 
Ed. Hiller 1. 1-2. 2 (ii. 400- 
402), 2. 3-12 (256), 
35. 17-36. 2 SE: - 
42, 10-44. 17 (132-136), 
45. 9-46. 19 (84-86), 81. 
17-82. 5 (ii. 264-266) 
Tzetzes 
Chil. ii. 103-144 (ii, 18- 
22); viii. 972-973 (386) 


Vitruvius 
De Archit. ix., Praef. 9-12 
(ii. 36-38) 


INDEX OF GREEK TERMS 


The purpose of this index is to give one or more typical examples of the 


use of Greek mathematical terms occurring in these volumes. Non- 
mathematical words, and the non-mathematical uses of words, are 
ignored, except occasionally where they show derivation. Greek 
mathematical terminology may be further studied in the Index 
Graecitatis at the end of the third volume of Hultsch’s edition of 
Pappus and in Heath’s notcs and essays in his editions of Kuclid, 
Archimedes and Apollonius. References tovol.t. are by page atone, to 
vol. ti. by volume and page. A few common abbreviations are used. 
Words should be sought under their principal part, but a few cross- 


references are given for the less obvious. 


“Ayety, to draw; ev0etav ypap- 
py ayayeiv, to draw a 
straight line, 442 (Eucl.); 
€av érubavovoa axbaou, if 
tangents be drawn, ii. 
64 Archim.) ; mapaAAndros 


7x0w 4 AK, let AK be 
ore parallel, ii. 312 
(Apollon.) 


ayewperpntos, ov, ignorant of 
or unversed in geometry, 
386 (Tzetzes) 

ddtalperos, ov, undivided, 
indivisible, 366 (Aristot.) 

advvaros, ov, impossible, 394 
(Plat. )s ii. 566 (Papp.); 
Orrep éoriv a., often without 
€oriy, which is impossible, 
a favourite conclusion to 
reasoning based on false 
premises, ii. 122 (Archim.); 


e A ~ 3 é 
ot da Tod a. TeEpaivorres, 


those who argue per im- 
possibile, 110 (Aristot. ) 

aBporopa, aros, 70, collection ; 
a. gidorexvorarov, a collec- 
tion most skilfully framed, 
480 (Papp. ) 

Aiyuntwaxds, Ty OVs Egyptian ; : 
at At. Kadovpevar péPodot 
é€v modAdAarAac.acpois, 16 
(Schol. in Plat. Charm.) 

aipew, to take away, subtract, 
ii. 506 (ITeron) 

airetyv, to postulate, 442 
_(Euel. pte 206 (Archim.) 

airnua, aros, To, postulate, 
420 (Aristot.), 440 (Eucl.), 
ii. 366 (Procl.) 

axivyntos, ov, that cannot be 
moved, immobile, fixed, 394 
(Aristot. ), ii. 246 (Archim.) 

dxodovbeiv, to follow, ii. 414 
(Ptol.) 
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axdAovbos, ov, following, con- 
sequential, corresponding, 
ii. 580 (Papp.); as subst., 
axdArovGoyv, TO, consequence, 
ii. 566 (Papp.) 

axodovdws, adv., consistently, 
consequentially, in turn, 
458  (Kucl.), ii, 384 
(Procl.) 

dxovoparixes, 4, ov, eager to 
hears. “as -“sibst. 2° 0; 
hearer, exoteric member of 
Pythagorean school, 3 n. d 
(lambl.) 

axpipys, és, exact, accurate, 
precise, ii. 414 (Ptol.) 

axpos, a, ov, at the farthest 
end, extreme, ii. 270 
(Cleom.); of extreme 
terms in a proportion, 122 
(Nicom.); 4. Kat pécos 
Adyos, extreme and mean 
ratio, 472 (Eucl.), ii. 416 

1. 


adAAws, alternatively, 356 
(Papp.) 
adAdoyos, ov, irrational, 420 


(Aristot.), 452 (Enel.), 456 
(Eucl.); &? addyou, by ir- 
rational means, 388 (Plut.) 

apBavywuos, ov,  obtuse- 
angled; a. rpiywvov, 440 
(Eucl.); 4. Kavos, ii. 278 
(Eutoc.) 

apprvs, eia, v, obtuse; a. 
ywvia, often without ywria, 
obtuse angle, 438 (Eucl.) 

ajeraGetos, ov, unaltered, im- 
mutable; povados a. ovens, 
ii. 514 (Dioph.) 

apnxavos, ov, impracticable, 
298 (Eutoc.) 
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apdowpa, aros, TO, revolving 
Jigure, ii. 604 ( Papp.) 

dudotorixds, 4, dv, described 
by y rev olution; aydocorixor, 
70, figure generated by re- 
volution, ii. 604 (Papp.) 

dvaypddew, to describe, con- 
struct, 180 (Eucl.), ii. 68 
(Archim.) 

avakAayv, to bend back, incline, 
reflect (of light), ii. 496 
(Damian.) 

avaAAnppa, aTos, TO, a repre- 
sentation of the sphere of 
the heavens on a plane, 
analemma; title of work 
by Diodorus, 300 (Papp.) 

a ka ”s proportion, 446 
(E ucl -)i  Kupiws = d. Kai 
apwrn, proportion par ex- 
cellence and primary, 7.¢., 
the geometric propor- 
tion, 125 n. a3 ouvexns a, 
continued proportion, 262 
(Eutoc.) 

avadoyov, adv., proportion- 
ally, but nearly always 
used _—adjectivally, 70 
(Mucl.), 446 (Eucl.) 

avadvew, to solve by analy: 3, 
ii. 160 (Archim. )3 6 ava- 
Avopevos tomos, the Treas- 
ury of Analysis, often 
without rozos, €.9., 6 xaAov~ 
pevos avadvopevos, ii. 596 
(Papp.) 

avadvats, ews, 4, solution of 
a problem by analytical 
methods, analysis, ii. 596 
(Papp.) 

avadutikds, 7, ov, analytical, 
158 (Proc) 


INDEX OF GREEK TERMS 


dvapeérpyats, ews, 7, measure- 
ment; Ilepi ris a. THs yijs, 
title of work by Eratos- 
thenes, ii. 272 (Heron) 

avdtradkv, adv., in @ reverse 
direction ; transformation 
of a ratio known as in- 
vertendo, 448 (Eucl.) 

avatrodeckTix@s, adv., inde- 
pendently of proof, ii. 370 
(Procl.) 

avactpépav, to convert a 
ratio according to the rule 
of Eucl. v. Def. 16; dava- 
atpéparvrt, lit. to one who 
has converted, convertendo, 
466 (Eucl.) 

avactpopy, 7, conversion of a 
ratio according to the rule 
of Eucl. v. Def. 16, 448 
(Eucl.) 

avetraiaOnros, ov, unperceived, 
imperceptible ; hence, 
negligible, ii, 482 (Heron) 

duaos, ov, unequal, 444 
(Eucl.), ii, 50 (Ar- 
chim.) 

dauardvat, to set up, erect, ii. 
78 (Archim.) 

avraxoAoviia, 4, reciprocity, 
76 (Theol. Arith.) 

avrixeiaba, to be opposite, 
114 (Nicom.) 3; ropat dvr 
keiuevat, opposite branches 
of a hyperbola, ii. 322 
(Apollon. ) 

dvrimaaxewv, to be recipro- 
cally proportional, 114 
(Nicom.) 3 dvrurerovOorws, 
adv., reciprocally, ii. 208 
(Archim.) 


dvtiaTtpopy}, Hy conversion, 


converse, il. 
ap. Eutoc.) 

afiwpa, aros, 76, axiom, pos- 
tulate, ii. 42 (Archim.) 

afwy, ovos, 6, axis; of a cone, 
ii. 286 (Apollon.); of any 
lane curve, ii. 288 (Apol- 
on.); of a conic section, 
282 (Eutoc.); ovluyeis a., 
conjugate axes, ii, 288 
(Apollon.) 

aoptatos, ov, without boun- 
daries, undefined, mAjGos 
povadwy da, ii, 522 
(Dioph.) 

amaywyy, 4, reduction of one 
problem or theorem to 
another, 252 (Procl.) 

amaptilev, to make even; ot 
amaprilovres apiOpoi, fac- 
tors, ii. 506 (Heron) 


140 (Archim. 


dmepayas, in an infinite 
number of ways, il. 572 
_ (Papp.) 


ameipos, ov, infinite; as 
subst., dzecpov, ro, the in- 
jinite, 424 (Aristot.); «és 
Gmepov, to infinity, in- 
cde 440 (Eucl.); 
én’ ” ii. 580 (Papp.) 

Cea adv. used adjec- 


tivally, opposite; ai a. 
meupat, 444. (Eucl.) 
anéyew, to be distant, 470 


(Eucl.), ii. 6 (Aristarch.) 

amavis, és, motionless, fixed, 
12 (Archi. ) 

adndarys, és, without breadth, 
436 (Eucl.) 

amddos, N» OV; contr. amhois, 
h, obv, simple; a. ypaypy, 
ii, 360 (Procl.) 
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amdds, sii eh absolutely, 424 | 


(Aristot generally, ii. 
132 (Archim.) 

dnAwats, ews, 4, simplifica- 
tion, explanation ; “A. ém- 
gavetas opaipas, Lxplana- 
tion of the Surface of a 
Sphere, title of work by 
Ptolemy, ii. 408 (Suidas) 

amo, from; ro amo thas dia- 
pétpov retpaywvov, the 
square on the diameter, 


332 (Archim.); 70 ao 
TH (sc. rerpaywvoyr), the 
square on TH, 268 
(Eutoc.) 


amodekrixds, 4%, ov, affording 
proof, demonstrative, 420 
(Aristot.), 158 (Proel.) 
amodektika@s, adv.,  theo- 
retically, 260 (Kutoc.) 
dmddekis, ews, 7, proof, 
demonstration, ii. 42 (Ar- 
chim.), ii. 566 (Papp.) 
anoxatatava, to re-establish, 
restore; pass., to return 
to an original position, ii. 
182 (Archim.) 
aroAapBavew, to cut of; % 
anvoAapBavoyevn mepipepeta, 
440 (Eucl.) 
anopia, 7, difficulty, perplex- 
ity, 256 (Theon Smyr.) 
andoTnpa, atos, T6, distance, 
interval, ti. 6 (Aristarch.) 
amoTopy, uF cutting off, sec- 
tion; Aoyov amorop, Xw- 
plov anorouy, works by 
Apollonius, ii. 598 
(Papp.) 3; compound — ir- 
rational straight line equi- 
valent to binomial surd 
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with negative sign, apo- 
tome, 456 (Eucl.) 

anrew, to fasten to; mid., 
anreaGa, to be in contact, 
meet, 438 (Eucl.), ii. 106 
(Archim.) 

apa, therefore, used for the 
steps in a_ proof, 180 
(Eucl.) 

apByAos, 6, semicircular knife 
used by leather-workers, a 
geometrical figure used by 
Archimedes and Pappus, 
ii. 578 (Papp.) 

apOuetv, to number, reckon, 
enumerate, ii, 198 (Ar- 
chim.), 90 (Luc.) 

apiOuntixes, %, dv, of or for 
reckoning or numbers ; ; 9 
apiunrixyn (sce. réxvn 
arithmetic, 6 (Plat. ‘5 420 
(Aristot.) ; 7 apibunrixy 
pean (se. evbeia), arith- 
metic mean, ii. 568 
(Papp.): 4. peodrns, 110 
(Jambl.) 

apwWunrds, 4, dv, that can be 
counted, numbered, 16 
(Plat.) 

apiluos, o, number, 6 (Plat. -)s 
66 (Eucl.); «apdros a., 
prime number, 68 (Eucl.) ; 
mpa@to., SevTEpot, TpiTOL, ee 
TapTot, TE[LTTOL hss nume- 
bers of the first, second, 
third, fourth, fifth order, 
ii, 198-199 (Archim.) ; py- 
Airns a., problem about a 
number of sheep, 16 (Schol. 
in Plat. Charm.) ; ¢radirns 
a., problem about a num- 
ber of bowls (ibid.) 
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dpiOpoordy, 76, fraction whose 
denominator is unknown 
[5], ii. 522 (Dioph.) 

dppolew, to fit together, il. 
494 (Heron) 

dppovia, 4, musical scale, 
octave, music, harmony, 
404 (Plat.); used to de- 
note a square and a rect- 
angle, 398 (Plat.) 

Gppovurds, 4, ov, skilled in 
music, musical; 1 appo- 
wx (sc. éemvoTtHpn), mathe- 
matical theory of music, 
harmonic ; 7) dppoviKn péon, 
harmonic mean, Q 
(Iambl.) 

dpridkts, adv., an even num- 
ber of times; a. dprios 
dpiOuds, even-times even 
number, 66 (Eucl.) 

dpridmAevpos, ov, having an 
even number of sides; 
moAvywvov da. ii, 88 (Ar- 
chim.) 

dprios, a, ov, complete, per- 
fect; d. dpiOuds, even num- 
ber, 66 (Eucl.) 

dpxy, %, beginning or prin- 
ciple of a proof or science, 
418 (Aristot.); beginning 
of the motion of a point 
describing a curve; ap. 
Ths éduKkos, origin of the 
spiral, ii. 182 

dpyixos, %, dv, principal, 
fundamental; a. avp- 
arpa, principal property 
of a curve, ii. 282 (Apol- 
lon.), 338 (Papp.) 

GPXLKWTATOS, OM, sovereign, 


fundamental; a. pita, 90 
(Nicom.) 

dpxitextovikds, 4%, ov, of or 
Jor an architect ; 4 apxere- 
Krovixy (sc. téxvn), archi- 
tecture, il. 616 (Papp.) 

dotpodoyia, %, astronomy, 388 
(Aristox.) 

doTpoAdyos, 0, 
378 (Suidas) 

dotpovoyia, 7, astronomy, 14 
(Plat.) 

dovppeT pos, ov, incommensur- 
able, irrational, 110 (Aris- 
tot.), 452 (Eucl.), ii, 214 
(Archim.) 

davprrwros, ov, not falling in, 
non-secant, asymptotic, ii. 
374 (Procl.); a. (se. 
ypaypn), 7, asymptote, ii. 
282 (Apollon.) 

davvleros, ov, incomposite ; 
d. ypapuy, ii. 360 
(Procl.) c 

draxtos, ov, unordered ; Wepi 
dr. addywyr, title of work 
by Apollonius, ih 350 
(Procl.) 

dreAjs, és, incomplete; 4. 
dpdovotikd, figures gener- 


astronomer, 


ated by an incomplete 
revolution, ii. 604 
(Papp.) 


dropos, ov, indivisible; dropor 
ypappat, 424 (Aristot.) 

dromos, ov, out of place, 
absurd ; 6mep aromov, which 
is absurd, a_ favourite 
conclusion to a piece of 
reasoning based on a false 
premise, ¢g. ii, 114 (Ar- 
chim.) 
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avfavew, to increase, to multi- 
ply; pis avéneis, 398 
(Plat.) 

avn, , increase, dimension, 
10 (Vlat.) 

avénais, ews, 7, increase, 
multiplication, 398 (Plat.) 

avroparos,'n, ov, self-acting ; 
Avropata, ra, title of 
work by Heron, ii. 616 
(Papp.) 

adaipeiv, to cut off, take away, 
subtract, 444 (Eucl.) 

ady, 7, point of concourse of 
straight lines; point of 
contact of circles or of a 
straight line and a circle, 
ii. 64 (Archim.) 

*AytArevs, ews, 6, Achilles, the 
first of Zeno’s four argu- 


ments on motion, 868 
(Aristot.) 
3dpos, ous, Ion. eos, 70, 


weight, esp. in a lever, ii. 
206 (Archim.), or system 
of pulleys, ii. 490 (Heron) ; 
70 KevTpov Tob Bdpeos, centre 
of gravity, li. 208 (Ar- 
chin.) 

BapovAkos (se. pnyary), 1%, 
lifting-screw invented by 
Archimedes, title of work 
by Heron, ii. 489 n. @ 

Baars, eos, 9, base; of a geo- 
metrical figure; of a tri- 
angle, 318 (Archim.); of 
a cube, 222 (Plat.); of a 
cylinder, ii. 42 (Archim.) ; 
of a cone, ii. 30-4 (Apol- 
lon.); of a segment of a 
sphere, ii. 40 (Archim.) 
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Tewdaoia, }, land dividing, 
mensuration, geodesy, 18 
(Anatolius) 

yewperpetvy, to measure, to 
practise geometry; det y. 
7ov Oedv, 386 (Plat.); 


yewpeTpoupern emupavera, 
geometric surface, 292 
(Eutoc.),  — yewperpoupérn 


amrodetis, geometric proof, 
li. 228 (Archim.) 


yewperpns, ov, 06, land 
measurer, geometer, 258 
(Eutoc.) 

yewpetpia, %, land measure- 
ment, geometry, 256 
(Theon  Smyr.), 14-4 
(Procl.) 


yewperpixos, }, ov, pertaining 
to geometry, geometrical, 
li, 590 (Papp.), 298 
(Eutoc.) 

yewpeTpiK@s, adv., geometric- 
ally, ii. 222 (Archim.) 

yiveoba, to be brought about ; 
yeyoverw, let it be done, a 
formula used to open a 
piece of analysis; of 
curves, to be generated, ii. 
468 (Heron) ; ¢o be brought 
about by multiplication, 
1.€., the result (of the 
multiplication) is, ii. 480 
(Heron); 70 yevopevov, ra 
yevopeva, the product, ii. 
482 (Heron) 

yAwoodKopov, 76, chest, ii. 490 
(Papp.) 

yrwpovekes, 4, Ov, Of OY con- 
cerning sun-dials, ii. 616 
(Papp.) 

yrwpwy, ovos, 6, carpenter's 
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square; pointer of a sun- 
dial, ii. 268 (Cleom.); 
geometrical figure known 
as gnomon, number added 
to a figured number to get 
the next number, 98 
(Iambl.) 

ypappyn, 1, line, curve, 436 
(Eucl.); «dfeta y. (often 
without y.), straight line, 
438 (Eucl.); é« trav ypap- 
pov, rigorous proof by 
geometrical arguments, ii. 
412 (Ptol.) 

ypappixds, 74, dv, linear, 348 

a 


padewv, to describe, 442 
(Kucl.), ii. 582 (Papp.), 298 


(Eutoc.); to prove, 380 
(Plat.), 260 (Eutoc.) 
ypady, 1%, description, ac- 


count, 260 (Eutoc.) 3 writ- 
ing, treatise, 260 (Eutoc.) 

ywvia, , angle; ézimedos y., 
plane angle (presumably 
including angles formed 
by curves), 438 (Eucl.); 
evduypaypos y.,  rectilin- 
eal angle (formed by 
straight lines), 438 (Eucl.) ; 
6p04, dapPrg«ia, ofeia y., 
right, obtuse, acute angle, 
440 (Eucl.) 


Aecxvivas, to prove; dédexras 
yap robo, for this has been 
proved, ii. 220 (Archim.) ; 
decxréov Ott, it is required 
to prove that, ii. 168 
(Archim.) 

Seiv, to be necessary, to be 
required; Séov eorw, let it 
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be required; Omep es 
deta, quod erat demon- 
strandum, which was to be 
proved, the customary end- 
ing to a theorem, 184 
(Eucl.) 3; dmep :~ =d7ep 
edec SetEat, ii. 610 (Papp.) 
Sexaywvov, 16, a regular 
plane figure with ten angles, 
decayon, ii. 196 (Archim.) 
d7Aos, 7, ov, also os, ov, mani- 
fest, clear, obvious; ort 
pev ovv atta ouprinret, 
dfAov, ii. 192 (Archim.) 
duayew, to draw through, 190 
(Eucl.), 290 (Eutoc.) 
Sidypappya, atos, 70, figure, 
diagram, 428 (Aristot.) 
Scatpetv, to divide, cut, ii. 
286 (Apollon.); denpnpévos, 
ov, divided; 8. avadoyia, 
discrete proportion, 262 
(Eutoc.); dceAdvri, lit. to 
one having divided, diri- 
mendo (or, less correctly, 
dividendo), indicating the 
transformation of the 
ratio a:b into a-b:6 
according to Eucl. v. 15, 
ii. 130 (Archim.) 
Suatpeocis, ews, 1, division, 
separation, 368 (Aristot.) ; 
8. Adyou, transformation of 


a ratio dividendo, 448 
(Eucl.) 

dvapever, to remain, to re-~ 
main stationary, 258 
(Eutoc.) 


Sidpetpos, ov, diagonal, dia- 
metrical ; as subst., 8. (se. 
ypappn), 7, atagonal; of 
a parallelogram, ii. 218 
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(Archim.); diameter of a 
circle, 438 (Eucl.); of a 
sphere, 466 (Eucl.) 3 prin- 
cipal axis of a conic section 
in Archim., ii. 148 (Ar- 
chim.); diameter of any 
plane curve in Apollon., 
ii. 286 (Apollon.); aAayia 
6., transverse diameter, ii. 
286 (Apollon.); oulvyeis 
&., conjugate diameters, ii. 
288 (Apollon.) 

éutoracts, ews, 7, dimension, 
412 (Simpl.) 

SiaoréAAew, to separate, ii. 
502 (Heron) 

Sidornpa, atos, 70, interval ; 
radius of a circle, ii. 192 
(Archim.), 442 (Eucl.); 
interval or distance of a 
conchoid, 300 (Papp.); in 
a proportion, the ratio 
between terms, 70 7Td&v 
pelovwr dopey 6, 112 
(Archytas ap. Porph.); 
dimension, 88 (Nicom.) 

duadopd, , difference, 114 
(Nicom.) 

diddvar, to give; aor. part., 
Sobels, ecioa, év, given, il. 
598 (Papp.); Acdopeéva, rd, 
Data, title of work by 
Euclid, ii. 588 (Papp.); 
Géoer kai peyeber ded000a, 
to be given in position and 
magnitude, 478 (Eucl.) 

SieAovri, v. Siaupety 

Suexyjs, és, discontinuous ; 
omveipa §., open spire, il. 
364 (Procl.) 

diopilew, to determine, ii. 
566 (Papp.); Arwpiopéry 
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touyn, Determinate Section, 
title of work by Apol- 
lonius, ii. 598 (Papp.) 

Sioptazds, 6, statement of the 
limits of possibility of a 
solution of a_ problem, 
diorismos, 150 (Procl.) 

ditrAacialew, to double, 258 
(Eutoc.) 

SizAaoacpes, 6, doubling, 
duplication ; xvBov 6., 258 
(Eutoc.) 

dimrAaauos, a, ov, double, 302 
(Papp.); 8. Adyos, dupli- 
cate ratio, 446 (Eucl.) 

SizrAaciwy, ov, later form for 
SuAactos, double, 326 
(Archim.) 

dimAdos, n, ov, contr. dimdobs, 
H, oor, twofold, double, 326 
(Archim.) ; 6. = ladrns, 
double equation, ii. 528 
(Dioph.) 

Siva, adv., in two (equal) 
parts, 66 (Eucl.): 38. 
reuverv, to bisect, 440 
(Eucl.) 

dtyorouia, %, dividing in 
two; point of bisection, ii. 
216 (Archim.);  Dicho- 
tomy, first of Zeno’s argu- 


ments on motion, 368 
(Aristot.) 
Siyordpos, ov, cut in two, 


halved, ii. 4 (Aristarch.) 
duvapis, EWS, Ns power, force, 
ii. 488 (Heron), ii. 616 
(Papp.); ai wévre 8., the 
five mechanical powers 
(wheel and axle, lever, 
pulley, wedge, screw), ii. 
492 (Heron); power in 
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the algebraic sense, esp. 
square; Svuvape, in power, 
4.6, squared, 322 (Ar- 
chim.) ; dvvdper odppetpos, 
commensurable in square, 
450 (Eucl.) ; dvvdper dovp- 
perpos, incommensurable 
in square (ibid.) 
Suvapoduvapis, ews, 7, fourth 
power of the unknown 


uantity [at], ii. 522 
(Dioph. 
Svvapoduvapoaroy, 76, the 
fraction =, ii, 522 
(Dioph.) 


vvaydxuBos, 6, square multi- 
plied by a cube, fifth power 
of the unknown quantity 
[x5], ii. 522 (Dioph.) 
8uvayoxuBoardy, 76, the frac- 
tion 2 ii, 522 (Dioph.) 
Suvapoardéy, +d, the fraction 
4, ii, 522 (Dioph.) 


dSuvacba, to be able, to be 
equivalent to; Svvac8ai 71, 
to be equivalent when 
squared to a number or 
area, ii. 96 (Archim.); 
4 Suvapévy (se. evbeta), side 
of a square, 452 (Eucl.) ; 
avéjoes  Suvdpevar, 398 
(Plat.); wap’ qv Sdvavrae 
ai KaTayopevat TEeTaypevws 
ext thv ZH Sidperpov, the 
parameter of the ordi- 
nates to the diameter ZH, 
ii. 308 (Apollon.) 

Suvacrevew, to be powerful ; 
pass., to be concerned with 


powers of numbers; avéiy- 
ceis_- Suvacrevdpevar, 398 
(Plat.) 
Suvatés, 7, ov, possible, ii. 
566 (Papp.) 
SvoxatevernxovTaedpov, 70, 
solid with ninety-two faces, 
ii. 196 (Archim.) 
SvoxaeEnnovraedpov, 76, solid 
with sixty-two faces, ii. 
196 (Archim.) 
SvoxatrpiaxovTaedpov, 76, solid 
with thirty-two faces, ii. 
196 (Archim.) 
Swdexdedpos, ov, with twelve 
faces; as subst., Swdexa- 
edpov, 70, body with twelve 
faces, dodecahedron, 472 
(Eucl.), 216 (Aét.) 


‘EPdopunKoordépovos, ov, 
seventy-first ; TO hy 
seventy-first part, 320 
(Archim.) 


éyypadev, to inscribe, 470 
(Eucl.), ii. 46 (Archim.) 
éyxvKcAos, ov, also a, ov, cir- 
cular, ii. 618 (Papp.) 

elSos, ovs, [on. eos, 7d, shape or 
form of a figured number, 
94 (Aristot.); figure giving 
the property of a conic 
section, viz., the rectangle 
contained by the dia- 
meter and the parameter, 
ii, 317 n. a, 358 (Papp.), 
282 (Eutoc.); ¢erm in an 
equation, ii. 524 (Dioph.) ; 
species—of number, ii. 522 
(Dioph.), of angles 390 
(Plat.) 
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eixoadedpos, ov, having twenty 
faces 3 «ixoadedpov, ra, body 
with twenty faces, icosa- 
hedron, 216 (Aét.) 

elxocamAdatos, ov, twenty- 
fold, ii. 6 (Aristarch.) 

éxatovras, ados, 7, the num- 
ber one hundred, ii. 198 
(Archim.) 

exBadAav, to produce (a 
straight line), 442 (Eucl.), 


fi. 8 (Aristarch.), 352 
_ (Papp.) | 
exKavetxocaedpov, 76, solid 


with twenty-six faces, ii. 
196 (Archim.) 

exxetoOar, used as pass. of 
exriGéva, to be set out, be 
taken, ii. 96 (Archim.), 
298 (Papp.) 

exxpovev, to take away, 
eliminate, ii. 612 (Papp.) 

éxméracpa, atos, 76, that 
which is spread out, un- 
folded; *Exmerdopara, title 
of work by Democritus 
dealing with projection of 
armillary sphere on a 
plane, 229 n.a 

éxmpicpa, atos, 76, section 
sawn out of a cylinder, 
prismatic section, ii. 470 
(Heron) 

ex7iGévar, to set out, ii, 568 
Papp.) 

exros, adv., without, outside ; 
as prep., é€. Tod KvKAov, 314 
(Alex. Aphr.); adv. used 
adjectivally, 7 é. (sc. edfeta), 
external straight line, 314 
(Simpl.); 4 €& ywvia rod 
tprywvov, the external 
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angle of the triangle, ii, 
310 (Apollon.) 

éAdocwy, ov, smaller, less, 320 
{Archim.); roe petlasy 
eoTiv } é., ii. 112 (Archim.); 
€. opOfs, less than a right 
angle, 438 (Eucl.); 7 é. 
(se. ev0eta), minor in 
Euclid’s classification of 
straight lines, 458 (Eucl.) 

eAdxiaTos, 9, ov, smallest, 
least, ii, 44 (Archim.) 

EXE, EAcKos, 9, spiral, helix, 
ii. 182 (Archim.); spiral 


on a_ sphere, ii. 580 
_. (Papp.) 
E\Actupa, atos, 76, defect, 


deficiency, 206 (Eucl.) 

€Aveimeww, to fall short, be 
deficient, 394 (Plat.), 188 
(Procl.) 

EAXreufus, ews, H, falling short, 
deficiency, 186 (Procl.); 
the conic section ellipse, so 
called because the square 
on the ordinate is equal to 
a rectangle whose height 
is equal to the abscissa 
applied to the parameter 
as base but falling short 
(€\Acizov), ii. 316 (Apol- 
lon.), 188 (Procl.) 

éuBadev, 1d, area, ii. 
(Heron) . 

éuBardrew, to throw in, insert, 
ii. 574 (Papp.); multiply, 
ii. 534 (Dioph.) 

euntnrew, to fall on, to meet, 
to cut, 442 (Kucl.), ii, 58 
(Archim.) 

eumréxew, to plait or weave 


in; omeipa éumendeypevy, 
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interlaced spire, ii. 364 


(Procl.) 
évadrdé, adv., often used 
_  adjectivally, transforma-~ 


tion of a ratio according to 
the rule of Eucl. v. Def. 12, 
permutando, 448 (Eucl.), 
li, 144 (Archim.);  ¢. 
ywvia, alternate angles 
evavrios, a, ov, opposite; Kat’ 
é., li. 216 (Archim.) 
evappdlew, to fit in, to insert, 
284 (Eutoc.) 
€vraais, ews, 7H, inscription, 
396 (Plat.) 
evreAjs, és, perfect. complete ; 
tpiywyrov €., 90 (Procl.) 
evros, adv. used adjectivally, 
within, inside, interior ; 
ai €. ywriat, 442 (Eucl.) 
evurapxew, to exist in; «dy 
evumapxyovta, 74, positive 
terms, li. 524 (Dioph.) 
éfaywrikes, 4, ov, hexagonal ; 
é. apiOuds, 96 (Nicom.) 
éEdywvos, ov, aS subst. éayw- 
vov, 76, hexagon, 470 
(Eucl.) 
éfnxoaros, 4, ov, siwtieth ; in 
astron., mp@rov éfnKoorTov, 
ro, first sixtieth, minute, 
Sevrepov €., second sixtieth, 
second, 50 (Theon Alex.) 
effjs, adv., in order, succes- 
sively, ii. 566 (Papp.) 
éxady, 9, touching, tangency, 
contact, 314 (Simpl.); 
"Exadai, On Tangencies, 
title of a book by Apol- 
lonius, ii. 336 (Papp.) 
ézeo0a, to be or come after, 
follow; 7o éndpevov, con- 


sequence, ii. 566 (Papp.); 
Ta éndpeva, rearward cle- 
ments, ii. 184 (Apollon.); 
in theory of proportion, 7a 
éxopeva, following terms, 
consequents, 448 (Eucl.) 
émi, prep. with acc., wpon, on 
to, on, ev0eta én’ evbeciay 
orabeioa, 438 (Eucl.) 
emlevyvivat, to join up, ii. 
608 (Papp.); ai émev- 
Geioar evfeiat, connecting 
ines, 272 (Eutoc.) 
emdAoyilecOa, to reckon, cal- 
culate, 60 (Theon Alex.) 
emAoyiopos, 6, reckoning, 
calculation, ii. 412 (Ptol.) 
€rimedsos, ov, plane; ¢€. ém- 
davea, 438 (Eucel.);  é. 
ywvia, 438 (Eucl.);  é. 
oxjjua, 438 (Euel.); é. ape 
Ouos, 70 (Eucl.); &€. wpo- 
BAnua, 348 (Papp.) 
emimédws, adv., plane-wise, 
88 (Nicom.) 
eximAarys, €s, flat, broad; 
ofaipoeidés e.g ili, = 164 
(Archim.) 
enitayua, atos, 70, injgunc- 
tion; condition, ii. 50 
(Archim.), ii. 526 (Dioph.); 
moet to €., to satisfy the 
condition; subdivision of a 
problem, ii. 340 (Papp.) 
emitpiTos, ov, containing an 
integer and one-third, in 
the ratio 4:3, ii. 222 
(Archim.) 
emipdvera, 7, surface, 438 
(Eucl.) ; xwvixd €., conical 
surface (double cone), ii. 
286 (Apollon.) 
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exupavew, to touch, ii. 190 
Archim.); 7 émusatovoa 
gc. ev0eta), tangent, ii. 64 
Archim.) 

érepounns, es, with unequal 
sides, oblong, 440 (Kucl.) 

evdvypappos, ov, rectilinear ; 
ev. ywrta, 438 (Kucl.); ed. 
oxjpa, 440 (Eucl.); as 


subst., ed@vypaypov, 70, 
rectilineal figure, 318 
(Archim.) 


ev0uvs, eta, v, straight; ev. 
ypappy, straight line, 438 
(Eucl.); ed@eta(sc. ypaypn), 
n, straight line, ii. 44 
(Archim.); chord of a 
circle, ii. 412 (Ptol.); dis- 
tance (first, second, etc.) in 
a spiral, ii. 182 (Archim.) ; 
kar ev0eias, along a 
straight line, ii. 580 
(Papp.) 

evrrapaywpnros, ov, readily 
admissible, easily obvious ; 
ev. Arjppara, ii. 230 (Ar- 
chim.) 

eUpecis, ews, %, discovery, 
solution, ii. 518 (Dioph.), 
260 (Eutoc.) 

evpnua, atos, 76, discovery, 
380 (Schol. in Eucl.) 

evpioxew, to find, discover, 
solve, ii. 526 (Dioph.), 340 
(Papp.), 262 (Kutoc.); 
Omep de. evpetv, Which was 
to be found, 282 
(Eutoc.) 

evyepys, és, easy to solve, ii. 
526 (Dioph.) 

efanrecba, to touch, li. 224 


(Archim.); édarropévn, 7 
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(sc. ed@ecia), tangent, 322 
(Archim.) 

édappoyy, 7, coincidence of 
geometrical elements, 340 
(Papp.) 

edappoleav, to fit exactly, 
coincide with, 444 (Euel.), 
ji. 208 (Archiin.), 298 
(Papp.); pass. édapyd- 
Ceoba, to be applied to, ii. 
208 (Archim.) 

édeffs, adv., in order, one 
after the other, successively, 
312 (Them.); used ad- 
jectivally, as ai é. ywvia, 
the adjacent angles, 483 
(Eucl.) 

efioravat, to set up, erect ; 
perf., édeornxévar, intr., 
stand, and perf. part. act., 
edeoTnKkws, via, os, stand- 
ing, 438 (Eucl.) 

éfodos, 1, method, ii. 596 
(Papp.); title of work by 
Archimedes 

éxew, to have; Adyov é, to 
have a proportion or ratio, 
ii. 14 (Aristarch.) 3 yéveow 
é., to be generated (of a 
curve), 348 (Papp.) 

éws, as far as, to, ii. 290 
(Apollon.) 


Znteiv, to seek, investigate, 
ii. 222 (Archim.); nrov- 
prevov, 70, the thing sought, 
158 (Procl.), ii. 596 
(Papp.) a 

Cjrnows, ews, 4, inquiry, in- 
vestigation, 152 (Procl.) 

Ciyiov, 76 = Cuyov, 76, ii, 234 
(Archim.) 
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luydv, 7d, beam of a balance, 
balance, i ii. 234 (Archim.) 

{ddiov, 746, dim. of faov, lit. 
small figure painted or 
carved ; hence sign of the 
Zodiac; 6 tav Z. KxvKdos, 
Zodiac eircle, ii. 394 
(Hypsicles) 


‘HyetoOa, to lead; nyovpeva, 
7a, leading terms in a pro- 
portion, 448 (Eucl.) 

HpeKvKALoS, OV, semicircular ; 
as subst., apxd«Aov, 70, 
semicircle, 440 (Eucl.), ii. 
568 (Papp) 

jpexvdrwdpos, 0, half-cylinder, 
260 (Eutoc. )s dim. Hpixv- 
AwWSpov, 76, 286 (Eutoc.) 
7utdAtos, a, ov, containing one 
and a half, half as much or 
as large again, one-and-a- 
half times, ti. 42 (Archim.) 
yprous, eta, v, half, ii. 10 
(Aristarch. }; as subst., 
jpscov, 76, 320 (Archim.) 


Odors, ews, 7H, setting, posi- 
tion, 268 (Eutoc.); Béoe 
SeSdc8a, to be given in 
position, 478 (Eucl. ) 

Gewpetv, to look into, investi- 
gate, ii, 222 (Archim.) 

Gewipnpa, aros, To, theorem, 
228 (Archim.), ii. 566 
(Papp.), 150 (Procl.), ii. 
366 (Procl.) 

Gewpnrixds, 4, ov, able to per- 
ceive, contemplative, specu- 
lative, theoretical ; applied 
to species of analysis, ii. 
598 (Papp.) 


Oewpia, 7, inquiry, theoretical 
investigation, theory, ii. 
222 (Archim.), ii. 568 
(Papp.) 

jopeeee i shield, 490 (Eucl. ); 


% (se. eaten) roo. 6., 
ellipse, ii. 360 (Procl.) 


"Iodns, adv., the same num- 
ber of times, as many 
times; ra i. moAAa7Aacta, 
equimultiples, 446 (Eucl.) 

icoBapis, és, equal in weight, 
ii. 250 (Archim.) 

tooyKos, ov, equal in bulk, 
equal in volume, ii. 250 
(Archim.) 

icoywvios, ov, equiangular, ii. 
608 (Papp.) 

icopnkns, es, equal in length, 
398 (Plat.) 

tcomepipetpos, ov, of equal 
perimeter, ii. 386 (Theon 
Alex.) 

iadaXevpos, ov, having all its 
sides equal, equilateral ; ¢. 
tpiywvov, 440 (Eucl.), 


retpaywrov, 440 (Eucl.), 
i. moAvywrov, ii, 54 (Ar- 
chim.) 


icomrAnOjs, és, equal in num- 
ber, 454 (Eucl.) 

icopporety, to be equally ba- 
lanced, be in equilibrium, 
balance, ii. 206 (Archim.) 

"Icoppomxa, ra, title of work 
on equilibrium by Archi- 
medes, i ii. 226 (Archim.) 

icoppomos, ov, in equilibrium, 
ii. 226 (Archim.) 

loos, 7, ov, equal, 268 
(Eutoc.); é& fcouv, evenly, 
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438 (Eucl.); 8’ icov, ex 
aequali, transformation of 
a ratio according to the 
rule of Eucl. v. Def. 17, 
448 (Eucl.) 

lcoaxeAys, és, with equal 
legs, having two sides 
equal, isosceles; ¢. rpiywvov, 
440 (Eucl.); ¢. xdvos, il. 
58 (Archim.) 

icoraxéws, uniformly, ii. 182 
(Archim.) ; 

iaoryns, TOS, H, equality, 
sihilion. ii: 526 (Bioph.) 

ioravar, to set up; evleta 
én evletay orabetoa, 438 
(Eucl.) 

tawats, ews, }, making equal, 
equation, ii. 526 (Dioph.) 


Kaderos, ov, let down, perpen- 
dicular ; 7 x. (sc. ypapp7), 
perpendicular, 438 (Eucl.), 
ii. 580 (Papp.) 

xaboAKos, 7, ov, general; Kx. 
€8080s, ii. 470 (Heron) 

kabodktkas, generally; Kaé- 
oktKwrepov, more gener- 
ally, ii. 572 (Papp.) 

xabdAov, adv., on the whole, 
in general ; 7a x. KaAovpeva 
bewpyyara, 152 (Procl.) 

KapmuUAos, 4, ov, curved; K. 
ypappad, li. 42 (Archim.) ; 
260 (Kutoc.) 

Kavoviov, 70, table, ii. 
(Ptol.) 

Kavovikos, 7, ov, Of or belong- 
ing toa rule; 4 Kavovuxy 
(sc. réxvn), the mathema- 
tical theory of music, 
theory of musical intervals, 
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4.4.4, 


canonic, 18 (Anatolius) ; 
K. €xOects, display in the 
form of a table, ii. 412 
(Ptol.) 

Kavwv, ovos, 6, straight rod, 
bar, 308 (Aristoph.), 264 
(Eutoc.); rule, standard, 
table, ii. 408 (Suidas) 

Katayeww, to draw down or out, 
ii, 600 (Papp.) 

Kataypady, %, construction, 
188 (Procl.); drawing, 
jigure, ii. 158 (Eutoc.), ii. 
444 (Ptol.), ii. 610 (Papp.) 

KkataAapBaverv, to overtake, 
368 (Aristot.) 

KataAetnew, to leave, 454 
(Eucl.), ii. 218 (Archim.), 
ii. 524 (Dioph.); 7a Kxara- 
Aetropeva, the remainders, 
444 (Eucl.) 

Kataperpetv, CO measure, 2.€., 
to be contained in an in- 
tegral number of times, 
444 (Eucl.) 

xataoKkevalew, to construct, 
264 (Eutoc.), ii, 566 
(Papp.) 

KaTacKeuy, 7, construction, 
ii. 500 (Heron) 

KaTaoTeptopos, 06, placing 
among the stars; Kara- 
oreptcpol, oi, title of work 
wrongly attributed to Era- 
tosthenes, ii. 262 (Suidas) 

KaTaTopny, 4, cutting, section ; 
K. xavdvos, title of work by 
Cleonides, 157 n. ¢ 

KATOTITPLKOS, 4%, OV, Of OF in 
a mirror; Karomrptxd, Ta, 
title of work ascribed toa 
Euclid, 156 (Procl.) 
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KarTomrpov, 70, Mirror, ii. 498 
(Heron) 

wxetofa, to lie, ii. 268 
(Cleom.); of points on a 
straight line, 438 (Eucl.) ; 
as pass. of tifévar, to be 
placed or made; of an 
angle, 326 (Archim.); 
opoiws K., to be similarly 
situated, ii. 208 (Archim.) 

KevtpoBapiKés, 7}, ov, of OF per- 
taining to a centre of 
gravity ; x. onpeia, ii. 604 
((Papp.) 

Kévrpov, To, centre; of a 
circle, 438 (Eucl.), ii. 8 
(Aristarch.), ii. 572 
(Papp.); of a semicircle, 
440 (Eucl.) 3 7 (se. ypaupur 
or ed0eia) éx Tod K., radius 
of a circle, ii. 40 (Archim.); 
Kk. tot Bapeos, centre of 
gravity, ii. 208 (Archim.) 

xuetv, to move, 264 (Eutoc.) 

ais, ews, 7, motion, 264 
(Eutoc.) 

Kiaooedys, és, Att. Kirroedijs, 
és, like ivys K. ypappun, 
cissoid, 276 n. a 

Krav, to bend, to inflect, 420 


(Aristot.), 358 (Papp.) ; 
KAdpevar evfeta, inclined 
straight lines, ii. 496 
(Damian.) 


KrAivev, to make to lean; 
pass., to incline, ii. 252 
(Archim.) 

KAiots, ews, 7, inclination ; 
TOV ypayppav k., 438 
(Eucl.) 

Koyxoedyns, és, resembling a 
mussel; x. ypaypai (often 


without y.), conchoidal 
curves, conchoids, 296 
(Eutoc.) 


KotAos, 7, Ov, concave; émi 
Ta avra K., concave in the 
same direction, ii. 42 
(Archim. ), 338 (Papp.) 

Koos, %, Ov, common, 412 
(Aristot.); x. meupd, ii. 
500 (Heron) ; eae evvotat, 
444, (Eucel.); x. TOM, ii. 
290 (Apollon. )3 7d Kowwdv, 
common element, 306 
(Papp.) 

Kopud7, 7, vertex ; of a cone, 
ii. 286 (Apollon.); of a 
pane curve, ii. 286 (Apol- 
on.); of a segment of a 
sphere, ii. 40 (Archim.) 

KoxAias, ov, o, snail with 
spiral shell; hence any- 
thing twisted spirally 
screw, ii. 496 (Heron) ; 
screw of Archimedes, ii. 34 
(Diod. Sic.) ; Tepi rot «x., 
work by Apollonius, ii. 
350 (Procl.) 

KoxAoedys, és, of or pertain- 
ing toa shell fish; 7 x. (se. 
ypaupn),  cochloid, 334 
(Simpl.) 3; also xoxAoedy}s, 


és, aS  K. ypauun, 302 
(Papp.); probably an- 
terior to 7 Koyxoerd%)s 


ypaypyn with same mean- 
ing 

KpliKoS, 6, T?NG; TeTpaywvot 
k., prismatic sections of 
cylinders, ii. 470 (Heron) 

xupilew, to make into a cube, 
cube, raise to the third 
power, ii. 504 (Heron) 
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‘xuBixds, 4, dv, Of or for a 
cube, cubic, 222 (Plat.) 

xuBoxupos, 6, cube multiplied 
by a cube, sixth power of 
the unknown quantity [x*], 
ii, 522 (Dioph.) 

xuBoxuBoordy, 76, the frac- 
tion 3,, ii, 522 (Dioph.) 

«uBos, 6, cube, 258 (Eutoc.) ; 
cubic number, ii. 518 
(Dioph.); third power of 
unknown, ii. 522 (Dioph.) 

KuBoorov, 76, the fraction 
4, ii. 522 (Dioph.) 

KUKALKOS, 4, Ov, circular, ii. 
360 (Procl.) 

KUKAos, 6, circle, 392 (Plat.), 
438 (Eucl.); peéeyioros k., 
great circle (of a sphere), 
ii. 8 (Aristarch.), ii. 42 
(Archim.) 

KvAwdpikds, 4, ov, cylindri- 
cal, 286 (Eutoc.) 

KUAWdpos, ov, 6, cylinder, ii. 
42 (Archim.) 

Kupiws, adv., in a special 
sense; K. avadoyia, pro- 
portion par excellence, 1.é., 
the geometric proportion, 
125 na 

KWUKOS, 7, Ov, Conical, conic ; 
Kk. emdavera, conical sur- 
face (double cone), ii. 286 
(Apollon.) 

Kuvoedns, €s, conical; as 
subst. xwvoetdés, 70, conoid; 
opboywuoy x., right-angled 
conoid, i.é., paraboloid of 
revolution, ii. 164; ayBaAv- 
ywriov KK, obtuse-angled 
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conoid, i.¢e., hyperboloid of 
revolution, ii. 164 : 

K@voS, ov, 6, cone, ii. 286 
(Apollon.) 

Kwvotopeiv, to cut the cone, 
226 (Eratos. ap. Eutoc.) 


AapBavew, to take, ii, 112 
(Archim.);  «iAjdOw 74 
xevrpa, let the centres be 
taken, ii. 388 (Theon 
Alex.); A. tas péoas, to 
take the means, 294 (Eu- 
toc.); to receive, postu- 
late, ii. 44 (Archim.) 

Aéyew, to choose, ii. 166 
(Archim.) 

Aeizerv, to leave, ii. 62 
(Archim.) 3 Aeézovra eid, 
ra, negative terms, ii. 524 
(Dioph.) 

Aeibis, ews, 7, negative term, 
minus, li. 524 (Dioph.) . 
Ajjmma, aros, 76, auwiliary 
theorem assumed in prov- 
ing the main theorem, 

lemia, ii. 608 (Papp.) 

Anppariov, 7d, dim. of Ajupa, 
lemma 

Afjyus, ews, %, taking hold, 
solution, 260 (Eutoc.) 

Aoyixes, 4, ov, endowed with 
reason, theoretical, ii. 614 
(Papp.) 

Aoytorixds, 4, Ov, skilled or 
practised in reasoning or 
calculating; 4% AoporiKy 
(sc. réxvn), the art of mani- 
pulating numbers, practi- 
cal arithmetic, logistic, 
17 (Schol, ad Plat. 
Charm.) 
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Adbyos, 6, ratio, 444 (Eucl.) ; 
Adyou droropy, Cutting-off 
of a Ratio, title of work by 
Apollonius, ii. 598 (Papp.); 
A. curnppévos, compound 
ratio, ii. 602 (Papp.); 
r. povaxos, Singular ratio, 
ii. 606 (Papp.); daxpos Kai 
péoos X., extreme and 
mean ratio, 472 (Eucl.), 
ii, 416 (Ptol.) 

Aowrrds, 4, ov, remaining, ii. 
600 (Papp.); as subst., 
Aourdv, 76, the remainder, 
ii, 506 (Papp.), 270 
(Eutoc.) 

do€ds, #, dv, oblique, inclined ; 
Kara A. KvKAou, ii. 4 (Plut.) 

Avars, ews, }, solution, ii. 596 


(Papp.) 


Mayyavdptos, 6, mechanical 
engineer, maker of mechan- 
ical powers, ii. 616 (Papp.) 

pdyyavor, 76, block of a pulley, 
li, 616 n. a (Heron) 

udbnpa, 7d, study, 8 (Plat.), 4 
(Archytas) ; padjpara, 74, 
mathematics ; 7a dé Kadov- 
preva idiws p., 2 (Anatolius) ; 
148 (Procl.), ii. 42 (Ar- 
chim.), ii. 566 (Papp.) 

pabnpatixés, 7, ov, mathe- 
matical; pabnuariKkes, 6, 
mathematician, ii. 2 (Aét.), 
ii. 61 (Papp.); 7 padnua- 
rixt) (sc. emornun), mathe- 
matics, 4(Archytas); ra p., 
mathematics 

péyefos, ovs, Ion. eos, 76, 
magnitude, 444 (Eucl.), ii. 
60 (Archim.), ii. 412 (Ptol.) 


peQodos, %, following after, 
investigation, method, 90 
(Procl.) 

petLwy, ov, greater, more, 
318 (Archim.); roe p. 
€orly 7 éAdoowr, ii, 112 
(Archim.); yp. dps, 
greater than a right angle, 
438 (Eucl.); 7 p. (se. 
ev0eta), major in Euclid’s 
classification of irrationals, 
458 (Eucl.) 

pévew, to remain, to remain 
stationary, 98 (Nicom.), 
286 (Eutoc.) 

pepilew, to divide, rt mapa Tt, 
50 (Theon Alex.) 

peptapos, 6, division, 16 
(Schol. in Plat. Charm.), 
ii. 414 (Ptol.) 

pépos, ous, Ion. eos, 76, part ; 
of a number, 66 (Eucl.); of 
a magnitude, 444 (Eucl.), 
ii. 584 (Papp.); ra pépy, 
parts, directions, éf’ éxd- 
repa ta p., in both direc- 
tions, 438 (Eucl.) 

peonpBpwos, 4, dv, for peon- 
pepwos, of or for noon; 
pu. (sc. KvKdos), 6, meri- 
dian, ii. 268 (Cleom.) 

peéoos, 7, ov, middle; 4 péon 
(sc. evOeia), mean (apei- 
LNTUKY, 'YEWLETPLK, ApfLo~ 
vixy), ii, 568 (Papp.)s 
péon tv AK, KI, mean 
between AK, KIT, 272 
(Eutoc.); depos «Kat p. 
Adyos, extreme and mean 
ratio, 472 (Eucl.), ii. 416 
(Ptol.); 4 wéon (sc. edbeia), 
medial in Euclid’s classi- 
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fication of irrationals, 458 
(Eucl.); é&« dvo péowy 
ampuTn, first bimedial, éx 
bdo péawy Sevtépa, second 
bimedial, ete., ibid. 

pLeGOTNS, NTOS, 7, mean, ii. 566 
(Papp.) 3. dpiOunrern, 
yewpeTpiky, appovwky (d7- 
Bee 110-111 (Iambl.) 

petpetv, to measure, contain 
an integral number of 
times, 68 (Eucl.), ii. 54 
(Archim.) 

péTpov, 70, measure, relation, 
ii. 294 (Prob. Bov.) 3 xowwdv 
p., Conimon measure, ii. 
210 (Archim.) 

pexpt, as far as, prep. with 
gen.; 7 pexpe tov. afovos 
(sc. ypappey), il. 256 
(Archim.) 
qKxos, Dor. paxos, eos, 70, 
length, 436 (Eucl.); dis- 
tance of weight from ful- 
crum of a lever, ii. 206 
(Archim.) 

pnviokos, 6, crescent-shaped 
figure, lune, 238 (Eudemus 
ap. Simplic.) 

HNXOVH 1s 
machine, 
(Plut.) 

pnyauKds, 74, ov, of or for 
machines, mechanical, ii. 
616 (Papp.); 7 Pee 
(with or without TeX 
mechanics, ii. 614 (Papp. 
as subst., enxaveKos, . 
mechanician, it. 616 
(Papp.), ii. 496 (Damian.) 

[enxavorratos, 6, maker of en- 
gines, ii. 616 (Papp.) 


contrivance, 
engine, ii. 26 
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puxpos, a, OV, small, little ; 
e aoTpovopoupevos (se. 

TO70S), Little Astronomy, 
ii. 409 n, 6 

puuKros, uD dv, mixed; yp. 
YPapLpen, ii. 360 (Procl. )s fl. 
emipaverdy i ii, 470 (Heron) 

potpa, as, 7, portion, part; 
in astron., degree, 50 
(Theon Alex.) 3. romy, 
xporery, ii. 396 (Hypsicl. ) 

provas, ddos, 7, unit, monad, 
66 (Eucl. ) 

povaxes, 7, Ov, unique, singu- 
lar; p. Adyos, ii. 606 
(Papp) 

poptov, 70, part, 6 (Plat.) 

HovaLKos, 7, ov, Dor. pwarkds, 
a, dv, musical ; 7 povotKky 
(se. Téxvn), poetry sung to 
music, music, 4 (Archytas) 

puptas, ados, 4, the number 
ten thousand, myriad, ii. 
198 (Archim.); jp. azdAat, 
dimAci, «rv... a myriad 
raised to the first power, 
to the second power, and 
so on, li. 355 na 

pvptor, at, a, ten thousand, 
myriad; jp.  pupiddes, 
myriad myriads, ii. 198 
(Archim.) 


Neverv, to be in the direction 
of, ii. 6 (Aristarch.) ; of a 
straight line, to verge, i.é., 
to be so drawn as to pass 
through a given point and 
make a given intercept, 
244 (EKudemus ap. Simpl.), 
420 (Aristot.), ii. 188 
(Archim.) 
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vetots, ews, 4, inclination, 
verging, problem in which 
a straight line has to be 
drawn through a point so 
as to make a given inter- 
cept, 245 n. @3 orepead v., 
solid verging, 350 (Papp.) ; 
Nevoes, title of work b 
Apollonius, ii. 598 (Papp.) 


‘Odds, %, method, 
(Papp.) 


oixetos, a, ov, proper to a 


thing; 6 of KvxKdos, ii. 
270 (Cleom.) 


oxtaywvos, ov,  eight-cor- 
mered:; as subst., déxra- 
yovov, 76, regular plane 
figure with eight sides, 
octagon, ii. 196 (Archim.) 
dxrdedpos, ov, with eight 
faces; as subst., dxrd- 
edpov, 70, solid with eight 
faces, ii. 196 (Archim.) 
éxramAdaos, a, ov, eightfold, 
ii. 584 (Papp.) 
oxTrwKadeKatrAdatos, ov, eigh- 
teen-fold, ii. 6 (Aristarch.) 
OxTwKaTpLaKovTaEdpov, Td, 
solid with thirty-eight 
faces, ii. 196 (Archim.) 
OAdKAnpos, ov, complete, en- 
tire ; as subst., dAcxAnpoy, 
76, integer, ii. 534 (Dioph.) 
CAos, 7, ov, whole; ra 6., 
444 (Encl) 
opards, H, ov, even, uniform, 
ii. 618 (Papp.) 
dpards, adv., uniformly, 338 
(Papp.) 
dpotos, a, ov, like, similar; 
6. tTptywvov, 288 (Eutoc.) ; 


ii. 596 


Guo. emimedow Kal arepeot 
aptOpnot, 70 (Eucl.) 

dpoiws, ady., similarly, ii 
176 (Archim.); ra 6. re- 
raypeva, the corresponding 
terms, ii. 166 (Archim.); 
6. KetoPa, to be similarly 
situated, ii. 208 (Archim.) 

dpodoyetv, to agree with, ad- 
mit; pass., to be allowed, 
admitted; 1d dpodoyou- 
pevov, that which is ad- 
mitted, premise, ii. 596 
(Papp.) 

6uddoyos, ov,  correspond- 
ing; o. peyélea, ii. 166 
(Archim.); 6.  mAeupai, 
ii, 208 (Archim.) 

opotayns, és, ranged in the 
same row or line, co-ordi- 
nate with, corresponding to, 
similar to, ii. 586 (Papp.) 

dvoua, aros, T6, Name; 7 (sc. 
ev0eia) ex S¥o dvopatwr, bi- 
nomial in Euclid’s classi- 
fication of irrationals, 458 
(Eucl.) 

ofvyamos, ov, acute-angled ; 
6. K@vos and 6. Kwvou roun, 
ii. 278 (Eutoc.) 

éfus, eta, v, acute; 6. ywria, 
acute angle, often with 
ywvia omitted, 438 (Eucl.) 

émrixds, 4, ov, of or for sight ; 
énrixa, ra, theory of laws 
of sight; aS prop. name, 
title of work by Euclid, 
156 (Procl.) 

cpyauKxes, 4, ov, serving as 
instruments; 6. dus, 
mechanical solution, 260 
(Eutoc.) 
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dpyavikas, adv., by means of 
instruments, 292 (Eutoc.) 

opyavov, 70, instrument, 294 
(Eutoc.); dim. opyavior, 
294 (Eutoc.) 

opOios, a, ov, upright, erect ; 
7 opbia (sc. rot «tdovs 
mdeupa), the erect side of 
the rectangle formed by 
the ordinate of a conic sec- 
tion applied to the para- 
meter as base, latus rectum, 
an alternative name for 


the a Hi. ~ S16 
(Apollon.), ii. 322 (Apol- 
lon.) 


opfoywros, ov, having all its 
angles right, right-angled, 
orthogonal; 6. rerpaywroy, 
440 (Eucl.); 6. aapad- 
AnAdypapporv, 268 (Eutoc.) 
opbos, 4, ov, right; 6. ywria, 


right angle, 438, 442 
(Eucl.); 0. «d@vos, right 
cone, ii, 286 (Apol- 


Soilen, to separate, delimit, 
bound, define, 382 (Plat.) ; 


ev0eian wpispern, finite 
straight line, 188 (Eucl.) 
épos, 6, boundary, 438 


(Eucl.) 3 term in a propor- 
tion, 112 (Archytas ap. 
Porph.), 114 (Nicom.) 

otv, therefore, used of the 
steps in a_ geometrical 
proof, 326 (Eucl.) 

oxetoBa, to be borne, to float 
in a liquid; epi ray oxov- 
péevwv, On floating bodies, 
title of work by Archi- 
medes, ii. 616 (Papp.) 
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Ilapa, beside; mapaBddrew zm. 
to apply a figure to a 
straight line, 188 (Eucl.); 
Tt w. Te trapaBdAAey, to 
divide by, ii, 482 (Heron) 

mapapadrew, to throw beside ; 
7. mapa, to apply a figure 
to a straight line, 188 
(Eucl.); hence, since to 
apply a rectangle xy to a 
straight line x is to divide 
xy by x, m.=to divide, ii. 
482 (Heron) 

mapaporAy, %, juxtaposition ; 
division (v. apaBaAev), 
hence quotient, ii. 530 
(Dioph.); application of 
an area to a straight line, 
186 (Eucl.) ; the conic sec- 
tion parabola, so called 
because the square on the 
ordinate is equal to a rect- 
angle whose height is 
equal to the abscissa ap- 
plicd to the parameter 
as base, ii. 304 (Apol- 
lon.), 186 (Procl.), 280 
(Eutoc.) 

mapadofos, ov, contrary to 
expectation, wonderful ; 7 
a. ypayp7n, the curve calle 
paradoxical by Menelaus, 
348 (Papp.); 7a 7, the 
paradoxes of Erycinus, ii. 
572 (Papp.) 

mapaxetoba, to be adjacent, 
li, 590 (Papp.), 282 
(Eutoc.) 

mapadAnverizedov, +d, figure 
bounded by three pairs of 
parallel planes, parallei- 
epiped, ii, 600 (Papp.) 
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mapadAnAdypapypos, ov, boun- 
ded by parallel lines; as 
subst., mapadAnAdypappov, 
ro, parallelogram, 188 
(Eucl.) 

mapaAAndos, ov, beside one 
another, side by side, 
parallel, 270 (Eutoc.) ; 7. 
evfeiar, 440 (Eucl.) 

mapapnkns, €s, Dor. sapa- 
paxns, es, oblong ; apatpo- 
evdés 7, ii. 164 (Archim.) 

napanAnpwpy.a, aros, TO, inter- 
stice, ii, 590 (Papp.); 
complement of a parallelo- 
gram, 190 (Eucl.) 

mapareivev, to stretch out 
along, produce, 10 (Plat.) 

mapavenats, €ws, 7, increase, 
li, 412 (Ptol.) 

mapvnr.ios, ov, hyper-supine ; 
mapunriov, Td, a quadri- 
lateral with a re-entrant 
angle, 482 (Papp.) 

nas, maéoa, Trav, all, the whole, 
every, ANY $ 7. ONpEtov, ANY 
point, 442 (Kucl.) 

mevraywvos, ov, pentagonal ; 
a apOyds, 96 (Nicom.) ; 
as subst., mwevrdywvov, 7d, 
pentagon, 222 (Iambl.) 

nepalverv, to bring to an end ; 
Gemepacpévos, ov, terniin- 
ated, 280 (Eutoc.); ypap- 


ig merrepacpevat, finite 

es, ii. 42 (Archim.) 

a¢pas, aros, 70, end, extrem- 
ft: of a line, 436 (Eucl.) ; 
ot'a plane, 438 (Euci.) 


weparoov, to limit, bound ; 
ev0cia weparoupéevy, 438 
(Eucl.) 


meptypagew, to circumscribe, 
ii. 48 (Archim.) 

meptexerv, to contain, bound ; 
TO ‘Trepiexdpevov vd, the 
rectangle contained by, ii. 
108 (Archim.): af mep.- 
éxovoat Tv ywriav ypappai, 
438 (Eucl.); 76 ee 
prevov oxjua, 440 (Eucl.) 

meptrapBaverv, to contain, 
include, ii. 104 (Ar- 
chim.) 

mepimetpos, ov, very large, 
well-fitting; » mm. (se. 
ypoyyn)=mepipetpov, 7d, 
perimeter, ii. 318 (Ar- 
chim.), ii. 502 (Heron), 
ii. 386 (Theon Alex.) 

mepioadKis, Att. mepirraxis, 
adv., taken an odd num- 


ber of limes; mm, aptios 
apiOucs, odd-times even 
number, 68 (Eucl.); 2. 
meptaoos apiOyds, odd- 
times odd number, 63 
(Eucl.) 


meptacos, Att. mepitros, 1, 
ov, superfluous; subtle; 
apOuds 7., odd number, 66 
(Eucl.) 

mepiribévar, to place or put 
around, 94 (Aristot.) 

mepip€pera, 1, curcumference 
or periphery of a circle, 
arc of a circle, 440 (Eucl.), 
ii. 412 (Ptol.) 

mepipopa, 4, revolution, turn 
of a spiral, ii, 182 (Ar- 
chim.) 

mynAKkdrns, nTos, H, magni- 
tude, size, ii, = 412 
(Ptol.) 
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nine, to fall ; of points, ii. 
44(Archim.); of a straight 
line, 286 (Eutoc.) 

mAdyios, a, ov, Oblique; 7. 
didperpos, transverse dia- 
meter of a conic section, li. 
286 (Apollon.) ; 7. wAevpd, 
transverse side of the rect- 
angle formed by the ordi- 
nate of a conic section 
applied to the parameter 
as base, ii. 316 (Apollon.) 
and ii. 322 (Apollon.) 

mAacoew, to form; of num- 
bers, ii. 528 (Dioph.) 

aAdros, ous, lon. eos, 76, 
breadth, 438 (Eucl.) 

mrariverv, to widen, broaden, 
88 (Nicom.) 

mdeupa, Gs, 7, side; of a tri- 
angle, 440 (Eucl.); of a 
parallelogram, ii. 216 
(Archim.); of a square, 
hence, square root, ii. 530 
(Dioph.) ; of a number, 70 
(Eucl.); mdAayia z., latus 
rectum of a conic section, 
ii, 322 (Apollon.); 7. «al 


Staperpos, 132 (Theon 
Smyr.) 

mAjnO0s, ovs, Ion. eos, 7d, 
number, multitude, 66 


(Eucl.) 

mvevpaTixos, H, Ov, Of wind or 
air; TIlvevparixa, ra, title 
of work by Heron, ii. 616 
(Papp.) "4 

movetv, to do, construct, il. 566 
(Papp.); tomake, a. roy, 
ii. 290 (Apollon.); to be 
equal to, to equal, ii. 526 
(Dioph.) 
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modarrAacalew, to multiply, 
70 (Eucl.) 

wod\arrAdo.os, a, ov, many 
times as large, multiple ; 
of a number, 66 (Eucl.); 
of a magnitude, 444 
(Eucl.); as subst., zoA- 
AardAdawov, +6, multiple; 
7a. iadxis m., equimultiples, 
446 (Eucl.) 

moAAatAaciwv, ov =trodanAd- 
avos, ii. 212 (Archim.) 

w6dos, 6, pole; of a sphere, 
ii. 580 (Papp.); of a con- 
choid, 300 (Papp.) 

aoAvywvos, ov, having many 
angles, polygonal ; comp., 
moAvywrorepos, ov, ii. 592 
(Papp.); as Fai TroAv- 
ywvov, 76, polygon, ii. 48 
(Archim.) ae 

moAvedpos, ov, having many 
bases; as subst., odAv- 
edpov, 76, polyhedron, ii. 
572 (Papp.) 

moAuTAacacpcs, 6, multi- 
plication, 16 (Schol. in 
Plat. Charm.), ii. 414 
(Apolion.) 

moAvmAeupos, ov, many sided, 
multilateral, 440 (Eucl.) 

mopilew, to bring about, find. 
either by proof or by con- 
struction, li. 598- (Papp. 
252 (Procl.) ee 

wéptopa, aros, 76, corollary to 
a proposition, 480 (Procl.), 
ii, 29-4 (Apollon.) ; kind of 
roposition intermediate 
etween a theorem. and 
a problem, porism, 480 
(Procl.) : 
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moptatiKds, 4, ov, able to 
supply or find; moprarexdv 


tod mpotalévros, ii. 598 
(Papp.) 
mpaypareia, %, theory, in- 


vestigation, 148 (Procl.), 
ii, 406 (Theon Alex.) 
mpiopa, atos, 7d, prism, ii. 
470 (Heron) 
ampoBAnua, aros, Td, 
14 (Plat.), 258 
ii. 566 (Papp :) 
pee 4, Ov, of or for 
a problem; applied to 
species of analysis, ii. 598 
(Papp.) 
mpodndos, ov, clear, mance, 
ii. 496 (Heron) 
mponyetabat, to take the lead ; 
mponyovpeva, Ta, forward 
points, i.e. those lying on 
the same side of a radius 
vector of a spiral as the 
direction of its motion, ii. 
184. (Archim.) 


roblem, 
Eutoc.), 


mpoxataokevalerv, to  con- 
struct beforehand, 276 
Bree ) 


PoU“HKns, ES, Pe onieas ob- 
"Tong, 398 (P lat. ) 

ampos, Dor. zori, prep., to- 
wards; ws 4 AK mpos KE, 


the ratio AK: KE, 272 
(Eutoc.) 
mpooninrew, to fall, 300 


(Eutoc.) ; af wpoomimrovoa 
evbeia, 438 (Eucl.), ii. 594 
(Papp.) 

add, 444 


mpoorféva, to 
(Eucl.) 

MpoTacts, Ews, 4, proposition, 
enunciation, li. 566 (Papp.) 


TMpoTeEtvery, to propose, to 
enunciate a proposition, ii. 
566 (Papp.); 706 mporebeév, 
that which was proposed, 


proposition, ii. 220 (Ar- 
chim.) 
TpwrioTos, 4, ov, also os, 


ov, the very first, 90 
(Nicom.) 

Tparos, n, ov, first; m. apib- 
pos, prime number, 68 
(Eucl.); but a. dpBpoi, 
numbers of the.first order 
in Archimedes, ii. 198 
(Archim.); in astron., 7. 
éfyxoordv, first sixtieth, 
minute, 50 (Theon Alex.) ; 
in geom., a. evdeia, first 
distance of a spiral, ii. 182 
(Archim.) 

mTaos, ews, 7, case of a 
theorem or problem, ii. 
600 (Papp.) 

amvOunv, évos, 6, base, basic 
number of a series, 1.¢., 
lowest number possessing 
a given property, 398 
(Plat.); number of tens, 
hundreds, ete., contained 
in a number, ii. 354 
(Papp.) 

mTupapis, dos, 4, pyramid, 
228 (Archim.) 


‘Pérew, to incline; of the 
weights on a balance, ii. 
_ 208 


n76s, 4, ov, rational, 398 
"Plat. ), 452 (Eucl. ) 

pita, Ion. pity, , root; 
apxyiKwraTy pita, 90 
(Nicom.) 
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popPoedys, és,  rhombus- 
shaped, rhomboidal;  p. 
ox7npa, 440 (Eucl.) 

popuBos, 6, plane figure with 
four equal sides but with 
only the opposite angles 
equal, rhombus, 440 
(Kiucl.); 6. orepeds, figure 
formed by two cones 
having the same base and 
their axes in a straight 
line, solid rhombus, ii. 44 
(Archim.) 


Lnuaivew, to signify, 188 
(Procl.) 

onpecov, Dor. capetov, 74, 
point, 436 (Eucl.); sign, 


ii. 522 (Dioph.) 

oxadynves, 7, dv, also os, or, 
oblique, scalene; Kavos ox, 
ii. 286 (Apollon.) 

oxédos, ous, lon. eos, 70, leg; 
a. THS ywrias, 264 (Kutoc.) 

onetpa, 7», surface traced by 
a circle revolving about 
a point not its centre, 
spire, tore, torus, ii. 468 
(Heron) 

oretptxds, 4, Ov, pertaining to 
@ spire, spiric; o. Topmat, 
spiric sections, ii. 364 
(Procl.)3 o. ypappaé, spiric 
curves, li. 364 (Procl.) 

orepeds, a, dv, solid ; co. ywria, 
solid angle, 222 (Plat.); 
o. dptBpcs, cubie number; 
o. toot, solid loci, ii. 
600 (Apollon.); o. mpé- 
ee solid problem, 348 
(Papp.); o. veto, solid 
verging, 350 (Papp.); as 
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subst., orepedv, 7d, solid, 
258 (Eutoc.) 

oTtyny, 7, point, 80 (Nicom.) 

oro.xeiov, 7d, element, ii. 596 
(Papp.); elementary book, 
150 (Procl.); Xrotxeta, rd, 
the Elements, especially 
Kuclid’s 

oTotxyeiwois, ews, 4, elemen- 
tary exposition, elements ; 
Euclid’s Elements of ce 
metry, 156 (Procl.) ; 
KATA [LOVOLKHY Os, the si 
ments of music, 156 
(Procl.)3; o. 7dv Knwvixdr, 
elements of conics, ii. 276 
(Eutoc.) 

aTo.xewwT7Hs, of, 6, teacher of 
elements, writer of ele- 
ments, esp. Euclid, ii. 596 
(Papp.) 

Spores m, ov, round, 392 

at. 

cuyxetobat, to lie together; as 
pass. of ovvriféva, to be 
composed of, ii. 284 
(Apollon.) 

ovyKpLots, Ews, OD comparison ; 
Tov mévre oxynpatwv a, 
Comparison of the Five 
Figures, title of work by 
Aristaeus, ii. 348 (Hyp- 
sicl.) 

ovloyys, és, yoked together, 
conjugate; o. didperpo., a. 
agoves, ii. 288 (Apollon. ) 

ovpeTpos, ov, commensurate 
with, commensurable with s 
380 (Plat.), 452 (Eucl.), il. 
208 (Archim.) 

oupTapatecvew, to stretch out 
alongside of, 188 (Procl.) 
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ovptras, ovptaca, cuuray, all 
together, the sum of, ii. 514 
(Dioph.) 

oupmépaga, atos, 76, con- 
clusion, ii. 228 (Archim.) 

ouptinrew, fo meet, 190 
(Eucl.); ray pev ev atria 
o., of curves which meet 
themselves, ii. 360 
(Procl.) 

cupttAnpoty, to fill, complete ; 
o. mapadAndAdypappov, 268 
(Eutoc.) 

ovprrwpa, aros, 76, property 
of a curve, 336 (Papp.) 

avumTwots, ews, 7, falling to- 
gether, meeting, it. 64 
(Archim.), ii. 270 (Cleom.), 
286 (Eutoc.) 

ovvaywyy, 7, collection ; title 
of work by Pappus, ii. 568 
(Papp.) 

ouvaudorepos, ov, the sum of, 
328 (Archim.) 

ouvanrev, to collect, gather ; 
ouvnupéevos Adyos, com- 
pound ratio, ii. 602 
Papp.) 

ouveyyile, to approximate, 
ii. 414 (Ptol.), ii. 470 
(Heron) 

ovveyyus, adv., near, approxi- 
mately, ii. 488 (Heron) 

auvexys, és, continuous, 442 
(Eucl.); o. dvadoyia, con- 
tinued proportion, ii. 566 
(Papp.); o. dvddAoyov, 302 
(Papp.); ozetpa a., ii. 364 
(Procl.) 

ouvééyri, v. cuvrifévar 

atvOeots, ews, 4, putting to- 
gether, composition; a. 


Adyou, transformation of a 
ratio known as com- 
ponendo, 448 (Eucl.); 
method of reasoning from 
assumptions to  conclu- 
sions, in contrast with 
analysis, synthesis, li. 596 
(Papp.) 

avv0eTros, ov, composite; a. 
apiOuos, 68 (Eucl.); a. 
ypaupy, ii. 360 (Procl.) 

cuvuorava, to set up, con- 
struct, 190 (Eucl.), 312 
(Them.) 

auvratis, ews, 7, putting to- 
gether in order, systematic 
treatise, composite volume, 
collection; title of work 
by Ptolemy, ii. 408 (Sui- 
das) 

auvribéva, to place or put to- 
gether, add together, used 
of the synthesis of a pro- 
blem, ii. 160 (Archim.) ; 
ovvbévrt, lit. to one having 
compounded, the _ trans- 
formation of a ratio known 
as componendo, ii. 130 
(Archim.) 

avaracts, €ws, %, grouping 
(of theorems), 150 (Procl.) 

odaipa, 7, sphere, 466 (Eucl.), 
ii. 40 (Archim.), ii. 572 
(Papp.) er 

odaiptxos, 4, dv, spherical, ii. 
584 (Papp.); “Xdacpixd, 
title of works by Menelaus 
and Theodosius 

chaporoia, 7, artificial 
sphere, making of the 
heavenly spheres, ii. 618 
(Papp.) 
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Cxjpa, aros, 76, shape, figure, 
438 (Kucl.), ii, 42 (Ar- 
chim.) 

oxnuatonoety, to bring into 
a certain form or shape ; 
OX} LaTotolovca ypappy, 
curve forming a figure, 
ii. 360 (Procl.) 


Tadavrov, 76, weight known 


as the talent, ii. 490 
(Heron) 

Taéis, ews, , order, arrange- 
ment, scheme, 112 
(Iambl.) 


rapdooew, to disturb; rera- 
paypuevn avadoyia, disturbed 
proportion, 450 (Eucl.) 
racoew, to draw up in order, 
ii. 598 (Papp.);  opoiws 
Teraypeva, il, 166 (Ar- 
chim.) ; perf. part. pass. 
used as adv., TETAY{LEVWWS, 
ordinate-wise, ii. 286 
(Apollon.); ai xarayopevat 
reraypévws (sc. evfetar), the 
straight lines drawn or- 
dinate-wise, 7.é., the ordin- 
ates, of a conic section, 
ii. 308 (Apollon.); vera- 
yuéews 9 TA, ii. 224 
(Archim.) 
tédetos, a, ov, perfect, com- 
plete, ii. 604 (Papp.); +. 
dpiOuds, 76 (Speusippus ap. 
heol. Arith.), 70 (Eucl.), 
398 (Plat.) 
réuver, to cut; of straight 
lines by a straight line, ii. 
288 (Apollon.); of a 
curve by a straight line, 
278 (Eutoc.); of a solid 
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by a plane, ii. 288 
(Apollon.) 
TecoapeoKkadeKaedpov, 0; 


solid with fourteen faces, 
ii, 196 (Archim.) 

TEeTAypEevws, UV. TAOCELW 

TeTApaypevos, Ov, UV. Tapac~ 
oewv 

TeTaprnpoptoy, 76, fourth part, 
quadrant of a circle, ii. 582 
(Papp.) 

tetpaywvilew, to make square, 
ii. 494 (Heron) ; to square, 
10 (Plat.); 4 rerpayuvi- 
fovca (sc. ypappy), qua 
ratrix, 334 (Simpl.), 336 
(Papp) 

TETPAYWVLKOS, 1, OV, SQUATES 
of numbers, ii. 526 
(Dioph.); 7. wAeupa, square 
root, 60 (Theon Alex.) 

TeTpaywrioues, oO, squaring, 
310 (Aristot.) ; rod xvKAou 
7., 308 (Plut.); rod pyvi- 
oxou T., 150 (Procl.) 

TeTpaywvos, ov, square, 308 
(Aristophanes), ii. 504 
(Heron); apeOuos 7., square 
number, ii. 514 (Dioph.); 
T. Kpiko, square rings, li. 
470 (Heron); as subst., 
TeTpayuvor, 76, square, 440 
(Eucl.); square number, 
ii. 518 (Dioph.) 

tetpaxis, adv., four times, 
326 (Archim.) 

TeTparAdouos, a, ov, four-fold, 
four times as much, 332 
(Archim.) 

teTparAaciwy, ov, later form 
of rerparAdotos 

TeTpamAeupos, ov, four-sided, 
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quadrilateral ; oxyjpara tT, 
440 (Eucl.) 
riBéva, to set, put, place, ii. 


224 (Archim.);  eréov, 
must be posited, 392 
(Plat.); 76 AB refév emi 


t@ Z, A+B placed at Z, 
ii, 214 (Archim.) 

tpypa, Dor. tpGpa, atos, 76, 
segment ; of a circle, ii. 584 
(Papp.); of a sphere, ii. 
40 (Archim.); in astron., 
roth part of diameter of a 
circle, ii. 412 (Ptol.) 

ropets, ews, 6, sector of a 
circle, ii. 582 (Papp.); 7. 
atepeds, sector of a sphere 
(intercepted by cone with 
vertex at centre), ii. 44 
(Archim.) 

ropn, 7, end left after cut- 
ting, section; section of a 
straight line, 268 (Eutoc.) ; 
section of a cone, conic 
section, ii. 278 (Apollon.) ; 
TY. avrTikeiuevat, opposite 
branches of a hyperbola, 
ii. 322 (Apollon.); o7e- 
pucat v., ii. 364 (Procl.); 
Kow?) 7., Common section, 
286 (Eutoc.); Atwpiopévn 
r., Determinate Section, 
title of work by Apol- 
lonius, ii. 598 (Papp.); 
Ta wept rv 7., theorems 
about the section (? of a 
line cut in extreme and 
mean ratio), 152 (Procl.) 

TomKes, 4, Ov, Of or pertain- 
ing to place or space; per- 
taining to a locus, 490 
(Papp.); poipa r., degree 


nm space, ii. 
sicl. ). 

TOTOS, 6, place, region, space, 
ii. 590 (Papp.); locus, 318 
(Papp.); TT. émimedou, 
Plane Does, title of work 
by Apollonius, ii. 598 
(Papp.); T. orepeot, Solid 
Loci, title of work by 
Aristaeus, ii. 600 (Papp.) 

Tpatréliov, 74, trapezium, 440 
(Eucl.), ii. 488 (Heron) 

tpias, ddos, 4, the number 
three, triad, 90 (Nicom.) ; 
Mevaxpetar t., the three 
conic sections of Men- 
aechmus, 296 (Erat. ap. 
Eutoc.) 

Tpiywvos, OV, three-cornered, 
triangular ; dpOyot pi- 
ywvot, triangular numbers; 
as subst., rp’ywvov, 7d, tri- 
angle, 440 (Eucl.), 316 
(Archim.); 76 8a od 
d£ovos r., axial triangle, 
ii. 288 (Apoilon.) 

TpitrAdo.s, a, ov, thrice as 
many, thrice as great as, 


396 (Hyp- 


826 (Archim.), ii. 580 
(Papp.) 
tpitrAaciwy, ov =TpitAaatos, 


390 (Archim.) ; 
448 (Eucl.) 

tpitAevpos, ov, three-sided, 
trilateral; oyjpata r., 440 
(Eucl.) 

tpixa, thrice, in three parts, 
T. Tepety THY ywriav, to tri- 
sect the angle, 300 (Papp.) 

ruyxavew, to happen to be; 
aor. part., Tuywv, Tvyovoa, 
tvxov, any, taken at ran- 
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dom, ev0eia 7, ii. 486 
(Heron); as adv., ruxdv, 
perchance, 264 (Kutoc.) 


"YSpeiov, 76, bucket, pitcher ; 
pl., ‘YSpeta, title of work 
on water clocks by Heron, 
ii. 616 (Papp.) 

Uraplis, ews, 4, existence, ii. 
518 (Dioph.); ositive 
term, ii. 524 (Dioph.) 

Urrevavrios, a, ov, subcontrary ; 
b. péoa, 112 (Archytas ap. 
Porph.); 0. top, ii. 304 
(Apollon.) 

trevavriws, subcontrary-wise, 
ii. 301-302 (Apollon.) 

vrepBarrew, to exceed, 188 
(Procl.) 

tmepBodyn, 7, exceeding, 186 
(Procl.); the conic sec- 
tion hyperbola, so called 
because the square on the 
ordinate is equal to a 
rectangle with height equal 
to the abscissa applied to 
the parameter as base, but 
exceeding (dzrepBaddov), 7.€., 
overlapping, that base, 
ii. 310 (Apollon.), 186 
(Procl.) 

Umepexerv, to exceed, 112 
(Archytas ap. Porph.), 444 
(Eucl.), ii. 608 (Papp.); 
To adr@ pepe, TOV axpuwy 
auray UirEepexov TE Kat 
UrrEpEXopevov, 402 (Plat.) 

UITEPOX7), Or. vmepoxa, 1%, 
excess, 112 (Archytas ap. 
Porph.), 318 (Archim.), ii. 
530 (Dioph.), ii. 608 
(Papp.) 
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Unepminrew, to fall beyond, 
exceed, ii. 436 (Ptol.) 

umd, by; 7 ind HBE ywvia, 
the angle HBE, 190 
(Eucel.); 76 bard ALT (se. 
ev0vypaypov), the rectangle 
contained by AE, ET, 268 
(Eutoc.) 

vmobeats, Ews, Ty hypothesis, 
420 (Aristot.), ii, 2 
(Archiin.) 

vmomoAAarAdctos, ov, sub- 
multiple of another; as 
subst., saoroAAamAdatov, Td, 
submultiple, 78 (Theol. 
Arith.) 

UndaoTraais, ews, 4, condition, 
ii, 534 (Dioph.) 

dmoreiver, to stretch under, 
subtend, be subtended by; 
% U0 SUo mAEupas TOD moAU- 
ywvov vmoretvovoa ev0eta, 
the straight line subtend- 
ing, or subtended by, two 
sides of the polygon, ii. 96 


(Archim.); amAevpa dtro- 
Teivovoa poipas § side 
subtending sixty parts, 


ii, 418 (Ptol.) 5 7 Tiy 
dpbiy ywriav vmorewoton 
pine the side sub- 
tending the right angle, 
178 (Eucl.) 3 hence 4 
UmoTeivovea (sc. mAeupa Or 
ypaup), hypotenuse of 
a right-angled triangle, 
176 (Plut.) 

Urorifevat, pass. vmoxeiobat, 
to suppose, assume, make a 
hypothesis, ii. 2 (Archim.), 
ii, 304 (Apollon.) 

Umrios, a, ov, laid on one’s 
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back, supine; imrwov, 76, 
a quadrilateral with no 
parallel sides, 482 (Papp.) 

vgiordvat, to place or set 
under, ii. 362 (Procl.) 

vos, ous, Ion. eos, rd, height ; 
of a triangle, ii. 222 (Ar- 
chim.); of a cylinder, ii. 42 
(Archim.); of a cone, ii. 
118 (Archim.) 


Davepos, d, dv, clear, mani- 
fest, ii. 64 (Archim.), ii. 
570 (Papp.) 

pepe, to bear, carry; pass., 
to be borne, carried, move, 
revolve ; oC? gepdueror, 
li. 582 i Papp.); 70 hepo- 
pevov, moving object, 366 
(Aristot.) 

dopa, 7, motion, 12 (Plat.) 


Xetp, xerpds, 7, band or num- 
ber of men, 30 n. a 
XEipoupytKds, 7, OV, manual, 


ii. 614 (Papp.) 


xpouxds, 7, ov, of or pertain- 
ing to times poipa xs 
degree in time, ii. 396 
(Hypsicl.) 

xwpiov, 76, space, area, 394 
(Plat.), ii. 532 (Dioph.) 


Yavew, to touch, 264 (Eutoc.) 

evdaproy, 70, fall acy; Vev- 
Sdpia, Td, title of work by 
Euclid, 160 (Procl.) 


‘QpodAdytov, 76, instrument for 
telling the time, clock, il. 
268 (Cleom.)3; 70 82” ddaros 
w., water-clock, ii. 616 


(Papp.) | 

WS, AS$ ws 7 ZE apos EI’, 
» ZH *-apes HY, “te., 
ZB Er=ZH: HY; 322 
(Archim.) 

wote, such that, ii. 52 (Ar- 


chim.); and so, therefore, 
used for the stages in a 
proof, ii. 54 (Archim.) 
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